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A COMMUTATIVE BEZOUT DOMAIN IN WHICH EVERY MAXIMAL IDEAL IS PRINCIAL
IS AN ELEMENTARY DIVIZOR RING

We prove that a commutative Bezout domain in which every maximal ideal is principal is an elementary divisor ring
and its stable range equals 2.
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Following Kaplansky [1] a ring R is said to be an elementary divisor ring if every matrix over R is
equivalent to a diagonal matrix. Kaplansky proved that if R is an elementary divisor ring then every finitely
presented R-module is direct sum of cyclic modules. In [2] the converse to Kaplansky’s theorem for
commutative ring is proved.

A ring is said to be a Bezout ring if every its finitely generated ideal is principal. In [1] a ring R is said to
be a Hermite if every 1 x 2 and 2 x 1 matrix over R is equivalent to a diagonal matrix. Obviously an elementary
divisor ring is the Hermite and it’s easy to see that the Hermite ring is a Bezout. Examples that implications
aren’t reversible are constructed by Gillman and Henriksen [3].

Henriksen posed a question: is every commutative Bezout domain an elementary divisor domain? [4]

In this paper an affirmative answer in the case of every maximal ideal is principal is given.

All rings will be commutative and have identity. Let’s recall several definition and notation.

It is known that in the problems of diagonalization of matrices successfully used the concept of stable
range of the ring. It will be useful for us too so it is worth to remind its definition. A stable range of ring R equals
2 (st.r.(R) =2) if for any a,b,c € R such that aR + bR + cR = R there exist elements x,y € R such that
(a+cx)R+ (b +cy)R =R[5]

The following definitions are also important.

Let R be a commutative ring and S be a set of nonzero divisors (regular element) of R. The R, is a
classical ring of quotients of R and we shall denote it by Q, (R).

Let A be a subset of the ring R. Then define Ann A = {r € R| rA = 0}. The nilradical of R is denoted by
rad R. If rad R = 0 then R is called a reduced ring.

Let R be a reduced ring and min R be minimal prime spectrum of R. If x € R define D(x) =
{P € min R |x ¢ P}. Then the sets D(x) form a basis for the Zaritsky topology on min R. When we say that
min R is compact it means that it is compact in this topology.

Following Faith [6] a ring R is zip if:

1) T'isanideal of R ;

2) if Ann I = {0} then Ann I, = {0} for some finitely generated ideal I; suchthatI; < I.

We introduce the concept of mzip ring R as a ring with the property: if M is a maximal ideal of R and
Ann M = {0} then Ann M; = {0} for a finitely generated ideal M, such that M; < M. Clearly, every zip ring is a
mzip ring and if every maximal ideal of ring is finitely generated, then ring is a mzip ring.

An ideal I of ring R is dense if it’s an annihilator is zero. Thus I is a dense if and only if it is faithfull R-
module. If every dense maximal ideal of R contains a regular element then R is evidently mzip.

Actually every dense maximal ideal of R contains a regular element if for every maximal ideal of the
classical quotient ring Q,(R) is an annulet. The ring with property that maximal ideals are annulets is called
Kasch ring [6]. A ring R is McCoy if every finitely generated dense ideal contains a regular element. (In [7] this
is called “Property A”.) If I is an ideal of Q,(R) and I = [,Qy(R), where I, is annulet of R (and in this case
I, = INR ), one sees that R is McCoy if Qy(R) is McCoy. If I is a finitely generated dense ideal of a Bezout
ring, then I = aR for a € R, so a € I and a is a regular element. Then a Bezout ring is a McCoy ring and we
obtain the following result.

Proposition 1. Let R be a Bezout ring. If R is a mzip, then every dense maximal ideal contains a regular
element and Q, (R) is a Bezout and Kasch ring.

Proposition 2. Let R be a reduced Bezout ring in which every maximal ideal is projective. Then R is mzip
if and only if every maximal ideal of R is principal.
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Proof. If M is a dense maximal ideal of R and R is mzip, then exists a principal ideal M; = mR such that
Ann M; = {0} and M; c M. Obviously, m is a regular element. Since m € M this is possible by [8], then M is a
principal ideal.

The proposition is proved.

Let’s prove the main results of this paper.

Theorem 1. Let R be a regular mzip Bezout ring. Then R is a semi-hereditary ring.

Proof. Let M be a maximal ideal of R. Taking into consideration proposition 1 if M is dense it contains a
regular element. Ideal MQ,(R) of Qy(R) contains an identity, and hence MQ,(R) = Qy(R). Since R is a
reduced ring Ann M # {0}, therefore M N Ann M = {0} and M + Ann M = R. Thus 1 = e + n, where e € M,
n € Ann M. Hence M = eR, where e = e?.

Consider @, (R). According to proven above maximal ideals of Q,(R) are only those are generated by
idempotents. By [9] Q, (R) is a regular ring, namely a direct sum of fields. Since R is a reduced Bezout ring and
the fact that Q,;(R) is a regular ring, by [10] it is a semi-hereditary ring.

Theorem is proved.

As consequently theorem 1 we obtain the following result.

Theorem 2. Let R a reduced mzip Bezout ring. Then:

1) min R is compact;

2) R is a Hermite ring;

3) st.7.(R) = 2.

Proof. By theorem 1 R is a semi-hereditary Bezout ring, then min R is compact [10]. By [2] R is a
Hermite ring and st.r. (R) = 2 [11].

Theorem is proved.

In case of elementary divisor ring we get the following result.

Theorem 3. Let R be a Bezout domain and for every non-zero element a € R the factor-ring R /rad (aR)
is mzip. Then R is an elementary divisor ring.

Proof. Since Bezout domain R is a Hermite ring [12], hence it is sufficient to prove that for all a,b,c € R
such that aR + bR + cR = R there exist p, q € R such that paR + (pb + qc)R = R [13].

Weputd = (Z (CJ)

By using the same terminology as in [2], let M be R-module named by A. It’s easy to check that M is a

R/(ac)R-module. Considering the constraints imposed on R, we have R = R /rad(ac)R is reduced_mzip Bezout
ring and by theorem 1, R is semi-hereditary ring. Thus M = M /rad(acR)M is named by A = (% 0).

Since R is Hermite ring and @ - ¢ = o we show as in the proof of [14] that there exist two invertible
matrices P and Q and a diagonal matrix D with entries in R such that PAQ = D. We put D = (’5 9)
e

By [2] we may assume that k divides & . The equality P~*DQ~ = A implies that @, b, ¢ € Rk. It follows
that § is a unit. Hence M is a cyclic R-module.

By Nakayama’s lemma it follows that M is cyclic over R/(ac)R. Hence M is cyclic over R too. By [2] it
follows the existence of elements p,q € R such that (pa)R + (bp + cq)R = R. Hence the matrix A has the
canonical diagonal reductions.

Theorem is proved.

Theorem 4. Let R be a Bezout ring in which every maximal ideal is principal. Then st.r. (R) = 2.

Proof. Since st.r.(R) = st.r.(R/rad R) then we can assume that R is a reduced Bezout ring.
Furthermore, since every maximal ideal of R /rad R is also principal, then R is a reduced mzip Bezout ring.

The previous theorem completes the proof.

Theorem is proved.

Consequently theorems 1, 3 and 4 we obtain the following result.

Theorem 5. A commutative Bezout domain in which every maximal ideal is principal is an elementary
divisor ring.
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KOMYTATHBHA OBJIACTb BE3Y, B SIKIi JOBLIBHUI MAKCUMAJILHUAM ITEAJI € TOJIOBHUAM, €
KIJIBIHEM EJIEMEHTAPHHUX JAIJIbHUKIB

0O.B. lomma
PE3IOME

[lokazano, mo komyTaTHBHa oOiacte be3y, B sKiil HOBUTbHHH MaKCHUMaJbHHH ifiealdl € TOJOBHHM, € KUIbIEM
€JIEMEHTApHUX IUTBHUKIB, 1 CTa0lIbHAUN paHT Takoi obnacTi besy nopisaroe 2.
Knrouosi cnosa: Kinblie eNeMEHTAPHUX IBHUKIB, CTabiIbHUN PaHT Kijblis, ZIP Kiblie, MZip Kijiblie.

KOMMYTATHUBHAS OBJACTD BE3Y, B KOTOPOIl MAKCUMAJIbHBINA UJIEAJ SIBJASIETCS IJTIABHBIM,
SBJSASICh KOJAbLIOM UIAEAJBHBIX JEJIATEJIER

O.B. Jomma
PE3IOME

[lokazaHo, 4TO KOMMyTaTUBHasA 00JacTh be3y, B KOTOpOi MPOM3BOIBEHBIN MaKCUMAITBHBIN Heal SIBISETCS TJIABHBIM,
SIBIISIETCS KOJIBIIOM JIEMEHTAPHBIX AENUTENeH U cTaOMIBHBIN paHT Takoi 001acTi paBeH 2.
Knrouesvie cnosa: KOIBIO HIEMEHTAPHBIX IeIUTENCH, CTAOMIBHBIA PaHT KOJbLia, ZiP KOJIBIO, MZIP KOJIbLO.
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