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MAPLE PACKAGE FOR CALCULATING POINCARE SERIES.

We offer a Maple package Poincare_Series for calculating the Poincaré series for the algebras of invari-
ants/covariants of binary forms, for the algebras of joint invariants/covariants of several binary forms, for the
kernel of Weitzenbéck derivations, for the bivariate Poincaré series of algebra of covariants of binary d-form
and for the multivariate Poincaré series of the algebras of joint invariants/covariants of several binary forms.
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Introduction

Let V; be the complex vector space of binary forms of degree d endowed with the natural action of the
special linear group G = SLjy. Consider the corresponding action of the group G on the coordinate rings
C[Vyg] and C[Vg® C?], where Vy:=Vy, &V &-- @V, . Denote by Zg = C[V4]“ and by Cq = C[Vg® C?|¢
the subalgebras of G -invariant polynomial functions. In the language of classical invariant theory the algebras
T4 and Cq4 are called the algebra of join invariants and the algebra of join covariants for the n binary form
of degrees di,da,...,d, respectively. The coordinate ring C[Vy & CQ] can be identified with the algebra of
polynomials of the coefficients of the binary forms and of two subsidiary variables, say X,Y. The degree of a
covariant with respect to the variables X,Y is called the order of the covariant. Every invariant has the order
zero. The algebras Cg4, Zg are a finitely generated multigraded algebras under the multidegree-order:

Cd = (Cd)m,O + (Cd)m,l +-+ (Cd)myj +y

where each subspace (Cq)q; of covariants of multidegree m := (mq,mg,...,m,) and order j is finite-
dimensional. The formal power series

o
P(Cqy 21,22, -+ 2n,t) = Z dim((Cg)gm,j) 2" 252 - 2t
m,j=0

o0
P(Id, 21522y« ey Zn) = Z dim((Id)mJ)z{nlz;”z . -ZTT'",
m

are called the multivariariate Poincaré series of the algebra of join covariants Cq4. It is clear that the
series P(Cq,2,2,...,2,0) is the Poincare series of the algebra Z; and the series P(Cq,2,2,...,2,1) is the
Poincare series of the algebra Cgq with respect to the usual grading of the algebra under degree. The algebra of
covariants C4 is Cohen-Macaulay. It implies that its multivariate Poincaré series is the power series expansion
of a rational function of the variables z1,...,z,,t. We consider here the problem of computing efficiently this
rational function.

In the paper we offer a Maple package for calculating the Poincaré series for such algebras of invari-
ants:the Poincaré series for the algebras of invariants/covariants of binary forms, for the algebras of joint
invariants/covariants of several binary forms, for the kernel of Weitzenbock derivations,for the bivariate Poi-
ncaré series of algebra of covariants of binary d-form and for the multivariate Poincaré series of the algebras of
joint invariants/covariants of several binary forms. The present package implements results of the papers [1]-[6].

The package can be downloaded from the site
http:/ /sites.google.com/site/bedratyuklp/.

To start, one proceeds as follows:

1. download the file Poincare_Series.mpl and save it into your Maple directory;

2. download the Xin’s file (see a link at the web page) E112.mpl and save it into your Maple directory;
3. run Maple;

4. > read "Poincare_Series.mpl": read "E112.mpl":

5. If necessary then use > Help();
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Formulas for the Poincaré series.
Below is the list of main formulas which are being implemented in the package.

Invariants and covariants of binary form
Let Zy, C4 be algebras of invariants and covariants of binary d-form graded under degree. We have

)k k(k+1)( Z2)
P(Z, inger’s formul 1
ds 2 0<kz Pd—2k ( (2 29, (2, ) n ) , (Springer’s formula, see [9]), (1)
<d/2
(—1)k2RR+0 (1 4 2)
P(Cq, 2) Pd—2k ( > , 2)
0<kz<:d/2 22,22)) (22, 2%)a—k

here (a,q), = (1—a)(1—aq)---(1—aq™ ') denotes the q-shifted factorial and the function ¢, : C[[z]] — C[[2]]

defined by
oo oo
®n (Z aizi> = Z amzi.
i=0 i=0

Joint invariants and covariants of binary form

Let Zg, Cq, d= (dy,ds,...,d,) be algebras of joint invariants and joint covariants of n binary forms of
degrees di, da, ...,d,. Then
& 1 dk—l (F g (1 = 22) Aik(2)))
Ida Z Z dzk—1 ) (3)
i=0 k= 1
" Bi k—1 ( k—1
1 d (2" a1 (1 4 2) Ai 1(2)))
Cda - Z dzk—1 ’ (4)
0 k=1
where ( )6 . Bk
. —1)Pi~ . " d* i\ Bi
Arl) = i I g (e A - 1)).
The integer numbers 5;,¢1 =0,...,2d*, d*:= max(d;,ds,...,d,), are defined from the decomposition

fa(tz",2) = ((1 — )% (1 —t2)P1 (1 — 22 .. (1 - tsz*)ﬂw)fl,

where .
fa(t,z) = (H(tz_d’“,z2)dk+1> .
k=1
Joint invariants and covariants of linear and quadratic binary forms

Let dy=ds=...=dy=1, ie. d=(1,1,...,1). Then
n (71)717;c (n)n_k dk,1 2 2n—k—1
7 = =
PZa:2) ; (k—1)! (n— k:)! dzk-1 1—22 5)
n 2
T - 22 2n 3 Zh 6)

where N, (z) is the n-th Narayana polynomial of the first type

" 1/n—-1 n b1
= () ()
k=1

h, (i) is the Hilbert polynomial of the graded algebra Zg4

()

n—2 2
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and (N)m :=nn+1)---(n+m—1), (n)o:=1 denotes the shifted factorial.

R D ) A (et
P(Cq,2) = (k—1! (n— kl;! dzk—1 ( (1 — 22)2n—Fk ) B

k=1
~ Wyo1(2%) + nzNy_1(2?)
- (1 _ Z2)2n71 ) (8)
where W,,(2) is the n-th Narayana polynomial of the second type.
Let di =dy=...=d, =2, d=(2,2,...,2), then
n n—k .
(—1)”*’C dk—1 n—k (n)i(n)n,k,i(l—z)z%*k’“l
Za,2)= , . 9
PZaz) kz::l (n—k)(k—1)! dzk—1 ZZ:% i (1—z)nti(1—22)2n—k—i ’ )

b}
—~
(@)
&

S

L
I

(]
—
E
| =
|~

n—k k=1 n—k n—k\ (n)i(n)n_ kil
(k — 1)l dzk—1 (; ( i ) (1— Z)n+v:(kl — 22)2n—k—i = (10)

n—O <n Z— 1> (22)’

= (l:_ Z)n(]. o 22)27171 : (11)

Kernel of Weitzenbok derivation

Denote by Dy the Weitzenbtk derivation (linear locally nilpotent derivation) with its matrix consisting
of n Jordan blocks of size d; + 1, do+ 1, ...,ds+ 1, respectively. Since ker Dy = C4 and the isomorphism
preserve degrees then have that P(ker Dy, z) = P(Cq, 2).

Bivariate Poincare series for covariants of binary form
The algebra Cy of covariants is a finitely generated bigraded algebra:

Ci = (Cq)oo+ (Ca)ro+--+(Ca)ij+ -

where each subspace (Cq);,; of covariants of degree i and order j is finite-dimensional. We have

> - (—1)kek(e+D (1 — ¢2) 1
Ca,2,t) = Ca)i 2"t = _ , 12
P(Ca, 2, 1) Z( a) G Z Ya 2k< (t2,62); (£2,2) a—p 1 — zd—2k (12)
i=0 0<k<d/2
where ¥, : Z[[t]] = Z[[t, 2]],n € Z4+ be a C-linear function defined by
my [ 2 ifm=ni—j,j<n,
W (¢ )_{ 0, otherwise.
Note that P(Cq, 2,0) = P(Zy,2) and P(Cq,2,1) = P(Cq, 2).
Multivariate Poincaré series
The algebra Cq4 is a finitely generated multigraded algebra under the multidegree-order:
Ca=(Ca)mo+ Ca)m1+ -+ Ca)m,j+
where each subspace (Cq)q; of covariants of multidegree m := (mq,mg,...,m,) and order j is finite-

dimensional. The formal power series

o0
PCar 21,22,y 2y t) = 3 dim((Ca)m,j) 2] 25" - 20t

m,j=0

is called the multivariariate Poincaré series of the algebra of join covariants Cg.
The following formula holds:

1
P(Ca, 21, 225+ -+ s Znyt) = gofd (zl(u)da@(u)da oy 2s(tN) % M) ,
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where
1

n  dg
H H(l - Zktdk_zj)
k=1j=0

For the multivariariate Poincaré series of the algebra of join invariants Z4 we have

fd(zh 2y e ey Z7L,f) =

9

1
d d
P(IdvthQa' "7Zn) = %fd <Zl(t)\) 1722(t)\) 2’ (t)\) tA
Here Q and 2 are the MacMahon’s Omega operators which act on Laurent series
>0 =0
oo o0 o0
k ks
Z Z Z ak17k2a kaaaleZQZ "'Zs.)\a
ki=—o0 ks=—00 a=—00
by
o0 o0 (o)
ks
I D S S i PRI 99 SIS GRE O
7 ki=—c0 ks=—00 a=—00 k1=0 ks=0 a=0
and
ks
D SIS DRI IREOUES O Z%» a2
ki=—o00 ks=—00 a=—00 k1=0

Package Commands and Syntax

Command name: INVARIANTS_SERIES

Feature: Computes the Poincare series for the algebras of joint invariants for the binary forms of degrees
di,da,. .., dy.

Calling sequence: INVARTANTS_SERIES ([d1,ds, . .., dy]);

Parameters:
[d1,da,...,d,] - alist of degrees of n binary forms.
n - an integer, n > 1.

Command name: COVARIANTS_SERIES

Feature: Computes the Poincare series for the algebras of joint covariants for the binary forms of degrees
di,da,. .. dy.

Calling sequence: COVARIANTS_SERIES ([d1,do, ..., dy]);

Parameters:
[dy,da,...,d,] - alist of degrees of n binary forms.
n - an integer, n > 1.

Command name: KERNEL_SERIES

Feature: Computes the Poincare series for the kernel of Weitzenbock derivation defined by n Jordan block of
sizes d1 + 17 d2 + 1, . 7dn.

Calling sequence: KERNEL_SERIES ([d1,da, ..., dy]);

Parameters:
[dy,da,...,d,] - alist of sizes of the n Jordan blocks.
n - an integer, n > 1.

Command name: BIVARIATE_SERIES
Feature: Computes the bivariate Poincare series for the algebra of covariants of binary form of degree d. Also,
computes the bivariate Poincare series for the kernel of the basic Weitzenbdck derivation.
Calling sequence: BIVARIATE_SERIES ([d)]);
Parameters:
d - the degree of binary form.

Command name: MULTIVAR_COVARIANTS
Feature: Computes the multivariate Poincaré series for the algebra of joint covariants for n binary forms of
degrees di,ds, ..., d,.
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Calling sequence: MULTIVAR_COVARIANTS ([dy1,da, ..., ds]);

Parameters:
[d1,dz,...,d,] - alist of degrees of n binary forms.
n - an integer, n > 1.

Command name: MULTIVAR_INVARIANTS

Feature: Computes the multivariate Poincaré series for the algebra of joint invariants for n binary forms of
degrees di,ds, ..., d,.

Calling sequence: MULTIVAR_INVARIANTS ([dy1,da, ..., dys));

Parameters:
[d1,ds,...,dy,] - alist of degrees of n binary forms.
n - an integer, n > 1.

Examples

Compute P(Zg, z)
Use the command

> INVARIANTS_SERIES([6]);

Bl - - -2+ +1
(8420 +24—22—2—-1) (B +2°—2—1)(—1+22)(—1+2)

Compute P(Cg, z)
Use the command

> COVARIANTS_SERIES([6]);

20428 432744204425 +424 4323 +22+1
(8420424 —22—2—1)(28+ 25—z —1) (=1 +22) (-1 +2)°
Compute P(Z(,23),2)
Use the command

> INVARIANTS_SERIES([1,2,3]);

22429 422843274325 4+35 4224423 +1
(—14 24 (1423 (—142) (-14+22) (24 + 23+ 22 + 2+ 1)
Compute P(C(2,2,2), 2)
Use the command

> COVARIANTS_SERIES([2,2,21);

2442241
(—1+42)° (-1+22)°

Compute P(ker Dy, 2)
Use the command

> KERNEL_SERIES([4]);

22— z41
(=14 22) (=1 + 23) (=1 + 2)°

Compute P(kerD(; 11 2),2)
Use the command

> KERNEL_SERIES([1,1,1,2]);

B2 4711112 1123 4+ 72242241
(—1422)° (14 23)° (1 + 2)°
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Compute P(Cy,z,t)
Use the command

> BIVARIATE_SERIES([4]);

122 — 22 4+ 1
(=1 + 2t2) (=1 + 2t%) (=1 + 22) (—1 + 23)

Compute P(C1,1,2), 21, 22, 23, 1)
Use the command

> dd:=[1,1,2] :MULTIVAR_COVARIANTS (dd) ;

222212232t2 + t232222’1 — tZgZQ — 2221%3 + 2221t223 + t2’32’1222 — thZ?) —1

(=14 23t2) (=1 + 232) (=1 + t29) (=1 + 23222) (=1 + 21t) (=1 + 21223) (=1 + 2221)

Compute P(Z(4.4), 21, 22,1)
Use the command

> dd:=[4,4] :MULTIVAR_INVARIANTS(dd) ;

214224 + 222212 +1
(—1 + 222) (—1 + 223) (—1 + 2’1222) (—1 + leg) (—1 + 2’12’22) (—1 + 212) (—1 + 2’13)
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ITAKET MAPLE OJIdd OBUUCJIEHHS PAOIB ITYAHKAPE

Beapariok JI., Beapatiok A.

PE3IOME

Mpu npomroryemo nmaker MaplePoincare_Series mis po3paxyuky psaais Ilyankape ms anreOpu inBapianTi-
B/KoBapianTiB GiHapHux dopM, Juis anreGpu cniabHAX iHBapiaHTiB/KoBapiaTie MekinbKox GiHapHUX HOpPM, 1
sapa Weitzenbodck moxinuux, nis apoBapiantHoro pany [lyankape 3 anrebpu kosapiauTtis 6inapuoi d -dopmu
Ta, s GararoBapianTHOro psimy Ilyankapa 3 anrebpu cnisbHuX iHBapiaHTiB/KOBapiaTiB mekinbKoOX GiHApHHX
dopmM.

Kmowosi caosa: inBapianT, KoBapianT, noxigHa, 6inapua dpopma, paa Ilyankape, anrebpa inBapianTis.

ITAKET MAPLE OJId PACYETA PAJ0B ITYAHKAPE

Beapariok JI., Beapariok A.

PE3IOME

Mg npenaraem naker Maple Poincare_Series mns pacdera paaos Ilyankape m1a aarebpbl THBAPHAHTOB
/ KoBapuaHToB GuHAPHBLIX GHOPM, Jyid ajarebpbl OOIIMX HHBADUAHTOB /| KOBAPUATOB HECKOJIbKUX OUHAPHBIX (GOpM,
s sapa, Weitzenbock mpousBomabIx, 1Jist 1By BapuaHTHOTO psiaa [lyankape mo ajrebpe KOBApUAHTOB OMHAPHOM
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ISSN 1817-2237. Bicuuk JdouHY. Cep. A: Ilpupomuunui Hayku. - 2016.- Ne 1-2

d -dopmbl u 11 MHOrOBapuanTHOro psiya Ilyankape no anrebpe ob1uX MHBAPDUAHTOB / KOBAPUATOB HECKOJIbKHUX
OuHAPHBIX (POPM.

Karoueevte caoea: nHBApUAHT, KOBAPUAHT, IPOM3BOIHAs, OuHapHast dopma, psn Ilyankape, anrebpa nHBa-
PUAHTOB.
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