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THE DEGREE OF THE ALGEBRA OF JOINT INVARIANTS OF TWO BINARY FORMS

We calculate the degree of the algebra of joint invariants Id1,d2 of two binary forms. For this purpose we
used the explicit formula for the Poincar�e series P(Cd, z) of this algebra.
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Introduction
Let R = R0 ⊕R1 ⊕ · · · be a �nitely generated graded complex algebra, R0 = C. Denote by

P(R, z) =
∞∑
j=0

dimRjz
j ,

its Poincar�e series. Letting r be the transcendence degree of the quotient �eld of R over C, the number

deg(R) := lim
z→1

(1− z)rP(R, z),

is called the degree of the algebra R . The �rst two terms of the Laurent series expansion of P(R, z) at the
point z = 1 have the following form

P(R, z) =
deg(R)

(1− z)r
+

ψ(R)

(1− z)r−1
+ · · ·

The numbers deg(R), ψ(R) are important characteristics of the algebra R. For instance, if R is an

algebra of invariants of a �nite group G then deg(R)−1 is order of the group G and 2
ψ(R)

deg(R)
is the number

of pseudo-re�ections in G, see [4].
Let Vd be the standard (d+ 1) -dimensional complex representation of SL2 and let Id := C[Vd]SL2 be

the corresponding algebra of invariants. In the language of classical invariant theory the algebra Id is called
the algebra of invariants for binary forms of degree d. The following explicit formula for the degree deg(Id)
was derived by Hilbert in [5]:

deg(Id) =


− 1

4d!

∑
06e<d/2

(−1)e
(
d

e

)(
d

2
− e

)d−3

, if d is odd,

− 1

2d!

∑
06e<d/2

(−1)e
(
d

e

)(
d

2
− e

)d−3

, if d is even.

In [8] and [9] Springer obtained two di�erent proofs of this result. Also, he found an integral representation and
the asymptotic behavior for Hilbert's constants. For this purpose Springer [8] derived an explicit formula for
the Poincar�e series P(Id, z) . V.L.Popov calculated ψ(Id) in [7].

Let Cd be the algebra of the covariants of binary d -forms, i.e. Cd ∼= C[V1 ⊕ Vd]
SL2 .

We calculated deg(Cd) and ψ(Cd) in [3]. For this purpose we used the explicit formula for the Poincar�e
series P(Cd, z) derived by L.Bedratyuk in [1]. Also, we calculated both an integral representation and the
asymptotic behavior of the constants.

Let Vd1 , Vd2 be the vector C -spaces of the binary forms of degrees d1 and d2 endowed with the natural
action of the group SL2(C). Consider the induced action of the group SL2(C) on the algebras of the polynomial
functions O(Vd1 ⊕ Vd2) and O(Vd1 ⊕ Vd2 ⊕ C2). The algebras

Id1,d2 := O(Vd1 ⊕ Vd2)
SL2(C) and Cd1,d2 := O(Vd1 ⊕ Vd2 ⊕ C2)SL2(C),

are called the algebra of joint invariants and the algebra of joint covariants for the binary forms. We found
deg(Cd1,d2), using the explicit formula for the Poincar�e series P(Cd1,d2 , z) in [10].

In the present paper, acting in the spirit of Springer's papers, we calculate deg(Id1,d2). We consider 2
cases. Case 1: d2 − d1 = 1 (mod 2). Case 2: d1 = d2 (mod 2).
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Computation deg(Id1,d2) if d1 and d2 have di�erent parity
The reductivity of SL2(C) implies that the algebra Id1,d2 is �nitely generated Z -graded algebra

Id1,d2 = (Id1,d2)0 + (Id1,d2)1 + · · ·+ (Id1,d2)i + · · · ,

where each of subspaces (Id1,d2)i, of joint invariants of degree i is �nite dimensional.
The formal power series PId1,d2(z),∈ Z[[z]],

PId1,d2(z) =
∞∑
i=0

dim((Id1,d2)i)z
i

are called the Poincar�e series of the algebras of joint invariants and covariants. The �nitely generation of the
algebras Id1,d2 , and Cd1,d2 implies that their Poincar�e series are expansions of certain rational functions.

The following theorem shows an explicit form for these rational functions in the case d2−d1 = 1 (mod 2).
Let φn, n ∈ N be the linear operator that transforms a rational function f in z to a rational function

φn(f) which is de�ned on the power zn by

(φn(f)) (z
n) =

1

n

n−1∑
j=0

f(ζjnz), ζn = e
2πi
n .

Theorem 1. ( see [2] ) Let d2 − d1 = 1 (mod 2) and d2 > d1. Then the Poincar�e series P(Id1,d2 , z) and
P(Cd1,d2 , z) have the following form

P(Id1,d2 , z)=
∑

d1/26k6d1

φ2k−d1

(
(1− z2)Ak(z)

)
+

[d2/2]∑
k=0

φd2−2k

(
(1− z2)Bk(z)

)
,

where

Ak(z) =
(−1)

1
2 (d2−d1+1)z(d1−k)(d1−k+1)+ 1

4 (d1+d2−2k+1)2

(z2, z2)k(z2, z2)d1−k(z, z2) d2+d1+1
2 −k

(z, z2) d2−d1+1
2 +k

,

Bk(z) =


(−1)kzk(k+1)

(zd2−d1−2k, z2)d1+1(z2, z2)k(z2, z2)d2−k
for 2k < d2 − d1,

(−1)
d2−d1−1

2 zk(k+1)+1/4(d2−d1−1−2k)2

(z, z2)s+1(z, z2)d1−s(z2, z2)k(z2, z2)d2−k
for s =

2k − (d2 − d1)− 1

2
.

here (a, q)n = (1− a)(1− a q) · · · (1− a qn−1) denotes the q -shifted factorial

In order to calculate the rational coe�cient deg(Id) we shall use several auxiliary facts.

Lemma 1. (see [10] )

(i) The Laurent series for (1 + z)Ak(z) at z = 1 starts o� with

1

(1− z)d2+d1+1
· (−1)

1
2 (d2−d1+1)

2d1−1k!(d1−k)!(d2+d1−2k)!!(d2−d1+2k)!!
−

− 1

(1− z)d2+d1
· (−1)

1
2 (d2−d1+1) ((d1 − 2k + 1)(d1 + d2 + 2))

2d1k!(d1−k)!(d2+d1−2k)!!(d2−d1+2k)!!
+ · · ·

(ii) The Laurent series for (1 + z)Bk(z) at z = 1, starts o� with

1

(1− z)d1+d2+1
· (−1)k

2d2−1k!(d2−k)!
∏d1

i=0(d2−d1−2k + 2i)
+

+
(−1)k

(1− z)d2+d1
· (d1 + d2 + 2)(d2 − 2k − 1)

2d2k!(d2−k)!
∏d1

i=0(d2−d1−2k + 2i)
+ · · ·

The following lemma shows how the function φn acts on the negative powers of 1− z.
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Lemma 2. (see[3,10])

For h ∈ N

(i) φn

(
1

(1− z)h

)
=

∑h
i=0

αn i

(1−z)i ,

where αnh = nh−1 and αn,h−1 = −nh−2(n− 1)
h

2
,

(ii) zφn

(
1

(1− z)h

)
=

∑h
i=0

βn i

(1−z)i , h ∈ N,

where βnh = nh−1, βn,h−1 = −nh−2

(
(n− 1)

h

2
+ n

)
.

The following lemma follows from lemma 2(i) .

Lemma 3. (see [8]) Let f ∈ C(z). The poles of φn(f) are of the form αn, where α ̸= 0 is a pole of f. If
there is only one pole α of f of maximal order h, then there is only one pole of maximal order of φn(f) , viz.
αn , and this order is also h.

Since

GCD({di − 2k}) =
{

1, if di is odd ,
2, if di is even

(i = 1, 2; 1 6 k < di/2)

it follows that in case d2 − d1 = 1 (mod 2) the function P(Id1,d2 , z) has only one pole of maximal order that
is z = 1 (by the Theorem 1).

Let's calculate the coe�cient deg(Id1,d2) .

Theorem 2.

deg(Id1,d2) = −(g(d1, d2, d1) + g(d2, d1, d2)),

where g(d, b, c) = 1
4d!

∑c/2
k=0

(−1)k
(
d
k

)
(d2 − k)d+b−2∏b

i=0 (
d−b
2 − k + i)

.

Proof Combining Lemma1 and Lemma2, we obtain∑
d1/26k6d1

φ2k−d1

(
(1− z2)Ak(z)

)
=

=
1

(1−z)d2+d1

∑
d1/26k6d1

(−1)
1
2 (d2−d1−1)(2k−d1)d2+d1−1

2d1−1k!(d1−k)!(d2+d1−2k)!!(d2−d1+2k)!!
+

+
1

(1−z)d2+d1−1

∑
d1/26k6d1

(−1)
1
2 (d2−d1−1)(2k−d1)d2+d1−2(2k−d1−1)

2d1−1k!(d1−k)!(d2+d1−2k)!!(d2−d1+2k)!!
· · · .

In the same way, we obtain ∑
06k<[d2/2]

φd2−2k

(
(1− z2)Bk(z)

)
=

=
1

(1− z)d2+d1

∑
06k6d2/2

(−1)k(d2 − 2k)d2+d1−1

2d2−1k!(d2−k)!
∏d1

i=0(d2−d1−2k + 2i)
+

+
1

(1− z)d2+d1−1

∑
06k6d2/2

(−1)k(d2 − 2k)d2+d1−2(d2 − 2k − 1)

2d2−1k!(d2−k)!
∏d1

i=0(d2−d1−2k + 2i)
+ · · · .
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Taking into account Theorem 1, we get

P(Id1,d2 , z)=
1

(1− z)d2+d1
(

1

d1!2d1−1

∑
d1/26k6d1

(
d1
k

)
(−1)

1
2 (d2−d1−1)(2k − d1)

d2+d1−1

(d2+d1−2k)!!(d2−d1+2k)!!
+

+
1

d2!2d2−1

∑
06k6d2/2

(
d2
k

)
(−1)k(d2 − 2k)d2+d1−1∏d1

i=0(d2−d1−2k + 2i)
)+

+
1

(1− z)d2+d1−1
(

1

d1!2d1−1

∑
d1/26k6d1

(
d1
k

)
(−1)

1
2 (d2−d1−1)(2k − d1)

d2+d1−1

(d2+d1−2k)!!(d2−d1+2k)!!
+

+
1

d2!2d2−1

∑
06k6d2/2

(
d2
k

)
(−1)k(d2 − 2k)d2+d1−1∏d1

i=0(d2−d1−2k + 2i)
−

− 1

d1!2d1−1

∑
d1/26k6d1

(
d1
k

)
(−1)

1
2 (d2−d1−1)(2k − d1)

d2+d1−1

(d2+d1−2k)!!(d2−d1+2k)!!
−

− 1

d2!2d2−1

∑
06k6d2/2

(
d2
k

)
(−1)k(d2 − 2k)d2+d1−2∏d1

i=0(d2−d1−2k + 2i)
).

By Luna's Slice Theorem, see [6], we have tr degC Id1,d2
= d1 + d2 − 1. It now follows that

1

d1!2d1−1

∑
d1/26k6d1

(
d1
k

)
(−1)

1
2 (d2−d1−1)(2k−d1)d2+d1−1

(d2+d1−2k)!!(d2−d1+2k)!!
+

+
1

d2!2d2−1

∑
06k6d2/2

(
d2
k

)
(−1)k(d2−2k)d2+d1−1∏d1

i=0(d2−d1−2k+2i)
=0.

Thus

deg(Id1,d2) = − 1

2d1−1d1!

d1∑
k=[

d1
2 ]+1

(
d1
k

)
(−1)

d2−d1+1
2 (2k−d1)d2+d1−2

(d2+d1−2k)!!(d2−d1+2k)!!
−

− 1

2d2−1d2!

d2
2∑

k=0

(
d2
k

)
(−1)k(d2−2k)d2+d1−2∏d1

i=0 (d2−d1−2k+2i)
.

This completes the proof of theorem. 2

Computation deg(Id1,d2) if d1 and d2 have same parity.
We use the Poincar�e series for the algebra of joint invariants of two binary forms to calculate the degree

of this algebra.

Theorem 3. ( see [2,10]) For d1 = d2 (mod 2) and d2 > d1 the Poincar�e series PId1,d2(z) are calculated
by the formula

PId1,d2(z)=
∑

d1/26k6d1

φ2k−d1

(
(1− z2)Ak(z)

)
+

+
∑

d1/26k6d1

(
z φ2k−d1

(
(1− z2)Bk(z)

))′
z
+

∑
062k6d2−d1−2

φd2−2k

(
(1− z2)Ck(z)

)
,

where

Ak(z) = (−1)
d1−d2

2 z(1+d1−k)(d1−k)+(1+
d1+d2

2 −k)(
d1+d2

2 −k)×

×
2k − d1−d2

2 −
∑k

i=d1−k+1

(
1

1−z2i +
1

1−z2i−d1+d2

)
(z2, z2)k(z2, z2)d1−k(z2, z2)k− d1−d2

2
(z2, z2) d1+d2

2 −k

Bk(z) =
(−1)

d1−d2
2 z(1+d1−k)(d1−k)+(1+

d1+d2
2 −k)(

d1+d2
2 −k)

(z2, z2)k(z2, z2)d1−k(z2, z2) d2
2 +k− d1

2
(z2, z2) d2

2 −(k− d1
2 )

Ck(z) =
(−1)kzk(k+1)

(zd2−d1−2k, z2)d1+1(z2, z2)k(z2, z2)d2−k
.

Ilash N.B. 29
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We need the following facts to calculate the rational coe�cient deg(Id).

Lemma 4. (see [10]) The following statements hold

(i) The �rst terms of the Laurent series for (1 + z)Bk(z) at z = 1 are

(−1)
d1−d2

2

(1−z)d1+d2
· 1

2d1+d2−1k!(d1 − k)!
(
d2−d1

2 + k
)
!
(
d2+d1

2 − k
)
!
+

+ (−1)
d1−d2

2

(1−z)d1+d2−1 · (d1 + d2 + 2)(2k − d1 − 1) + 1

2d1+d2k!(d1 − k)!
(
d2−d1

2 + k
)
!
(
d2+d1

2 − k
)
!
+ . . .

(ii) The �rst terms of the Laurent series for (1 + z)Ak(z) at z = 1 are

= (−1)
d2−d1

2 (−
Hk−Hd1−k+H

k+
d2−d1

2

−H d1+d2
2

−k

2d1+d2k!(d1−k)!( d2−d1
2 +k)!( d2+d1

2 −k)!(1−z)d1+d2+1
+

+ d1+d2

(1−z)d1+d2 ·2d1+d2−1k!(d1−k)!( d2−d1
2 +k)!( d2+d1

2 −k)!
−

−
(d1+d2+2)(d1−2k+1)

(
Hk−Hd1−k+H

k+
d2−d1

2

−H d1+d2
2

−k

)
(1−z)d1+d2 ·2d1+d2+1k!(d1−k)!( d2−d1

2 +k)!( d2+d1
2 −k)!

).

where H =
∑n

i=1
1
n is the n-th harmonic number

Theorem 4. Suppose d1 and d2 are odd and d2 > d1 ; then the degree of the algebra of joint invariants of
two binary forms deg(Id1,d2

) is equal to

deg Id1,d2(z) = h(d1, d2) + g(d2, d1, d2 − d1 − 2)

where h(b, d) = (−1)
d−b
2

4b!d!

∑b/2
k=0(k−

b
2 )

b+d−2
(
b
k

)(
d

d+b
2 −k

)
×

×
(
Hk−Hb−k+Hk+ d−b

2
−H b+d

2 −k−
b+d−2
k− b

2

)
.

Äîâåäåííÿ. Let us L = Hk−Hd1−k+Hk+
d2−d1

2
−H d1+d2

2 −k
. Using Lemmas 2 and 4, we have:∑

d1
2 6k6d1

φ2k−d1

(
(1− z2)Ak(z)

)
=

= (−1)
d2−d1+1

2

∑
d1
2 6k6d1

(
d1

k

)( d2
d2+d1

2 −k

)
(k−d1

2 )d1+d2−1L

2(1−z)d1+d2d1!d2!
+

+(−1)
d2−d1

2

∑
d1
2 6k6d1

(
d1

k

)( d2
d2+d1

2 −k

)
(2k − d1)

d1+d2−2L

2d1+d2(1− z)d1+d2−1d1!d2!
×

×((2k − d1 − 1)(d1 + d2) + (d1 + d2 + 2)(d1 − 2k + 1))+

+(−1)
d2−d1

2

∑
d1
2 6k6d1

(2k−d1)d1+d2−2(d1+d2)

(1−z)d1+d2−1 · 2d1+d2−1k!(d1−k)!
(
d2−d1

2 +k
)
!
(
d2+d1

2 −k
)
!
+

+O((1−z)−d1−d2+1).

In the same way, we obtain ∑
d1
2 6k6d1

(
zφ2k−d1

(
1− z2)Bk(z)

))′
z
=

=
(−1)

d1−d2
2 (d1 + d2 − 1)

2d1+d2−1d1!d2!(1− z)d1+d2

∑
d1
2 6k6d1

(2k − d1)
d1+d2−2

(
d1
k

)(
d2

d2+d1

2 − k

)
−

− (−1)
d1−d2

2 (d1+d2−2)

2d1+d2d1!d2!(1−z)d1+d2−1

∑
d1
2 6k6d1

(
(2k−d1)d1+d2−2+2(2k−d1)d1+d2−3

)(d1
k

)
×

×
(

d2
d2+d1

2 −k

)
+O((1− z)−d1−d2+2).
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Let us apply Theorem 3. Since tr degC Id1,d2 = d1 + d2 − 1, it follows that coe�cient of 1
(1−z)d2+d1

equals 0 :

f = − 1

d1!d2!

∑
d1
2 6k6d1

(−1)
d2−d1

2

(
d1
k

)(
d2

d2+d1

2 −k

)
(k−d1

2
)d1+d2−1L+

+
(−1)

d2−d1
2 (d1 + d2 − 1)

2d1+d2−1d1!d2!

∑
d1
2 6k6d1

(
(2k − d1)

d1+d2−2

(
d1
k

)(
d2

d2+d1

2 − k

))
+

+
1

2d2−1d2!

d2−d1
2 −1∑
k=0

(
d2
k

)
(−1)k+d1+1(d2−2k)d1+d2−1∏d1

i=0(2k−d1−d2+2i)
+

+
1

2d2−1d2!

d2∑
k=

d1+d2
2 +1

(
d2
k

)
(−1)k+d1+1(d2−2k)d1+d2−1∏d1

i=0(2k−d1−d2+2i)
= 0.

Adding the coe�cients of 1
(1−z)d2+d1−1 , we get

deg Id1,d2(z) = lim
z→1

(1− z)d2+d1−1P(Id1,d2 , z) =

= f +
1

4d1!d2!

∑
d1
2 6k6d1

(−1)
d2−d1

2

(
d1
k

)(
d2

d2+d1

2 − k

)
(k − d1

2
)d1+d2−2L−

− (−1)
d2−d1

2 (d1 + d2 − 2)

2d1+d2−1d1!d2!

∑
d1
2 6k6d1

(
(2k − d1)

d1+d2−3

(
d1
k

)(
d2

d2+d1

2 − k

))
−

− 1

2d2−1d2!

∑
062k6d2−d1−2

(
d2
k

)
(−1)k+d1+1(d2 − 2k)d1+d2−2∏d1

i=0(2k − d1 − d2 + 2i)
.

To conclude the proof, it remains to note that f = 0. 2

By Lemma 3, poles of functions (1 − z2)Ak(z), (1 − z2)Bk(z) and (1 − z2)Ck(z) at point z = −1
give poles of functions φ2k−d1

(
(1− z2)Ak(z)

)
, φ2k−d1

(
(1− z2)Bk(z)

)
and φd2−2k

(
(1− z2)Ck(z)

)
at z = 1

respectively. It now follows the following theorem

Theorem 5. Suppose d1 and d2 are even and d2 > d1 ; then the degree of the algebra of joint invariants of
two binary forms deg(Id1,d2) is equal to

deg Id1,d2(z) = 2 (h(d1, d2) + g(d2, d1, d2 − d1 − 2)) .
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