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MAPLE PACKAGE FOR CALCULATING POINCAR�E SERIES.

We o�er a Maple package Poincare_Series for calculating the Poincar�e series for the algebras of invari-
ants/covariants of binary forms, for the algebras of joint invariants/covariants of several binary forms, for the
kernel of Weitzenb�ock derivations, for the bivariate Poincar�e series of algebra of covariants of binary d -form
and for the multivariate Poincar�e series of the algebras of joint invariants/covariants of several binary forms.
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Introduction
Let Vd be the complex vector space of binary forms of degree d endowed with the natural action of the

special linear group G = SL2. Consider the corresponding action of the group G on the coordinate rings
C[Vd] and C[Vd⊕C2], where Vd := Vd1 ⊕Vd1 ⊕ · · · ⊕Vdn . Denote by Id = C[Vd]G and by Cd = C[Vd ⊕ C2]G

the subalgebras of G -invariant polynomial functions. In the language of classical invariant theory the algebras
Id and Cd are called the algebra of join invariants and the algebra of join covariants for the n binary form
of degrees d1, d2, . . . , dn respectively. The coordinate ring C[Vd ⊕ C2] can be identi�ed with the algebra of
polynomials of the coe�cients of the binary forms and of two subsidiary variables, say X,Y. The degree of a
covariant with respect to the variables X,Y is called the order of the covariant. Every invariant has the order
zero. The algebras Cd, Id are a �nitely generated multigraded algebras under the multidegree-order:

Cd = (Cd)m,0 + (Cd)m,1 + · · ·+ (Cd)m,j + · · · ,

where each subspace (Cd)d,j of covariants of multidegree m := (m1,m2, . . . ,mn) and order j is �nite-
dimensional. The formal power series

P(Cd, z1, z2, . . . , zn, t) =
∞∑

m,j=0

dim((Cd)m,j)z
m1
1 zm2

2 · · · zmn
n tj ,

P(Id, z1, z2, . . . , zn) =
∞∑
m

dim((Id)m,j)z
m1
1 zm2

2 · · · zmn
n ,

are called the multivariariate Poincar�e series of the algebra of join covariants Cd. It is clear that the
series P(Cd, z, z, . . . , z, 0) is the Poincare series of the algebra Id and the series P(Cd, z, z, . . . , z, 1) is the
Poincare series of the algebra Cd with respect to the usual grading of the algebra under degree. The algebra of
covariants Cd is Cohen-Macaulay. It implies that its multivariate Poincar�e series is the power series expansion
of a rational function of the variables z1, . . . , zn, t. We consider here the problem of computing e�ciently this
rational function.

In the paper we o�er a Maple package for calculating the Poincar�e series for such algebras of invari-
ants:the Poincar�e series for the algebras of invariants/covariants of binary forms, for the algebras of joint
invariants/covariants of several binary forms, for the kernel of Weitzenb�ock derivations,for the bivariate Poi-
ncar�e series of algebra of covariants of binary d -form and for the multivariate Poincar�e series of the algebras of
joint invariants/covariants of several binary forms. The present package implements results of the papers [1]�[6].

The package can be downloaded from the site
http://sites.google.com/site/bedratyuklp/.
To start, one proceeds as follows:

1. download the �le Poincare_Series.mpl and save it into your Maple directory;

2. download the Xin's �le (see a link at the web page) Ell2.mpl and save it into your Maple directory;

3. run Maple;

4. > read "Poincare_Series.mpl": read "Ell2.mpl":

5. If necessary then use > Help();
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Formulas for the Poincar�e series.
Below is the list of main formulas which are being implemented in the package.

Invariants and covariants of binary form
Let Id, Cd be algebras of invariants and covariants of binary d -form graded under degree. We have

P(Id, z) =
∑

06k<d/2

φd−2 k

(
(−1)kzk(k+1)(1− z2)

(z2, z2)k (z2, z2)d−k

)
, (Springer's formula, see [9]), (1)

P(Cd, z) =
∑

06k<d/2

φd−2 k

(
(−1)kzk(k+1)(1 + z)

(z2, z2)k (z2, z2)d−k

)
, (2)

here (a, q)n = (1−a)(1−a q) · · · (1−a qn−1) denotes the q -shifted factorial and the function φn : C[[z]] → C[[z]]
de�ned by

φn

( ∞∑
i=0

aiz
i

)
=

∞∑
i=0

ainz
i.

Joint invariants and covariants of binary form
Let Id, Cd, d = (d1, d2, . . . , dn) be algebras of joint invariants and joint covariants of n binary forms of

degrees d1, d2, . . . , dn. Then

P(Id, z) =
d∗∑
i=0

βi∑
k=1

1

(k − 1)!

dk−1
(
zk−1φd∗−k((1− z2)Ai,k(z))

)
dzk−1

, (3)

P(Cd, z) =
d∗∑
i=0

βi∑
k=1

1

(k − 1)!

dk−1
(
zk−1φd∗−k((1 + z)Ai,k(z))

)
dzk−1

, (4)

where

Ai,k(z) =
(−1)βi−k

(βi − k)! (zi)βi−k
lim

t→z−i

∂βi−k

∂tβi−k

(
fd(tz

d∗
, z)(1− tzi)βi

)
.

The integer numbers βi, i = 0, . . . , 2d∗, d∗ := max(d1, d2, . . . , dn), are de�ned from the decomposition

fd(tz
d∗
, z) =

(
(1− t)β0(1− tz)β1(1− tz2)β2 . . . (1− tz2 d∗

)β2 d∗
)−1

,

where

fd(t, z) =

(
s∏

k=1

(tz− dk , z2)dk+1

)−1

.

Joint invariants and covariants of linear and quadratic binary forms
Let d1 = d2 = . . . = dn = 1, i.e. d = (1, 1, . . . , 1). Then

P(Id, z) =
n∑

k=1

(−1)n−k

(k − 1)!

(n)n−k

(n− k)!

dk−1

dzk−1

((
z

1− z2

)2n−k−1
)

= (5)

=
Nn−2(z

2)

(1− z2)2n−3
=

∞∑
i=0

hn(i)z
i, (6)

where Nn(z) is the n -th Narayana polynomial of the �rst type

Nn(z) =
n∑

k=1

1

k

(
n− 1

k − 1

)(
n

k − 1

)
zk−1,

hn(i) is the Hilbert polynomial of the graded algebra Id

hn(i) =

cos

(
π i

2

)2

4n−2(n− 2)!(n− 1)!
(i+ 2) (i+ 2(n− 1))

(
n−2∏
p=2

(i+ 2p)

)2

,
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and (n)m := n(n+ 1) · · · (n+m− 1), (n)0 := 1 denotes the shifted factorial.

P(Cd, z) =
n∑

k=1

(−1)n−k

(k − 1)!

(n)n−k

(n− k)!

dk−1

dzk−1

(
(1 + z)z2n−k−1

(1− z2)2n−k

)
= (7)

=
Wn−1(z

2) + nzNn−1(z
2)

(1− z2)2n−1
, (8)

where Wn(z) is the n -th Narayana polynomial of the second type.
Let d1 = d2 = . . . = dn = 2, d = (2, 2, . . . , 2) , then

P(Id, z)=
n∑

k=1

(−1)n−k

(n−k)(k−1)!

dk−1

dzk−1

(
n−k∑
i=0

(
n−k
i

)
(n)i(n)n−k−i(1−z)z2n−k−i−1

(1−z)n+i(1−z2)2n−k−i

)
, (9)

P(Cd, z) =
n∑

k=1

(−1)n−k

(n− k)!(k − 1)!

dk−1

dzk−1

(
n−k∑
i=0

(
n− k

i

)
(n)i(n)n−k−iz

2n−k−i−1

(1− z)n+i(1− z2)2n−k−i

)
= (10)

=

n−1∑
i=0

(
n− 1

i

)2

(z2)i

(1− z)n(1− z2)2n−1 . (11)

Kernel of Weitzenb�ok derivation
Denote by Dd the Weitzenb�ok derivation (linear locally nilpotent derivation) with its matrix consisting

of n Jordan blocks of size d1 + 1, d2 + 1, . . . , ds + 1, respectively. Since kerDd ∼= Cd and the isomorphism
preserve degrees then have that P(kerDd, z) = P(Cd, z).
Bivariate Poincare series for covariants of binary form

The algebra Cd of covariants is a �nitely generated bigraded algebra:

Cd = (Cd)0,0 + (Cd)1,0 + · · ·+ (Cd)i,j + · · · ,

where each subspace (Cd)i,j of covariants of degree i and order j is �nite-dimensional. We have

P(Cd, z, t) =
∞∑
i=0

(Cd)i,jzitj =
∑

06k<d/2

ψd−2 k

(
(−1)ktk(k+1)(1− t2)

(t2, t2)k (t2, t2)d−k

)
1

1− ztd−2 k
, (12)

where ψn : Z[[t]] → Z[[t, z]], n ∈ Z+ be a C -linear function de�ned by

ψn (t
m) :=

{
zitj , if m = n i− j, j < n,
0, otherwise.

Note that P(Cd, z, 0) = P(Id, z) and P(Cd, z, 1) = P(Cd, z).
Multivariate Poincar�e series

The algebra Cd is a �nitely generated multigraded algebra under the multidegree-order:

Cd = (Cd)m,0 + (Cd)m,1 + · · ·+ (Cd)m,j + · · · ,

where each subspace (Cd)d,j of covariants of multidegree m := (m1,m2, . . . ,mn) and order j is �nite-
dimensional. The formal power series

P(Cd, z1, z2, . . . , zn, t) =
∞∑

m,j=0

dim((Cd)m,j)z
m1
1 zm2

2 · · · zmn
n tj ,

is called the multivariariate Poincar�e series of the algebra of join covariants Cd.
The following formula holds:

P(Cd, z1, z2, . . . , zn, t) = Ω
>0
fd

(
z1(tλ)

d1 , z2(tλ)
d2 , . . . , zs(tλ)

ds ,
1

tλ

)
,
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where

fd(z1, z2, . . . , zn, t) =
1

n∏
k=1

dk∏
j=0

(1− zkt
dk−2 j)

,

For the multivariariate Poincar�e series of the algebra of join invariants Id we have

P(Id, z1, z2, . . . , zn) = Ω
=0
fd

(
z1(tλ)

d1 , z2(tλ)
d2 , . . . , zs(tλ)

ds ,
1

tλ

)
.

Here Ω
>0

and Ω
=0

are the MacMahon's Omega operators which act on Laurent series

∞∑
k1=−∞

· · ·
∞∑

ks=−∞

∞∑
α=−∞

ak1,k2,...,ks,αz
k1
1 zk2

2 · · · zks
s λα

by

Ω
>0

∞∑
k1=−∞

· · ·
∞∑

ks=−∞

∞∑
α=−∞

ak1,...,ks,αz
k1
1 · · · zks

s λα =
∞∑

k1=0

· · ·
∞∑

ks=0

∞∑
α=0

ak1,...,ks,αz
k1
1 · · · zks

s λα,

and

Ω
=0

∞∑
k1=−∞

· · ·
∞∑

ks=−∞

∞∑
α=−∞

ak1,...,ks,αz
k1
1 · · · zks

s λα =
∞∑

k1=0

· · ·
∞∑

ks=0

ak1,...,ks,αz
k1
1 · · · zks

s .

Package Commands and Syntax
Command name: INVARIANTS_SERIES
Feature: Computes the Poincare series for the algebras of joint invariants for the binary forms of degrees
d1, d2, . . . , dn.
Calling sequence: INVARIANTS_SERIES ([d1, d2, . . . , dn]) ;
Parameters:
[d1, d2, . . . , dn] - a list of degrees of n binary forms.
n - an integer, n > 1.

Command name: COVARIANTS_SERIES
Feature: Computes the Poincare series for the algebras of joint covariants for the binary forms of degrees
d1, d2, . . . , dn.
Calling sequence: COVARIANTS_SERIES ([d1, d2, . . . , dn]) ;
Parameters:
[d1, d2, . . . , dn] - a list of degrees of n binary forms.
n - an integer, n > 1.

Command name: KERNEL_SERIES
Feature: Computes the Poincare series for the kernel of Weitzenb�ock derivation de�ned by n Jordan block of
sizes d1 + 1, d2 + 1, . . . , dn.
Calling sequence: KERNEL_SERIES ([d1, d2, . . . , dn]) ;
Parameters:
[d1, d2, . . . , dn] - a list of sizes of the n Jordan blocks.
n - an integer, n > 1.

Command name: BIVARIATE_SERIES
Feature: Computes the bivariate Poincare series for the algebra of covariants of binary form of degree d. Also,
computes the bivariate Poincare series for the kernel of the basic Weitzenb�ock derivation.
Calling sequence: BIVARIATE_SERIES ([d]);
Parameters:
d - the degree of binary form.

Command name: MULTIVAR_COVARIANTS
Feature: Computes the multivariate Poincar�e series for the algebra of joint covariants for n binary forms of
degrees d1, d2, . . . , dn.
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Calling sequence: MULTIVAR_COVARIANTS ([d1, d2, . . . , dn]) ;
Parameters:
[d1, d2, . . . , dn] - a list of degrees of n binary forms.
n - an integer, n > 1.

Command name: MULTIVAR_INVARIANTS
Feature: Computes the multivariate Poincar�e series for the algebra of joint invariants for n binary forms of
degrees d1, d2, . . . , dn.
Calling sequence: MULTIVAR_INVARIANTS ([d1, d2, . . . , dn]) ;
Parameters:
[d1, d2, . . . , dn] - a list of degrees of n binary forms.
n - an integer, n > 1.

Examples
Compute P(I6, z)

Use the command

> INVARIANTS_SERIES([6]);

z8 + z7 − z5 − z4 − z3 + z + 1

(z6 + z5 + z4 − z2 − z − 1) (z6 + z5 − z − 1) (−1 + z2) (−1 + z)

Compute P(C6, z)
Use the command

> COVARIANTS_SERIES([6]);

z10 + z8 + 3 z7 + 4 z6 + 4 z5 + 4 z4 + 3 z3 + z2 + 1

(z6 + z5 + z4 − z2 − z − 1) (z6 + z5 − z − 1) (−1 + z2) (−1 + z)
3

Compute P(I(1,2,3), z)
Use the command

> INVARIANTS_SERIES([1,2,3]);

z12 + z9 + 2 z8 + 3 z7 + 3 z6 + 3 z5 + 2 z4 + z3 + 1

(−1 + z4)
2
(−1 + z3)

2
(−1 + z) (−1 + z2) (z4 + z3 + z2 + z + 1)

Compute P(C(2,2,2), z)
Use the command

> COVARIANTS_SERIES([2,2,2]);

z4 + 4 z2 + 1

(−1 + z)
3
(−1 + z2)

5

Compute P(kerD(4), z)

Use the command

> KERNEL_SERIES([4]);

z2 − z + 1

(−1 + z2) (−1 + z3) (−1 + z)
2

Compute P(kerD(1,1,1,2), z)

Use the command

> KERNEL_SERIES([1,1,1,2]);

z8 + 2 z7 + 7 z6 + 11 z5 + 11 z4 + 11 z3 + 7 z2 + 2 z + 1

(−1 + z2)
3
(−1 + z3)

3
(−1 + z)

2
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Compute P(C4, z, t)
Use the command

> BIVARIATE_SERIES([4]);

t4z2 − zt2 + 1

(−1 + zt2) (−1 + zt4) (−1 + z2) (−1 + z3)

Compute P(C(1,1,2), z1, z2, z3, t)
Use the command

> dd:=[1,1,2]:MULTIVAR_COVARIANTS(dd);

z2
2z1

2z3
2t2 + tz3z2

2z1 − tz3z2 − z2z1z3 + z2z1t
2z3 + tz3z1

2z2 − z1tz3 − 1

(−1 + z3t2) (−1 + z32) (−1 + tz2) (−1 + z3z22) (−1 + z1t) (−1 + z12z3) (−1 + z2z1)

Compute P(I(4,4), z1, z2, t)
Use the command

> dd:=[4,4]:MULTIVAR_INVARIANTS(dd);

− z1
4z2

4 + z2
2z1

2 + 1

(−1 + z22) (−1 + z23) (−1 + z12z2) (−1 + z1z2) (−1 + z1z22) (−1 + z12) (−1 + z13)
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ÏÀÊÅÒ MAPLE ÄËß ÎÁ×ÈÑËÅÍÍß ÐßÄIÂ ÏÓÀÍÊÀÐÅ

Áåäðàòþê Ë., Áåäðàòþê À.
ÐÅÇÞÌÅ
Ìè ïðîïîíó¹ìî ïàêåò MaplePoincare_Series äëÿ ðîçðàõóíêó ðÿäiâ Ïóàíêàðå äëÿ àëãåáðè iíâàðiàíòi-

â/êîâàðiàíòiâ áiíàðíèõ ôîðì, äëÿ àëãåáðè ñïiëüíèõ iíâàðiàíòiâ/êîâàðiàòiâ äåêiëüêîõ áiíàðíèõ ôîðì, äëÿ
ÿäðà Weitzenb�ock ïîõiäíèõ, äëÿ äâîâàðiàíòíîãî ðÿäó Ïóàíêàðå ç àëãåáðè êîâàðiàíòiâ áiíàðíî¨ d -ôîðìè
òà äëÿ áàãàòîâàðiàíòíîãî ðÿäó Ïóàíêàðà ç àëãåáðè ñïiëüíèõ iíâàðiàíòiâ/êîâàðiàòiâ äåêiëüêîõ áiíàðíèõ
ôîðì.

Êëþ÷îâi ñëîâà: iíâàðiàíò, êîâàðiàíò, ïîõiäíà, áiíàðíà ôîðìà, ðÿä Ïóàíêàðå, àëãåáðà iíâàðiàíòiâ.

ÏÀÊÅÒ MAPLE ÄËß ÐÀÑ×ÅÒÀ ÐßÄÎÂ ÏÓÀÍÊÀÐÅ

Áåäðàòþê Ë., Áåäðàòþê À.
ÐÅÇÞÌÅ
Ìû ïðåäëàãàåì ïàêåò Maple Poincare_Series äëÿ ðàñ÷åòà ðÿäîâ Ïóàíêàðå äëÿ àëãåáðû èíâàðèàíòîâ

/ êîâàðèàíòîâ áèíàðíûõ ôîðì, äëÿ àëãåáðû îáùèõ èíâàðèàíòîâ / êîâàðèàòîâ íåñêîëüêèõ áèíàðíûõ ôîðì,
äëÿ ÿäðà Weitzenb�ock ïðîèçâîäíûõ, äëÿ äâóâàðèàíòíîãî ðÿäà Ïóàíêàðå ïî àëãåáðå êîâàðèàíòîâ áèíàðíîé
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d -ôîðìû è äëÿ ìíîãîâàðèàíòíîãî ðÿäà Ïóàíêàðå ïî àëãåáðå îáùèõ èíâàðèàíòîâ / êîâàðèàòîâ íåñêîëüêèõ
áèíàðíûõ ôîðì.

Êëþ÷åâûå ñëîâà: èíâàðèàíò, êîâàðèàíò, ïðîèçâîäíàÿ, áèíàðíàÿ ôîðìà, ðÿä Ïóàíêàðå, àëãåáðà èíâà-
ðèàíòîâ.
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