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Introduction

Purpose that H is a separable Hilbert space. L(H) is the algebra of bounded linear operators H — H.
A: H — H is a positive self-adjoint operator with point spectrum

op(A) ={z €R: 2z, ~ k%, ,6>0,k=1,2,...,}.

V(A) ={v, € Hk=1,2,...} is a system of eigenfunctions that form an orthonormal basis in the space H.

—{veH:AweH}, s>0, (uv;H(A®)) = (A%u, A%v; H) | |ly; H(A%)|? = |A%y; H|]?, s > 0;
1 = = Ly((0,1), H); |lu; Hy||? = HHu;H||2;L2(O,1)H. D, : Hi — H; is a strong derivative in the
w — DIU;H1H — 0,Az — 0. I: Ly(0,1) = Ly(0,1) is an involution operator:
Iu(z) = u(l —2), u(z) € Ly(0,1); po = $(E+1I),p1 = 2(E —I) is the ortoproektor in L»(0,1),

L2 ;(0,1) = {y(z) € L2(0,1) : y(z) =pjy(x) }, 5 = 0,15 p1j = pjQ@FEn, Egu = u,u € H,j = 0,1;
Hyj={y(z) € Hy :y(z) = prjy(x)}, j=0,1, Hy= {y(z) € Hy; D2y € Hy,A*y € H},

ly; Ho|* = ||D§,y;H1||2 + ’|A2y;H1||2. L(H(A™); H(A?)) is the algebra of bounded linear operators
A H(A™) — H(AY), m,q > 0; L(H(A™)) = L(H(A™); H(A™)), Bi,Bs € L(H), By € L(Hy) ,
By = by v, brr €R, 7 =0,1,2, k=1,2,... ; H'= H(A%), H> = H(A?).
Consider the following problem:
L(Dy, Ay = =D3y(x) + A%y(x) + Bo(2z — 1)(y(z) + y(1 — 2)) = f(), (1)
by = Bry(0) + Bay(1) = hy, Loy = Dyy(0) — Dyy(1) = he, )

f(x) € Hy, hy € H', hy € H2.
We interpret the solution [13, 18] of problem (1), (2) as a function y(z) € Ha, satisfying the equalities

by — hys HY|| = ||bay — he; H?|| = 0. 3)

Differential equation (1) includes operator of involution I : L3(0,1) — L2(0,1), Iy(z) = y(1 — z),
x € Ly (07 ].)

The first time study properties of the operator involution started C. Babbage [3]. In the paper [10]
T. Carleman introduced the concept of operator shift — a generalization of the concept of involution
Tu(z) = u(l — z), (u(z) € L2(0,1)). Exploration partial differential equations with involution are devoted
[2, 5, 9, 10, 19, 20, 34].
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Properties spectral problems for ordinary differential and functional-differential equations with involution
investigated in the works [7, 8], [14]-[18], [21],[22], [26]-[29], [35] and [3, 4, 6, 25] respectively.

V. A. Tl’in in [15]-[17] introduced the concept of essentially nonself-adjoint operator and proved the exi-
stence of present criterion of root functions of spectral problems for differential equations of arbitrary order.

In 1979 A.A. Shkalikov [30] it was proved that Riesz basis of subspaces (block basis) to L2 (0,1) root
system forms a subspace that meet multiple or asymptotically close eigenvalues of differential operator A.

In works [31]-[33] for equation Sturm-Liouville studied the spectral properties of problem with linear
potential with Dirichlet conditions in the interval (0,1).

In works [1], [23], [24] studied the properties of operators with increasing the multiplicity of the spectrum.

Main part
Auxiliary spectral problems
We now consider L : Hy — H; is the operator of problem (1), (2):

Ly=L(D,,A)y,y € D(L), D(L)={y € Ha; {1y =0, oy =0}.
Solutions of spectral problem
L(Dy, A)y = —D3y(x) + A%y + 2Bo(Dyy(x) + Doy(1 — x)) = My(x), A € C, (4)

{1y = B1y(0) + Bay(1) = 0, loy = D,y(0) — D,y(1) =0 (5)

consider as a product y(z) = u(x)vg, u(z) € W2(0,1), k=1,2,....
To determine the functions u(z) obtain spectral problem

Li(Dy)u = —D2u(x) + ziu(z) + 2bo £ (22 — 1) (u(x) + u(l — 2)) = Iu(x), (6)
O pw = by ,u(0) 4+ b pu(l) = 0, ¢o ku = Dyu(0) — Dyu(l) = 0. (7
Consider the particular case the problem By = —By = E, By =0, if the specified conditions (6), (7)
—D2u(z) + 23u = Iu(x), (8)
u(0) —u(1l) =0, Dyu(0) — Dyu(1) =0. (9)

Theorem 1. Let By =—B1 =E, By=0. Then problem (8),(9) have point spectrum
oL = {/\k,n ER: Ny = (2m)* +28,n =0,1,.. } ,
and system of eigenfunctions
T= {tfI € Ly(0,1) : t3(x) = 1, t2(x) = V2 cos 2mnz, tL(z) = V2sin 2mnz, n € N} .
We now consider Lo : L2(0,1) — L2(0,1) is the operator of the problem (8), (7)
Loxu = (=D2 + 22)u, uw € D(Loy),

D(Loy) = {u € W3(0,1) : &1 pu = 0,4 pu = 0} .

Let
vgzg(x) =14 Brn(2x —1), vgzg(aj) = V/2sin 2mne, (10)
v () = V2(1 + Bin (22 — 1)) cos 2mna, (11)
ﬂkm, = (bl,k? - bQ,k)_l(bl,k + b2,1€)) k?” = 17 27 e (]‘2)
You can check that
Lokvyo(r) = Memvy o (@) + €0, 0p0 (2), &, = 87nB) n, (13)

k=1,2,....
Hence, V(Loy) = {vzg(:c), s=0,1, n=0,1,.. } is the system of root functions of the operator in the
sense of equality (13).

Baranetskij Y.O., Kalenyuk P.I., Kolyasa L.I. 5
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Theorem 2. Let by i # ba . Then the operator Loy of problem (9), (8) have point spectrum o and system
V(Lox) of root functions complete and minimal in L2(0,1).

Proof. We now prove the completeness of system V(Lo ) in the space Ly(0,1).
Consider the adjoint problem
—D2v(x) + ziv = Au(z), v(0) — v(1) = 0, by, D,v(0) + by 1 Dyv(1) = 0.

The operator of this problem have point spectrum o and system of root functions

W(Lox) = {wk 0 € Ly(0,1) : w)? ' = V2 cos 2mqa,

wi® = V2(1 - By q(2¢ — 1)) sin2mqz, k = 1,2, . } .
Hence, the system of root functions V(Lg ) of the operator Lo j possesses a unique biorthogonal system

W (Lo)
(Uk wwk q,LQ(O 1)) =06,50n,q, ,s=0,1, gn=1,2,....

Consider the operators R, So : L2(0,1) — L2(0,1),
Roxth,, =vpn, Rog=E+Sok, p=0,1,n=0,1,....

From the definition of the operator Ry and the completeness of system V(Lgy) in space L2(0,1), we get
So.k : L2,0(0,1) = L21(0,1), Sok : L21(0,1) = 0. Then, Sy rSor = O, where O is the zero operator in the
L5(0,1).

Thus, R; ) = E — So.

To prove that the system V(Lo ) forms a Riesz basis [12] in L2(0,1), it is sufficient, according to formula
Ry = E+ Sok, to show that the operator Soy : L2(0,1) — L2(0,1) is bounded.

Let w be an arbitrary element from the space L2(0,1). We represent w as a Fourier series in the system
T

0o
w:w8t8+ Zwmt?n+wmtim 7. :< ) maLQ(O ]-))a j:(),l, mzoala'-”

According to the definition of the operator Sp i , we find

So.kw = Bro(2x — 1) (wgvf o+ Z w? V2 cos 27rm:1:> .

Using the ratio
2
[[S0,kw; L2(0, 1) =
2

)

o0
Bro(2x — 1) <w80270 + Z w2 V2 cos 27rma:> ; L2(0,1)

m=1

we estimate it
2 2 2
[[S0,605 L2(0, D)[I* < |Br,o0l” lws L2(0, 1)

Hence, the operator Rg = E+Sp is bounded L2(0,1) — L2(0,1) and (Ra,lc)* = E-55,, € L(L2(0,1)).
So using theorem N.K. Bary ( see theorem 6.2.1 [12]) we obtain the following statement

Theorem 3. Let by i # ba . Then the operator Loy of problem (8), (7) have point spectrum o) and system
V(Lo,x) of root functions in the sense of equality (13), forms a Riesz basis in L2(0,1).

Further, we introduce operator Ly : L2(0,1) — L2(0,1) of the problem (6), (7).
Liyu= Lk(.DU[;7 zk)u7u € D(Lk),

D(Lk) = {U S WQZ(O, ].) : ll’ku = 0,l27ku = 0}

6 Baranetskij Y.O., Kalenyuk P.I., Kolyasa L.I.
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By the direct substitution we can show that the vgi(x) = \/2sin 2mna, v,g:(l) =1— 15b0x(2x — 1) is

eigenfunctions of operator Ly : vgi(x) € D(Ly), Lkvgzi(x) = )\k,nvgzi(x) ,n=0,1,....
Root function of operator Lg, defined by relation

v,ii(:c) =V2(1 + Brn(22 — 1)) cos 2mna + & (20 — 1)? sin 27n, (14)

Een = —box(87n) " n=1,2,... (15)

Hence, V(L) = {vzi(m),s =0,1, n=0,1,.. } is the system of root functions of the operator Lg, in the

sense of equality
Lt n(7) = Mt/ (2) + Pk (2): (16)
Phm = & + Phnhins P = 8TNBk - (17)
Show that the system V(L) of root functions of the operator Lj possesses a unique biorthogonal system
W (L)
(v,:’)(:l, wzzg; Ly(0,1)) = 6,50p,4, 7,8 =0,1, ¢n=0,1,....
Further, we introduce operators Ri,S1k : L2(0,1) — L2(0,1),
Rl,k =F+ Sl,k, Rl’ktz,n = ’Ui:}“ Rthg’o = 1}2&7 p=0,1,n=0,1.
With formulas (16), (14) that have 51,]@ : Lgyo — Lzy(), L211 — 0, that (Sl,k)z =0.
Show that Sl,k S L(LQ(O, 1)) .
To have any function w € Ly(0, 1),

o0
w = woty +v2 Z W cos 2mma + wl sin2rma, wl = (w,tl 5 Ly(0,1)), wj = 0,1,

yYmo
m=1

m=0,1,....

Sy pw = wgvgj(l) +V2 Z WS (Brm (22 — 1) cos 2mma + & (22 — 1)2 sin 2rma),
m=1
11 ew; L2 (0, DI < 201+ [Brnl® + [knl?) llos L2(0, )] (18)

So there operator (Rl_,lf)* = E — (S1,5)* such that (Rl_,lf)* : T — W(Lg), where the W (Ly) is the system of
functions biorthogonal to V' (Lg).

Of formulas (13), (14), (15) implies that the system V(Ly) and V(Lox) a squarely close . So using
theorem N.K. Bary (see theorem 6.2.3 [12]) we obtain the following statement.

Theorem 4. Let by i # ba . Then the operator Ly of problem (6), (7) have point spectrum o and system of
root functions forms a Riesz basis in L2(0,1).

The spectral problem (1), (2).
Let by # ba k. Then the operator L of problem (1), (2) have point spectrum

c={An ER: Ny =47°n® + 2, kyn=1,2,...}
and system of root functions
V(L) = {v,;n(L) € Hy vy, (L) = UZ:iL(tT)Uka s=0,1, k=1,2,...,n=0,1,..., } ,

where
vk, 0(L) = vg, 112%([/) = /2cos 2T, 19)
U (L) = V2(1 + b (22 — 1)) sin 2mnavy,

n,k € N.
System V(L) of root functions of the operator L possesses a unique biorthogonal system
W(L) = {w;’m(L) € Hy :w? Ew;:}nvm, s=0,1,m=0,1,...,p=1,2,...},

p,m

in the sense of equality
(ug’m,ws -Hl) = 8.0k pOnms 5,5 = 0,1, nm=0,1,..., kp=1,2,....

p,n

Hence, we obtain the following statement.

Baranetskij Y.O., Kalenyuk P.I., Kolyasa L.I. 7
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Theorem 5. Let by # bay. Then the operator L of problem (1), (2) have system of root functions V(L)
complete and minimal in H,.

Further, we introduce operator B = (B — By) (B + By) € L(H'). Then
R s La(0, )| € Cllws 2(0, D, || (BT Dws £2(0, )| € € s La(0, D) ,.€ > 0.

So using theorem N.K. Bary (see. theorem 6.2.1, [12]), we obtain the following statement.

Theorem 6. Let B € L(H'). Then the operator L of problem (1), (2) have system of root functions V (L),
forms a Riesz basis in space Hj.

Property problem (1), (2).
Replaced condition (2) on equivalent terms

t3y = y(0) —y(1) + B(y(0) + y(1)) = ha, L2y = Day(0) — Dyy(1) = ho. (20)

Here
Be L(HY),hs = (B, — By)"'hy € H', hy € H2.

Consider the particular case the problem (1), (20), if the specified B =0,By =0
~DZy(x) + A%y(x) = g(x), (21)

y(0) —y(1) = g1, Dpy(0) — Dyy(1) = g2 g; € H?, j =1,2. (22)
Theorem 7. Let B =0,By = 0. Then for any g € Hy,g1 € H', gy € H?, there exists a unique solution of
problem (21), (22).

Proof. We seek the solution of this problem in the form y = u + v, there w is the solution of the problem
—D2u(x) + A%u(z) = g(x), w(0) —u(1) =0, D,u(0) — Dyu(1) =0, (23)

and v is the solution of the problem
—D2v(z) + A%v(z) = 0,v(0) — v(1) = g1, D,v(0) — Dyv(1) = go. (24)

Consider the problem (23). We expand the functions u(z), g(z) in a series in the orthonormal basis in the space
H,y
= {tz,m, € Hy: tz,m = tfnvlﬁtfn €T, v € V(A)}7

_ § s s s _ s .
u = uk,m k,m7uk,m - (U’?tk,m’Hl)?

s,m,k
g= Z gli,m Z,ergli,m = (gvtz’,m;Hl)'
s,m,k
Substituting into the (23) we get
u= Y (4r'm® + 2. " g thme

s,m,k
We estimate a number

~Diu= Y (4r®m® + 2) 7 (2rm)?6}, yth oo | Daws Hi|| < g5 Hu s

s,m,k

Au= Y (4rm® + 27 (@) Ghmti e 1470 Hi| < g Hul.

s,m,k

Hence,
lu; Hal| < v2|\g; Hu |- (25)

Consider the problem (24). Further, we introduce operators

8 Baranetskij Y.O., Kalenyuk P.I., Kolyasa L.I.
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Yj(z,A) = exp Az + (—1)7 exp A(1 — x) € L(H?; H2),j = 0,1. The solution of the differential equation
(24) has the form
’U(.’ﬁ) = YO(‘T;A)SDO +Y1(.’L',A)Q01, (26)

where o, 1 are unknown. To determine the (26) we substitute expression (26) in the condition (24) and obtain
¥o, P1 1 1
1= 55/1(0714)_191; Po = §Y1(07A)_1A_192~

Hence,

1 1
v = §Y1(0, A lg + §Y1(0, A)TTAT g,

lvs Ha||* < C(llgus HY|* + llgos H?[|?), C > 0. (27)
Therefore follows from inequalities (25), (27) inequality

ly; H2||* < Ci(llgs Hul|? + llgv; H'|)* + [lg2; H?|1), C1 > 0.

We now return to the original problem (1), (2). Consider in connection problem as the sum y = yo + 1,
y; € Hyj, 7 =0,1. To determine the unknowns y; € H;; get the problem

—D2yo(z) + Ayo(z) = fo(z), folz) € Hi,

390 = yo(0) — yo(1) =0, Layo = D2yo(0) — Dayo(1) = ha,
—Diyl(x) + Ale(x) = fi(x) — 2Bo(22 — Dyo(x), fi(z) € Hy 1,
y1(0) —y1(1) = —=B(yo(0) + yo(1)) + h3, Dxy1(0) — Dyyi(1) = 0.

For unknowns functions y; € Hy j, j =0,1, get that problems a particular of the problem (21), (22).
Hence the statement is correct

Theorem 8. Let B € L(H'), By € L(H,). Then for any f € Hy,hy € H, hy € H?, there exists a unique
solution of problem (1), (2) and

lys Hol|* < Co(llf5 HLll* + |has HY | + [|has H|?), C2 > 0.

Conclusions.

We have investigated the properties of nonlocal problem with generalized conditions Ionkin’s for the Sturm-
Liouville equation with polynomial potential which contains an involution operator. Defined point spectrum and
built a system of root functions of the spectral problem. It is proved that under certain conditions the system
of root functions spectral problem forms a Riesz basis. It is proved that under certain conditions the solution
of the problem exists and only one.
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HEJIOKAJIbHA TPAHNYHA BEJIUYNHA I ABCTPAKTHOTO
JNP®EPEHIIIAJIBHOT'O PIBHAHHS JPYTOr'O IOPAJKY 3 OIIEPATOPOM
IHBOJIIOIIIT

Bapanenskuit F0.0., Kagenrok I1.1., Koagaca JI.I.

PE3IOME

Mu BUB4YAEMO HEJIOKAIBHYIO 33/1a4y 3 y3arajpHenumu ymosamu lonkina ags pisaanns [rypma-Jliysimis
3 TONIHOMIiaJIbHUM IOTEHITIAIOM, IO MICTUTEL oreparop inBomomii. IIpoanamizoBani cnekTpaabHi BIACTUBOCTI
omeparopa i€l 3a7a4i Ta BCTAHOBJIEH] YMOBH iCHYBAaHHS Ta YHIKAJIBHICTH i#oro po3s’s3ky. JloBemneno Takox, 1o
cucremMa KopeHeBux (DYHKIIIH M0 CYTi € HECAMOCOIIPSKEHHBIM OITEPATOPOM aHAJII30BAHOI 3a/1a4i, yTBOPIOE Ga3uc
Pica.

Kmowosi caosa: nudepeniaabHO-OrepaTopHe PiBHAHHSA, KOPEeHEBa, (DYHKIIiSA, OepaTop iHBOJIOIII, IO CyTi
HECAMOCOIPSIKEHHBIN onepatop, basuc Pica, HemokagpHa 3ama4a.

HEJIOKAJIBHOE TPAHUYHOE 3HAYEHUE J1JI51 ABCTPAKTHOTO
JANP®PEPEHITMAJIBHOT'O YPABHEHN A BTOPOTI'O IIOPAIKA C OIIEPATOPOM
MHBOJIIOIINNM

Bapanenkwnii }F0.0., Kajgeuiok II.U., Koagca JI.W.

PESIOME

Wzygaercsa nesmoxkasbHash 3amnada ¢ obobieHHbiMu  yenoBusmu Wonkuna g ypasuenusi [lltypma-
JInyBusIIst ¢ TOJIMHOMHUAJIBLHBIM TTOTEHIIMAIOM, KOTOPBIH COJEP:KUT OlepaTop MHBOJIONUHN. [Ipoanasn3upoBanbl
CIEKTPaJbHBIE CBOMCTBA OMEPATOPA ITON 33JaUM U YCTAHOBJIEHBI YCJIOBHUSA CYIIECTBOBAHUS U €IUHCTBEHHOCTH
ero perenns. TakKe JOKA3aHO, 9TO CHCTEMa KOPHEBBIX (DYHKIIHIH, IO CYIIECTBY, HECAMOCOIPSI)KEHHBIH OTIepaTop
aHaM3upyeMoit 3aaadu, obpasyer 6azuc Pucca.

Karouesve caosa: nuddepennmnaabHO-0ONepaTOpHOE ypaBHEHNWe, KOpHeBas (bYHKIHS, ONEPATOP WHBOJIO-
IIUH, 110 CYNIECTBY HECAMOCOIPsIKeHHBIH onepaTop, 6a3zuc Pucca, HesokaapbHasd 3a/1a4a.
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