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THE DEGREE OF THE ALGEBRA OF JOINT INVARIANTS OF TWO BINARY FORMS

We calculate the degree of the algebra of joint invariants Zg, 4, of two binary forms. For this purpose we
used the explicit formula for the Poincaré series P(Cq, 2) of this algebra.
Keywords: invariant, binary form, Poincaré series, algebra of joint invariants, degree of algebra

Introduction
Let R=Ry® Ry ®--- be a finitely generated graded complex algebra, Ry = C. Denote by

P(R,z) = Z dim R;27,
=0

its Poincaré series. Letting r be the transcendence degree of the quotient field of R over C, the number
deg(R) := lin%(l —2)"P(R, z),
z—

is called the degree of the algebra R . The first two terms of the Laurent series expansion of P(R,z) at the
point z =1 have the following form
_ deg(R) Y(R)

PR = et oyt T

The numbers deg(R),®¥(R) are important characteristics of the algebra R. For instance, if R is an
Y(R)
deg(R)

1

algebra of invariants of a finite group G then deg(R)™' is order of the group G and 2 is the number

of pseudo-reflections in G, see [4].

Let V; be the standard (d + 1) -dimensional complex representation of SLy and let Z; := C[Vy]°"2 be
the corresponding algebra of invariants. In the language of classical invariant theory the algebra Z; is called
the algebra of invariants for binary forms of degree d. The following explicit formula for the degree deg(Zy)

was derived by Hilbert in [5]:
d-3
1 d\ (d e o
il E (-1)° (e) <2 - e> , if d is odd,
deg(Id) _ 0<e<d/2

1 d\ (d \"°
~5di Z (-1)° (6) <2 - e) , if d is even.

T 0<e<d/2

In [8] and [9] Springer obtained two different proofs of this result. Also, he found an integral representation and
the asymptotic behavior for Hilbert’s constants. For this purpose Springer [8] derived an explicit formula for
the Poincaré series P(Zq, z) . V.L.Popov calculated (Zg) in [7].

Let C4 be the algebra of the covariants of binary d-forms, i.e. Cg = C[Vy @ V,]572.

We calculated deg(Cq) and 1(Cq) in [3]. For this purpose we used the explicit formula for the Poincaré
series P(Cq,z) derived by L.Bedratyuk in [1]. Also, we calculated both an integral representation and the
asymptotic behavior of the constants.

Let Vg, Va4, be the vector C-spaces of the binary forms of degrees d; and dy endowed with the natural
action of the group SLo(C). Consider the induced action of the group SL2(C) on the algebras of the polynomial
functions O(Vy, ® Vy,) and O(Vy, @ Vg, ® C?). The algebras

Idhdz = O(le D de)SL2((C) and thdz = O(le D Vd2 D (CQ)SLz(C),

are called the algebra of joint invariants and the algebra of joint covariants for the binary forms. We found
deg(Cy,,4,), using the explicit formula for the Poincaré series P(Cq, 4,,2) in [10].

In the present paper, acting in the spirit of Springer’s papers, we calculate deg(Zg, 4,). We consider 2
cases. Case 1: d2 —d; =1 (mod 2). Case 2: dy = dy (mod 2).
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Computation deg(Zy, 4,) if di and dy have different parity
The reductivity of SLy(C) implies that the algebra Z, 4, is finitely generated Z -graded algebra

Idhdz = (Idhdz)o + (Idlde)l +eee (Idhdz)i +ee

where each of subspaces (Zg, 4,)i, of joint invariants of degree ¢ is finite dimensional.
The formal power series PZq, 4,(2), € Z[[7]],

PILh ,d2 (Z) = Z dim((Idhdz )L)zZ
1=0

are called the Poincaré series of the algebras of joint invariants and covariants. The finitely generation of the
algebras Zg, 4,, and Cgq, 4, implies that their Poincaré series are expansions of certain rational functions.
The following theorem shows an explicit form for these rational functions in the case da —d; =1 (mod 2).
Let ¢,, n € N be the linear operator that transforms a rational function f in z to a rational function
@n(f) which is defined on the power z™ by

|
—

n

27i

f(C:erZ)7 Ch=¢€m.

(el (") = 3

Il
=)

Theorem 1. ( see [2] ) Let d2 —dy =1 (mod 2) and dz > dy. Then the Poincaré series P(Za, d,,2) and
P(Cay iy, 2) have the following form

[d2/2]
PTarar2)=  »,  Po-a, (1=2)Ak(2) + D @ap-2x (1 = 2*)Bi(2)) ,
di /2<k<dy k=0

where
(71)%(dg7d1+1)Z(dl7k)(d17k+1)+%(d1+d272k+1)2

(22,22)(22, 22) g, —k (2, 22) dytdy i1 (2 22)d2—;1+1+k,

(_1)kzk(k+l)

(Zdz—dl—%, Z2)d1+1(2’27 22)(22, 22)d2—k

fO?” 2k < dy — dl,

(—1) 25 R D) +1/4(dy —d ~1-2k)?

2% — (dy —dy) — 1

for s = 5

(2,2%)s41(2,2%) -5 (2%, 22)i (2%, 2%) dy—k

here (a,q)n = (1—a)(1—aq)---(1 —aq™ ') denotes the q -shifted factorial
In order to calculate the rational coefficient deg(Z;) we shall use several auxiliary facts.

Lemma 1. (see [10] )

(i)  The Laurent series for (1 + 2)Ax(2) at z = 1 starts off with

1 (_1)%(d2—d1+1)
(1 — z)datditl  2di=1LN(dy —k)!(do+dy —2k) ! (dg—dy +2k)!!
1 (—1)E(d2=ditD) ((dy — 2k +1)(dy + d + 2))

(1 —z)detdi 24 kI(dy—k)!(do+dy —2k)! (dy—dy +2k)!!
(i)  The Laurent series for (1 + z)Bi(2) at z = 1, starts off with

1 (=" N
(1= z)htdatl odo—1p1(dy— k) [T (do—dy —2k + 2i)
(=~ (dy + dy +2)(dy — 2k — 1)

+
(1= 2)d2rdr oda o) (dy— k) [T (do—dy — 2K + 2i)

The following lemma shows how the function ¢, acts on the negative powers of 1 — z.
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Lemma 2. (seef3,10])

For he N
) 1 s
(4) Pn <(1—z)h> =20 a—2)"
where anp, =n"1 and ay 1 = —n""2(n—1)=,
T 1 h n i
(i1) 2pn <(1—z)h> =20 %7 h €N,
h
where ﬂnh = nh717ﬁn,h71 = _nh72 ((TL - 1)5 + n) .

The following lemma follows from lemma 2(7) .

Lemma 3. (see [8]) Let f € C(z). The poles of pn(f) are of the form «™, where a # 0 is a pole of f. If
there is only one pole o of f of maximal order h, then there is only one pole of mazimal order of ¢n(f), viz.
o™, and this order is also h.

Since

, if d; is odd ,
, if d; is even

GCD({d; — 2k}) = { ; (=12 1<k<d/2)

it follows that in case dy —d; =1 (mod 2) the function P(Zq4, 4,,%) has only one pole of maximal order that
is z=1 (by the Theorem 1).
Let’s calculate the coefficient deg(Z4, 4,) -

Theorem 2.

deg(Idl’dz) = _(g(dlad27d1) + g(d23d17d2))>

—1)k () (4 — f)d+b-2
where g(d,b,c) = ﬁ ;/:20( 2 (k)(2 ) .
[T (

Proof Combining Lemmal and Lemma2, we obtain

> g, (1= 22)Ak(2)) =

dy /2<k<dy
_ 1 Z (-1)%(‘12—411—1)(2k_d1)dz+d1—1 N
(I=z)tetdn o 207 Rl (di—k)!(da+di —2k)!(do—da +2k)!!
N 1 3 (—1)z (2= =D (O —dy )t —2(9k—dy —1)
(1—z)deFdi—1 241k (dy —k)! (dy+-dy —2k)! (do—dy +2k)!!

dy/2<k<dy

In the same way, we obtain

> @aak (1= 2%)B(2)) =

0<k<[d2/2]
1 (—l)k(dg — 2k)d2+d171

- +
(1 —z)dat Oggm 202 =1k) (dy—k)! [T (do—dy —2k + 2i)
1 3 (—1)*(dy — 2k)d2td=2(dy — 2k — 1)

(1 —z)dtd-t 242 = 11! (dy—k)! T2 (do—dy —2k + 2i)

+

0<k<dz /2

28 Ilash N.B.
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Taking into account Theorem 1, we get

1 1 Z <d1> (—1)3(d2=di=1)(2f _ g, )do+dr—1

P(Id . ,Z)Z ( +
1,d2 (1 _ Z)d2+d1 d1!2d171 i johds k (d2+d1—2k)”(d2—d1+2]€)”
1 dy\ (=1)*(dg — 2k)%F 1
o 3 (B
2! O<hads /2 [1;2o(de—d1—2k + 24)
1 1 dy\ (—=1)2(@=di=1)(2k — g, )datdr—1
T VL
(]_ _ Z) 2+d1 dq12% iy Jr<h<dy k (d2+d172k)..(d27d1+2k)..
1 ds\ (=1)*(dy — 2k)d2Fdr—1
T )3 (lj)( dl) (dy — 2k) _
2. 0<k<d2/2 Hi:O(d2_d1_2k + 22)
Y (d) (—1)@=di=D) () — gy)datah 1
d1!2d1*1 d /s k (d2+d1*2k)”(d27d1+2]€)”
1 > <d2> (—1)¥(dy — 2k) 212 )
dp!2d2—1 o<icaya \F 15 (do—dy —2k + 2i)
By Luna’s Slice Theorem, see [6], we have trdegeZg, .4, = d1 + d2 — 1. Tt now follows that
1 3 (dl) (—1)%<dz—dl—1>(2/¢—d1)d2+dl-1+
dy!2d1-1 w i k (do4d1—2k)N(do—dy +2E)!
1 da\ (—1)%(dy—2k)%2+—1
+d ]2d271 Z (/{2)( d1> ( 2 ) - :0
2- 0<k<ds /2 Hi:O(dQ—d1_2k+2Z)
Thus
d dy—dq+1
1 ! di\ (=)= = (2k—dy)d2td1—2
deg(Zay ,a,) = — 55— Z D= ) -
' 20i=14,! £ k ) (do+dy—2k)(do—dy+2k)!
k=[5]+1
do
1 i (d2> (—1)F(dy—2k)d2td1—2
28:-1dy! e \ k) T]%, (dy—dy —2k+2i)
This completes the proof of theorem. a

Computation deg(Z4, 4,) if di and d» have same parity.
We use the Poincaré series for the algebra of joint invariants of two binary forms to calculate the degree
of this algebra.

Theorem 3. ( see [2,10]) For di = dy (mod 2) and dg > dy the Poincaré series PLg, 4,(2) are calculated
by the formula

PLa,a,(2)= Z ar—dy ((1—2%)Ap(2)) +
dy /2<k<dy

+ 2 jacked, (2 an—a, ((1— 22)Bi(2))). + > Pas—2r (1 = 2°)Cr(2))
0<2k<do—d1 —2

where

Ap(z) = (_1)d1;d2 L(+di—k) (di—k)+(1+ 552 — k) (B2 —k)

_di—ds _ VK 1 1
2k 2 D iy —k+1 (1_z2i + 1—z2"’*d1+d2)

X
(22, 22)k(2%, 2%)a, -k (2%, 2%) ) _a_an (22, 2%) mapan

(_1)%Z(1+d17k)(d17k)+(1+—d1§d2 —k)(Ltdz )

B =
+(2) (22,2205 (2%, 2%)ay -k (2%, 2%) a1 (22,2%) 0y ar
2 2 2 2

(_1)kzk(k+1)

(zdg—dl—Qk,22)d1+1(z27z2)k(22722)d2_k'

Ck(z) =

Tlash N.B. 29
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We need the following facts to calculate the rational coefficient deg(Zy).
Lemma 4. (see [10]) The following statements hold

(i)  The first terms of the Laurent series for (14 z)By(z) at z =1 are

dy—d
1 2 1

=H—=2" |
(1—2)diTdz 2di+d2—1k|(dy — k)! (% + k)! (dz;idl — k)!+
(—1) ™= (dy +da+2)(2k —d; — 1)+ 1

+ (A—z)ditdz—1 ° 2di+da(dy — ) (dz;le + k)! (% — k)!

(ii) The first terms of the Laurent series for (1 + 2)Ag(2) at z =1 are
Hk*Hdl—k+Hk+d2—d1 —Hay+ay
2 2
_|_

—(_1) 221(_ do—d do+d
2d1+d2k—[(d1_k)[(%_trk)!(%_k)!(l_z)lerngrl
dy +d;
+(1—z)d1+d2Qdﬁdrlk!(df—k;!(@M)!(%—@!_

(d1+d2+2)(d172k‘+1) H)cfH,il_kJer_*_ d2;d1 *Hdl-gdz —k,)
(1—2)d1 2 241+ H g1 (dy — k) (25T k)1 (25T — k)1

where H ="' | + is the n-th harmonic number

Theorem 4. Suppose di and do are odd and do > di ; then the degree of the algebra of joint invariants of

two binary forms deg(Zq, q4,) is equal to

degIdl,(b(Z) = h(dlad2) +g(d2,d1,d2 —dy — 2)

d—b
where h(b,d) = g S350 (k=572 () (wsdl_,)

b+d—2
X (Hk_Hb—k_‘_HkJ’_%_Hng_k_ 27% )

HoBeageraasa. Letus L = Hk—Hdlfk—i-HH ay—dy —Hay+4, . Using Lemmas 2 and 4, we have:
2 2

Z Pon—day (1 —2%)Ax(2)) =

G <h<d
dl)( da )(ki%)dﬁdelL
k

do—dy+1 Z‘ngkgdl (k dotdy
= (_ 2 2 2 +
2(1—z)d1+d2d; 1 ds!
d d _
saoy Z%gkgdl (kl) (@_k)(% — dy)hitde—2p
+H= 20t (1 — 2)diTda—1q,1d,! X

X((2k —dy —1)(d1 + d2) + (d1 + da + 2)(d1 — 2k + 1))+
+(71)d2;d1 Z (2k—d1)d1+d272(d1+d2)
(1_Z)d1+d2—1 . 2d1+d2_1k!(d1—k)! (d2;d1 —l—k)! (dz;dl —k)!

U <k<dy

+

+O((1—z) ),

In the same way, we obtain
I

(22—a, (1 — 2%)Bi(2)))’ =

U <k<dy

d1—dg

(=)= (ditda - 1) dytde—2 [ A1 day

o 2d1+d2_1d1!d2!(1 — Z)d1+d2 Z (2k - dl) T k do+dy k -
U <h<dy 2

dy—dp

(=1)7 = (di+d2—2) dy+d—2 dtdy—3y (1
T 2B T Iy (1 o)A a1 ((2k—dy) +2(2k—dy) ) (% )

d
U <k<dy

d
X (d2+d?—k) +O((1 — z)*d1fd2+2).
2
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Let us apply Theorem 3. Since trdegeZg, 4, = d1 + d2 — 1, it follows that coefficient of (1—@% equals 0 :

_ 1 . dg—dy ci1 d1 d2 7@ dy+dy—1
f==qua 2 OV <k><d2‘5d1—k)(k 3) bt

U k<

dg—dy dl

(_1) (dl +dy — ) di4-do—2 dy ds
+ ST T d 1,1, (2k — dp )P B %Ldl—k +

d
L <h<ds

dog—dj

. 1 ZZ 1 (dz) (_1)k:+d1+1(d2_2k)d1+d2—1
2-1dyl =\ k T, (2k—dy —dy+2i)
2 ( 1)k+d1+1( _Qk)dﬁrdrl

1 d d
2
+7
2421, 2 (k> T, (2k—dy —dy+2i)

p=ditdz

Adding the coefficients of W , we get

degZy, 4,(2) = lirr%(l - z)dﬁdl*lp(l'dl,dwz) =

1 dady (dy da d1\dy+dy—2
— - 1 — \ditde—27
I fagy 2= Y (k)(d;dk>(k 3

d
4 <h<ds

do— d1
_ (=1 (d +dy = 2) (2k —d )d1+d273 d da _
2d1+d2=1¢, 1, 1 k dotdi _
U <k<dy 2
1 z <d2) ( )k+d1+1(d2 Qk)d1+d272
© 9da— d N
247 1dy! 0<2k<da—d1 —2 k [Ti2o(2k — d1 — do + 2i)

To conclude the proof, it remains to note that f = 0. O
By Lemma 3, poles of functions (1 — 2%)Ax(2), (1 — 2%)Bi(z) and (1 — 2%)Cr(2) at point z = —1

give poles of functions ¢af_q, ((1 — zQ)Ak(z)) s O2k—dy ((1 — zz)Bk(z)) and @4, ok ((1 — 22)Ck(z)) at z=1
respectively. It now follows the following theorem

Theorem 5. Suppose di and dy are even and do > dy ; then the degree of the algebra of joint invariants of
two binary forms deg(Zy, 4,) is equal to

degIdth (Z) = 2 (h(dhdg) —+ g(dg, dhdg — d1 — 2)) .
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CTEIITHb AJITEBPN CIIIJIbHUX THBAPIAHTIB IBOX BIHAPHUX ®0OPM

Inam H.B.

PE3IOME

Obuunciroerbest creninb agrebpu cniipbauX iHBapiadTiB 1BOX 6iHapHUX Gopm. s MHOro BUKOPUCTAHO DS
IMyauxape 1iel anrebpu.

Karwmwosi caosa: imBapianT, 6inapua dhopma, pan [lyankape, asredbpa crisibHUX iHBApIaHTIB, CTEMiHD ajre-
Opmu.

CTEITEHD AJITEBPBI OBIIINX MHBAPMAHTOB /IBYX BUHAPHBIX ®OPM

Nnam H.B.

PESIOME

Wcuucnsiercs crenedsb aaredPhI OOMIUX HHBAPUAHTOB ABYX OMHAPHBIX (hopM. [/ 3TOr0 MCMOIB30BAHO P,
[Tyankape 3T0it anreOphI.

Kmouesne caosa: nasapuant, oburapuas ¢opma, psa [Iyarnkape, anrebpa obmux WHBAPHAHTOB, CTEIEHD
anreOphl.
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