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êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äîöåíò êàôåäðû ìàòåìàòèêè è ìåòîäèêè îáó÷åíèÿ
ìàòåìàòèêå, ×åðêàññêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Áîãäàíà Õìåëüíèöêîãî

ÝÊÑÖÅÍÒÐÈ×ÍÀß ÔÎÐÌÀ ÏÎÒÅÐÈ ÓÑÒÎÉ×ÈÂÎÑÒÈ ÂÐÀÙÀÞÙÅÃÎÑß
ÑÒÓÏÅÍ×ÀÒÎÃÎ ÄÈÑÊÀ

Ïðåäëîæåí ñïîñîá èññëåäîâàíèÿ ìåòîäîì ìàëîãî ïàðàìåòðà âîçìîæíîé ïîòåðè óñòîé÷èâîñòè âðàùà-
þùåãîñÿ ñòóïåí÷àòîãî êðóãîâîãî äèñêà. Ïîëó÷åíî â ïåðâîì ïðèáëèæåíèè õàðàêòåðèñòè÷åñêîå óðàâíåíèå
îòíîñèòåëüíî êðèòè÷åñêîãî ðàäèóñà ïëàñòè÷åñêîé çîíû. ×èñëåííî íàéäåíû çíà÷åíèÿ êðèòè÷åñêîé óãëîâîé
ñêîðîñòè âðàùåíèÿ ïðè ðàçëè÷íûõ ïàðàìåòðàõ äèñêà.

Êëþ÷åâûå ñëîâà: óïðóãîïëàñòè÷åñêàÿ çàäà÷à, ìåòîä âîçìóùåíèÿ ôîðìû ãðàíèöû, âðàùàþùèéñÿ
äèñê, ïîòåðÿ óñòîé÷èâîñòè, êðèòè÷åñêàÿ óãëîâàÿ ñêîðîñòü

Ââåäåíèå
Âàæíîñòü ïîñòðîåíèÿ àíàëèòè÷åñêèõ ìåòîäîâ èññëåäîâàíèÿ äèíàìèêè ìàëûõ âîçìóùåíèé [1-4] âî

âðàùàþùèõñÿ ñòóïåí÷àòûõ äèñêàõ [5-7] îáñóæäàåòñÿ â ðàáîòå [8] â ñâÿçè ñ ðåøåíèåì óïðóãîïëàñòè÷åñêîé
çàäà÷è [9, 10] äëÿ äèñêîâ ïåðåìåííîé òîëùèíû. Çäåñü ïðèâîäèòñÿ è èëëþñòðèðóåòñÿ ïðèìåðîì îáùàÿ
ñõåìà îïðåäåëåíèÿ êðèòè÷åñêîãî ðàäèóñà ïëàñòè÷åñêîé îáëàñòè è êðèòè÷åñêîé óãëîâîé ñêîðîñòè âðàùå-
íèÿ ïðè ñàìîóðàâíîâåøåííîé ôîðìå ïîòåðè óñòîé÷èâîñòè [11-13] êðóãîâîãî êîëüöåâîãî äèñêà çàäàííîãî
ïðîôèëÿ, íàãðóæåííîãî âíåøíèìè è âíóòðåííèìè ðàäèàëüíûìè óñèëèÿìè íà êîíòóðå â ñðåäèííîé ïëî-
ñêîñòè.

Â ðàáîòå [14] ïîä÷åðêèâàåòñÿ, ÷òî èç ìíîãî÷èñëåííûõ ïðèáëèæåííûõ ìåòîäîâ, ïðåäëàãàåìûõ äëÿ
ïðîôèëåé îáùåãî âèäà, íàèáîëåå ïðîñòûì è íàãëÿäíûì ÿâëÿåòñÿ ìåòîä ðàçëîæåíèÿ äèñêà ïðîèçâîëüíî-
ãî ïðîôèëÿ íà ÷àñòè÷íûå äèñêè ïîñòîÿííîé òîëùèíû. Ïîñêîëüêó ñàìîóðàâíîâåøåííîé ôîðìîé ïîòåðè
óñòîé÷èâîñòè íå èñ÷åðïûâàþòñÿ åñòåñòâåííûå ðåæèìû ñêîðîñòíîé äèíàìèêè âðàùàþùèõñÿ äèñêîâ [15-
18] èç óïðóãîïëàñòè÷åñêèõ ìàòåðèàëîâ, â íàñòîÿùåé ñòàòüå èçëàãàåòñÿ ñïîñîá îïðåäåëåíèÿ ïîëîæåíèÿ
óïðóãîïëàñòè÷åñêîé ãðàíèöû è ñîîòâåòñòâóþùåé ñêîðîñòè âðàùåíèÿ êîëüöåâîãî ñòóïåí÷àòîãî äèñêà, òå-
ðÿþùåãî óñòîé÷èâîñòü ïî ýêñöåíòðè÷íîé ôîðìå [19, 20]. Êîíòóðíûå ðàäèàëüíûå íàãðóçêè çàäàþòñÿ òàê,
êàê è â ðàáîòàõ [5, 12, 19].

Ïîñòàíîâêà çàäà÷è
Ðàññìîòðèì ïîòåðþ óñòîé÷èâîñòè âðàùàþùåãîñÿ ñòóïåí÷àòîãî êîëüöåâîãî äèñêà âñëåäñòâèå ïðèíÿ-

òèÿ èì â ïëîñêîñòè âðàùåíèÿ ôîðìû, îòëè÷íîé îò êðóãîâîé. Ïðè ýòîì äèñê áóäåì ñ÷èòàòü áëèçêèì ê
êðóãîâîìó è óðàâíåíèå âíåøíåé ãðàíèöû â åãî ñðåäèííîé ïëîñêîñòè, ÿâëÿþùåéñÿ ïëîñêîñòüþ ñèììåòðèè
äèñêà, ñ òî÷íîñòüþ äî áåñêîíå÷íî ìàëûõ ïåðâîãî ïîðÿäêà ïðåäñòàâèì â âèäå

r = b+ d cos θ, d = const,

èëè

ρ = 1 + δ cos θ, (1)

ãäå b � âíåøíèé ðàäèóñ íåâîçìóùåííîãî äèñêà (ðàäèóñ êîíòóðíîé îêðóæíîñòè), ρ = r/b � áåçðàçìåð-
íûé òåêóùèé ðàäèóñ, δ � áåçðàçìåðíûé ìàëûé ïàðàìåòð, θ � ïîëÿðíûé óãîë (ðèñ. 1). Âíóòðåííèé
ðàäèóñ äèñêà îáîçíà÷èì a , ïðåäåë òåêó÷åñòè ìàòåðèàëà � σs , ìîäóëü óïðóãîñòè � E , ïëîòíîñòü � γ ,
êîýôôèöèåíò Ïóàññîíà � ν , óãëîâóþ ñêîðîñòü âðàùåíèÿ � ω , òåêóùèé ðàäèóñ ïëàñòè÷åñêîé çîíû íå-
âîçìóùåííîãî äèñêà � r0 . Ïðåäïîëîæèì, ÷òî ìàêñèìàëüíàÿ èç òîëùèí 2h1, 2h2, . . . , 2hn0 êîëüöåâûõ çîí
äèñêà ðàäèóñîâ r1, r2, . . . , rn0 = b ìàëà ïî ñðàâíåíèþ ñ îñòàëüíûìè åãî ðàçìåðàìè. Íà îñíîâå ýòîãî ïðåä-
ïîëîæåíèÿ íàëè÷èå ñîñðåäîòî÷åííûõ íà âíóòðåííåì è âíåøíåì êîíòóðàõ äèñêà íàãðóçîê áóäåì ñ÷èòàòü
ðåçóëüòàòîì îïðåäåëåííûõ óñèëèé pi = pi0 + p̃i è pe = pe0 + p̃e , äåéñòâóþùèõ íà äèñê â åãî ñðåäèííîé
ïëîñêîñòè. Òðåáóåòñÿ äëÿ îïèñûâàåìîé çàâèñèìîñòüþ (1) ôîðìû ãðàíèöû äèñêà ïîëó÷èòü â ïåðâîì ïðè-
áëèæåíèè õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ êðèòè÷åñêîãî ðàäèóñà ïëàñòè÷åñêîé çîíû r0∗ è îïðåäåëèòü
ñîîòâåòñòâóþùóþ âåëè÷èíó êðèòè÷åñêîé óãëîâîé ñêîðîñòè âðàùåíèÿ ω∗ . Äëÿ ýòîãî íàäëåæèò óñòàíîâèòü
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Ðèñ. 1: Ýêñöåíòðè÷íàÿ ôîðìà ïîòåðè óñòîé÷èâîñòè ñòóïåí÷àòîãî äèñêà.

óñëîâèå ñóùåñòâîâàíèÿ íåòðèâèàëüíûõ ðåøåíèé ñèñòåìû ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé

σrr +
dσ0

rr

dr u = 0, σrθ − σ0
θθ−σ0

rr

b
du
dθ = 0, r = b,

σrθ = 0, r = r0,

îòíîñèòåëüíî ïðîèçâîëüíûõ ïîñòîÿííûõ, âõîäÿùèõ â âûðàæåíèÿ äëÿ êîìïîíåíò íàïðÿæåíèé è ïåðåìå-
ùåíèé σrr , σrθ è u , îïðåäåëÿþùèõ íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå íåïîäâèæíîé óïðóãîé ñòó-
ïåí÷àòîé êðóãîâîé êîëüöåâîé ïëàñòèíû, íàãðóæåííîé â ñâîåé ñðåäèííîé ïëîñêîñòè ñèñòåìîé ñàìîóðàâ-
íîâåøåííûõ êîíòóðíûõ íàãðóçîê

σrr = a cos θ, σrθ = b sin θ, r = b,

σrr = a cos θ, σrθ = b sin θ, r = r0,

b(a− b)− r0(a− b) = 0. (∗)

Óêàçàííûì ãðàíè÷íûì è êîíòóðíûì óñëîâèÿì äîëæíû óäîâëåòâîðÿòü ðåøåíèÿ óðàâíåíèé ðàâíîâåñèÿ
ïëîñêîé çàäà÷è

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

σrr − σθθ

r
= 0,

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+ 2

σrθ

r
= 0

è óðàâíåíèé ñâÿçè ìåæäó íàïðÿæåíèÿìè è ïåðåìåùåíèÿìè

E ∂u
∂r = σrr − νσθθ, E

(
1
r
∂v
∂θ + u

r

)
= σθθ − νσrr,

E
2(1+ν)

(
1
r
∂u
∂θ + ∂v

∂r − v
r

)
= σrθ.

Ïðîâåðêà óñëîâèé âîçìîæíà ïîñëå îïðåäåëåíèÿ èç óðàâíåíèÿ êâàçèñòàòè÷åñêîãî ðàâíîâåñèÿ

r

y

d

dr
(σrry) + σrr − σθθ + γω2r2 = 0

è óðàâíåíèé ñâÿçè

E
du

dr
= σrr − νσθθ, E

u

r
= σθθ − νσrr

â óïðóãîé çîíå è óñëîâèÿ òåêó÷åñòè
σθθ = σs

â ïëàñòè÷åñêîé çîíå íåâîçìóùåííîãî íàïðÿæåííîãî ñîñòîÿíèÿ (îáîçíà÷åíî âåðõíèì èíäåêñîì 0 ) âðàùà-
þùåãîñÿ äèñêà ïðîèçâîëüíîãî (ñòóïåí÷àòîãî) ïðîôèëÿ y(r) .
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Çàìå÷àíèå 1. Ðàâåíñòâî (∗) � ýòî óñëîâèå ðàâíîâåñèÿ êîëüöåâîé ïëàñòèíêè (ðèñ. 2) êàê öåëîãî:

4∑
i=1

Xi = 0,

4∑
i=1

Yi = 0,

4∑
i=1

Mi = 0,

ãäå

X1 = b
2π∫
0

σrr(b) cos θdθ = πba, X2 = −b
2π∫
0

σrθ(b) sin θdθ = −πbb,

X3 = −r0
2π∫
0

σrr(r0) cos θdθ = −πr0a, X4 = r0
2π∫
0

σrθ(r0) sin θdθ = πr0b,

Y1 = b
2π∫
0

σrr(b) sin θdθ = 0, Y2 = b
2π∫
0

σrθ(b) cos θdθ = 0,

Y3 = −r0
2π∫
0

σrr(r0) sin θdθ = 0, Y4 = −r0
2π∫
0

σrθ(r0) cos θdθ = 0,

M1 = M(σrr(b)) = 0, M2 = M(σrθ(b)) = b2
2π∫
0

σrθ(b)dθ = 0,

M3 = M(σrr(r0)) = 0, M4 = M(σrθ(r0)) = −r20

2π∫
0

σrθ(r0)dθ = 0.

Ðèñ. 2: Ê óñëîâèþ ðàâíîâåñèÿ êîëüöåâîé ïëàñòèíêè.

Âñïîìîãàòåëüíûé ðåçóëüòàò
Íåâîçìóùåííîå ïëîñêîå íàïðÿæåííîå ñîñòîÿíèå ñòóïåí÷àòîãî êðóãîâîãî êîëüöåâîãî äèñêà (âñå íà-

ïðÿæåíèÿ îòíåñåíû ê σs ; âåðõíèé èíäåêñ p óêàçûâàåò íà ïëàñòè÷åñêóþ çîíó, e � íà óïðóãóþ çîíó)
îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì [5, 8]:

σ0p
rr =


1− σ

3σs
ρ2 + C1

ρ , ρ ∈ [β, ρ1),

1− σ
3σs

ρ2 + C2

ρ , ρ ∈ (ρ1, ρ2),

. . .

1− σ
3σs

ρ2 +
Cj

ρ , ρ ∈ (ρj−1, β0),

(2)

σ0e
rr =


C̃1,j + C̃2,jρ

−2 − α̃ρ2, ρ ∈ (β0, ρj),

C̃1,j+1 + C̃2,j+1ρ
−2 − α̃ρ2, ρ ∈ (ρj , ρj+1),

. . .

C̃1,n0 + C̃2,n0ρ
−2 − α̃ρ2, ρ ∈ (ρn0−1, ρn0 ],

(3)

σ0e
θθ =


C̃1,j − C̃2,jρ

−2 − β̃ρ2, ρ ∈ (β0, ρj),

C̃1,j+1 − C̃2,j+1ρ
−2 − β̃ρ2, ρ ∈ (ρj , ρj+1),

. . .

C̃1,n0 − C̃2,n0ρ
−2 − β̃ρ2, ρ ∈ (ρn0−1, ρn0 ],

(4)
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ãäå β = a/b , β0 = r0/b , ρ1 = r1/b, . . . , ρn0 = rn0/b , α̃ = σ(ν +3)/(8σs) , β̃ = σ(3ν +1)/(8σs) , à êîíñòàíòû

C1, . . . , Cj è C̃1,j , C̃2,j , . . . , C̃1,n0 , C̃2,n0 îïðåäåëÿþòñÿ êàê ðåøåíèÿ ñèñòåì óðàâíåíèé

− pi

σs
= 1− σ

3σs
β2 + C1

β ,

h1

(
1− σ

3σs
ρ21 +

C1

ρ1

)
= h2

(
1− σ

3σs
ρ21 +

C2

ρ1

)
,

. . .

hj−1

(
1− σ

3σs
ρ2j−1 +

Cj−1

ρj−1

)
= hj

(
1− σ

3σs
ρ2j−1 +

Cj

ρj−1

)

è

C̃1,j + C̃2,jxj = s−j , C̃1,j − C̃2,jxj = t−j ,

C̃1,j+1 + C̃2,j+1xj+1 = s−j+1, C̃1,j+1 − C̃2,j+1xj+1 = t−j+1,

. . .

C̃1,n0 + C̃2,n0 = sn0 , C̃1,n0 − C̃2,n0 = tn0

ñîîòâåòñòâåííî. Çäåñü xj = 1/ρ2j , . . . , xn0−1 = 1/ρ2n0−1 ,

σ
σs

= ω2

q2 = 8
ν+3

pe
σs

−(RAn0−R∗Bn0)
pi
σs

−(SAn0−S∗Bn0 )

QAn0−Q∗Bn0+Dn0−1 , q = 1
b

√
σs

γ ,

Q = d0
(3ν+1)β2

0+24δ2β
−1
0

3(ν+3) − f0
(3ν+1)β2

0

ν+3 , R = d0δ1β
−1
0 , S = d0δ3β

−1
0 + 1,

Q∗ = −f0
(3ν+1)β2

0+24δ2β
−1
0

3(ν+3) + d0
(3ν+1)β2

0

ν+3 , R∗ = −f0δ1β
−1
0 , S∗ = −f0δ3β

−1
0 + 1,

d0 =
x0+xj

2x0
, f0 =

xj−x0

2x0
, x0 = 1

β2
0
, δ1 = −h1

hj
β , δ2 = − 1

3hj

j∑
k=1

(hk−1−hk)ρ
3
k−1 , δ3 = 1

hj

j∑
k=1

(hk−1−hk)ρk−1 ,

h0 = 0 , ρ0 = β , òîãäà êàê s−j , t
−
j , . . . , s−n0−1, t

−
n0−1 , sn0 , tn0 è An0 , Bn0 , Dn0 îïðåäåëÿþòñÿ èç ðåêóð-

ðåíòíûõ ñîîòíîøåíèé

s−j = Qα̃+R pi

σs
+ S, t−j = Q∗α̃+R∗ pi

σs
+ S∗,

s−j+1 = Aj+1s
−
j −Bj+1t

−
j + Cj+1, t−j+1 = A∗

j+1s
−
j −B∗

j+1t
−
j + C∗

j+1,

s−j+2 = Aj+2s
−
j −Bj+2t

−
j + Cj+2, t−j+2 = A∗

j+2s
−
j −B∗

j+2t
−
j + C∗

j+2,

. . .

sn0 = An0s
−
j −Bn0t

−
j + Cn0 , tn0 = A∗

n0
s−j −B∗

n0
t−j + C∗

n0
,
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ãäå

Aj+1 = djaj + νfjcj , Bj+1 = fj , Cj+1 = djbj − νfjbj ,

A∗
j+1 = −fjaj − νdjcj , B∗

j+1 = −dj , C∗
j+1 = −fjbj + νdjbj ,

Aj+2 = dj+1aj+1Aj+1 − fj+1(−νcj+1Aj+1 +A∗
j+1),

Bj+2 = dj+1aj+1Bj+1 − fj+1(−νcj+1Bj+1 +B∗
j+1),

Cj+2 = dj+1(aj+1Cj+1 + bj+1)− fj+1(−νcj+1Cj+1 + C∗
j+1 + νbj+1),

A∗
j+2 = −fj+1aj+1Aj+1 + dj+1(−νcj+1Aj+1 +A∗

j+1),

B∗
j+2 = −fj+1aj+1Bj+1 + dj+1(−νcj+1Bj+1 +B∗

j+1),

C∗
j+2 = −fj+1(aj+1Cj+1 + bj+1) + dj+1(−νcj+1Cj+1 + C∗

j+1 + νbj+1),

. . .

An0 = dn0−1an0−1An0−1 − fn0−1(−νcn0−1An0−1 +A∗
n0−1),

Bn0 = dn0−1an0−1Bn0−1 − fn0−1(−νcn0−1Bn0−1 +B∗
n0−1),

Cn0 = dn0−1(an0−1Cn0−1 + bn0−1)− fn0−1(−νcn0−1Cn0−1 + C∗
n0−1 + νbn0−1),

A∗
n0

= −fn0−1an0−1An0−1 + dn0−1(−νcn0−1An0−1 +A∗
n0−1),

B∗
n0

= −fn0−1an0−1Bn0−1 + dn0−1(−νcn0−1Bn0−1 +B∗
n0−1),

C∗
n0

= −fn0−1(an0−1Cn0−1 + bn0−1) + dn0−1(−νcn0−1Cn0−1 + C∗
n0−1 + νbn0−1),

Ck = α̃Dk, k = j + 1, . . . , n0,

Dj+1 = gj(dj − νfj),

Dj∗ = dj∗−1(aj∗−1Dj∗−1 + gj∗−1)− fj∗−1(−νcj∗−1Dj∗−1 +D∗
j∗−1 + νgj∗−1),

j∗ = j + 2, . . . , n0,

ak = hk

hk+1
, bk = hk+1−hk

hk+1

α̃
xk

, ck = hk+1−hk

hk+1
,

dk = xk+xk+1

2xk
, fk = xk+1−xk

2xk
, gk = hk+1−hk

hk+1

1
xk

, k = j, . . . , n0 − 1.

Çàâèñèìîñòè (2-4) ñ ó÷åòîì ñîîòíîøåíèÿ σ0p
θθ = 1 çàäàþò íóëåâîå ïðèáëèæåíèå ê ðåøåíèþ çàäà÷è î

ïëàñòè÷åñêîì ðàâíîâåñèè, îïðåäåëÿþùåìó ïîëîæåíèå óïðóãîïëàñòè÷åñêîé ãðàíèöû. Ïðè ýòîì

A1 =
dσ0e

rr(1)
dρ =

(
A∗

n0
Q−B∗

n0
Q∗ − 3

)
α̃+

(
A∗

n0
R−B∗

n0
R∗) pi

σs
− pe

σs
+

+A∗
n0
S −B∗

n0
S∗ + C∗

n0
, (5)

A2 = σ0e
θθ(1)− σ0e

ρρ(1) = A1 + 3α̃− β̃, (6)

ãäå â ñëó÷àå κi ̸= 0

pi

σs
= ξ(β0) =

εiτ+
8κi(β

−1−β2)

ν+3 (εe−µεi−[SAn0−S∗Bn0 ])
τ− 8κi(β

−1−β2)

ν+3 (µ−[RAn0−R∗Bn0 ])
,

0 6 εi < 1, 0 6 εe < 1, µ = κe

κi

γ
γ

φ3−1
β−1−β2 , κe > 0, γ > 0, φ > 1,

τ = QAn0 −Q∗Bn0 +Dn0 − 1,

pe

σs
= εe + µ

(
pi

σs
− εi

)
,

à â ñëó÷àå κe ̸= 0 �

pe

σs
= η(β0) =

εeτ− 8κe(φ3−1)
ν+3

γ
γ [(εi−µ−1εe)(RAn0−R∗Bn0)+(SAn0−S∗Bn0)]

τ− 8κe(φ3−1)
ν+3

γ
γ [1−µ−1(RAn0−R∗Bn0)]

,

pi

σs
= εi + µ−1

(
pe

σs
− εe

)
.

Îñíîâíîé ðåçóëüòàò
Ñîãëàñíî ïðèíöèïó íàëîæåíèÿ [21], îòíåñåííûå ê σs âîçìóùåíèÿ ïåðâîãî ïîðÿäêà ìàëîñòè σ′e

rr ,
σ′e
θθ , σ′e

rθ ñîîòâåòñòâóþùèõ êîìïîíåíò íàïðÿæåíèÿ è îòíåñåííûå ê b âîçìóùåíèÿ ðàäèàëüíîãî u′e è
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òàíãåíöèàëüíîãî v′e ñìåùåíèé â ïåðâîì ïðèáëèæåíèè äëÿ ïëîñêîãî êîëüöåâîãî äèñêà (äèñêà ïîñòîÿííîé
òîëùèíû) β0 6 ρ 6 1 èìåþò â îáùåì ñëó÷àå ñëåäóþùèé âèä:

σ′e
rr =

[
a′I(β0, ρ)a+ a′II(β0, ρ)a+ a′III(β0, ρ)b

]
cos θ,

σ′e
θθ =

[
b′I(β0, ρ)a+ b′II(β0, ρ)a+ b′III(β0, ρ)b

]
cos θ,

σ′e
rθ =

[
c′I(β0, ρ)a+ c′II(β0, ρ)a+ c′III(β0, ρ)b

]
sin θ, (7)

u′e = σs

E

[
d′I(β0, ρ)a+ d′II(β0, ρ)a+ d′III(β0, ρ)b

]
cos θ,

v′e = σs

E

[
e′I(β0, ρ)a+ e′II(β0, ρ)a+ e′III(β0, ρ)b

]
sin θ.

Çäåñü èçâåñòíûå ôóíêöèè

a′I(β0, ρ) = ρ− 3+ν
4(1+β2

0)

(
ρ− 1+β2

0

ρ +
β2
0

ρ3

)
+

β4
0

1−β4
0

(
ρ− 1

ρ3

)
,

a′II(β0, ρ) = − β3
0

1−β4
0

(
ρ− 1

ρ3

)
, a′III(β0, ρ) =

3+ν
4(1+β2

0)

(
ρ− 1+β2

0

ρ +
β2
0

ρ3

)
,

b′I(β0, ρ) = 3ρ− 3+ν
4(1+β2

0)

(
3ρ+

(1−ν)(1+β2
0)

(3+ν)ρ − β2
0

ρ3

)
+

β4
0

1−β4
0

(
3ρ+ 1

ρ3

)
,

b′II(β0, ρ) = − β3
0

1−β4
0

(
3ρ+ 1

ρ3

)
, b′III(β0, ρ) =

3+ν
4(1+β2

0)

(
3ρ+

(1−ν)(1+β2
0)

(3+ν)ρ − β2
0

ρ3

)
,

c′I(β0, ρ) = ρ− 3+ν
4(1+β2

0)

(
ρ+

(1−ν)(1+β2
0)

(3+ν)ρ +
β2
0

ρ3

)
+

β4
0

1−β4
0

(
ρ− 1

ρ3

)
,

c′II(β0, ρ) = − β3
0

1−β4
0

(
ρ− 1

ρ3

)
, c′III(β0, ρ) =

3+ν
4(1+β2

0)

(
ρ+

(1−ν)(1+β2
0)

(3+ν)ρ +
β2
0

ρ3

)
,

d′I(β0, ρ) =
1
4 (1 + ν)(3− ν) ln ρ+ (1− 3ν)

(
1
2 − 3+ν

8(1+β2
0)

+
β4
0

2(1−β4
0)

)
ρ2+

+(1 + ν)
(

(3+ν)β2
0

8(1+β2
0)

+
β4
0

2(1−β4
0)

)
1
ρ2 ,

d′II(β0, ρ) = − β3
0

2(1−β4
0)

(
(1− 3ν)ρ2 + 1+ν

ρ2

)
,

d′III(β0, ρ) = − 1
4 (1 + ν)(3− ν) ln ρ+ (1−3ν)(3+ν)ρ2

8(1+β2
0)

− (1+ν)(3+ν)β2
0

8(1+β2
0)ρ

2 ,

e′I(β0, ρ) = −1
4 (1 + ν)(3− ν)

(
ln ρ+ 1+ν

3−ν

)
+ (5 + ν)

(
1
2 − 3+ν

8(1+β2
0)

+
β4
0

2(1−β4
0)

)
ρ2+

+(1 + ν)
(

(3+ν)β2
0

8(1+β2
0)

+
β4
0

2(1−β4
0)

)
1
ρ2 ,

e′II(β0, ρ) = − β3
0

2(1−β4
0)

(
(5 + ν)ρ2 + 1+ν

ρ2

)
,

e′III(β0, ρ) =
1
4 (1 + ν)(3− ν)

(
ln ρ+ 1+ν

3−ν

)
+ (5+ν)(3+ν)ρ2

8(1+β2
0)

− (1+ν)(3+ν)β2
0

8(1+β2
0)ρ

2

îòîáðàæàþò âëèÿíèå ñîñðåäîòî÷åííûõ íà âíåøíåì êîíòóðå ρ = 1 è âíóòðåííåì êîíòóðå ρ = β0 ïå-

ðèîäè÷åñêèõ íàãðóçîê σ′e
rr = a cos θ , σ′e

rθ = b sin θ è σ′e
rr = a cos θ , σ′e

rθ = b sin θ =
(
a− a−b

β0

)
sin θ ñîî-

òâåòñòâåííî. Â ñëó÷àå äèñêà ïåðåìåííîé òîëùèíû ïðèâåäåííûå çàâèñèìîñòè ñëåäóåò ïåðåîïðåäåëèòü äëÿ
êàæäîãî ÷àñòè÷íîãî äèñêà, èñïîëüçóÿ óñëîâèÿ â òî÷êå ðàçðûâà � íåïðåðûâíîñòü ðàäèàëüíîãî hσ′e

rr è
òàíãåíöèàëüíîãî hσ′e

rθ óñèëèé, à òàêæå ðàäèàëüíîãî è òàíãåíöèàëüíîãî ñìåùåíèé [14].
Ïîñêîëüêó â êðàéíåé n0 -îé êîëüöåâîé ñåêöèè ρn0−1 < ρ 6 1

σ′e
rr = [aI(ρn0−1, ρ)an0 + aII(ρn0−1, ρ)an0−1 + aIII(ρn0−1, ρ)bn0 + bn0−1] cos θ,

σ′e
θθ = [bI(ρn0−1, ρ)an0

+ bII(ρn0−1, ρ)an0−1 + bIII(ρn0−1, ρ)bn0
+ bn0−1] cos θ,

σ′e
rθ = [cI(ρn0−1, ρ)an0 + cII(ρn0−1, ρ)an0−1 + cIII(ρn0−1, ρ)bn0 + bn0−1] sin θ, (8)

u′e = σs

E [dI(ρn0−1, ρ)an0 + dII(ρn0−1, ρ)an0−1 + dIII(ρn0−1, ρ)bn0 + bn0−1] cos θ,

v′e = σs

E [eI(ρn0−1, ρ)an0 + eII(ρn0−1, ρ)an0−1 + eIII(ρn0−1, ρ)bn0 + bn0−1] sin θ,

ãäå

aI(ρn0−1, ρ) = a′I(ρn0−1, ρ) +
1

ρn0−1
, aII(ρn0−1, ρ) = a′II(ρn0−1, ρ)− 1,

aIII(ρn0−1, ρ) = a′III(ρn0−1, ρ)− 1
ρn0−1

,

Ëèëà Ä.Ì. 47



ISSN 1817-2237. Âiñíèê ÄîíÍÓ. Ñåð. À: Ïðèðîäíè÷i íàóêè. - 2016.- � 1-2

. . .

eI(ρn0−1, ρ) = e′I(ρn0−1, ρ) +
1

ρn0−1
, eII(ρn0−1, ρ) = e′II(ρn0−1, ρ)− 1,

eIII(ρn0−1, ρ) = e′III(ρn0−1, ρ)− 1
ρn0−1

,

íà îñíîâå íåïðåðûâíîñòè ðàäèàëüíîãî è òàíãåíöèàëüíîãî óñèëèé äåéñòâóþùèå íà âíåøíåì êîíòóðå
ρ = ρn0−1 ñëåäóþùåé êîëüöåâîé ñåêöèè ρn0−2 < ρ < ρn0−1 ñîîòâåòñòâóþùèå íàãðóçêè ïîëó÷àåì â âèäå

σ′e
rr =

hn0

hn0−1
an0−1 cos θ, σ′e

rθ =
hn0

hn0−1
bn0−1 sin θ.

Ïðèíèìàÿ
σ′e
rr = an0−2 cos θ, σ′e

ρθ = bn0−2 sin θ

íà âíóòðåííåì êîíòóðå ρ = ρn0−2 ýòîé ñåêöèè, îïðåäåëÿåì ñîãëàñíî (7), (8) íàïðÿæåííîå è äåôîðìèðî-
âàííîå ñîñòîÿíèå â íåé:

σ′e
rr =

[
aI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + aII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+aIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + bn0−2

]
cos θ,

σ′e
θθ =

[
bI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + bII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+bIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + bn0−2

]
cos θ,

σ′e
rθ =

[
cI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + cII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+cIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + bn0−2

]
sin θ, (9)

u′e = ρn0−1
σs

E

[
dI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + dII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+dIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + bn0−2

]
cos θ,

v′e = ρn0−1
σs

E

[
eI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + eII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+eIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + bn0−2

]
sin θ.

Äëÿ òîãî, ÷òîáû âûðàçèòü íåèçâåñòíûå àìïëèòóäû an0−2 è bn0−2 ÷åðåç íåîïðåäåëåííûå êîýôôèöèåíòû
an0 , an0−1 , bn0 , bn0−1 , âîñïîëüçóåìñÿ íåïðåðûâíîñòüþ u′e è v′e íà îêðóæíîñòè ρ = ρn0−1 . Ïðèðàâ-
íèâàÿ ïðàâûå ÷àñòè ñîîòâåòñòâóþùèõ âûðàæåíèé â ôîðìóëàõ äëÿ ñìåùåíèé (8) è (9) ïðè ρ = ρn0−1 ,
ïîëó÷èì ëèíåéíóþ ñèñòåìó äâóõ óðàâíåíèé

dI(ρn0−1, ρn0−1)an0 + dII(ρn0−1, ρn0−1)an0−1 + dIII(ρn0−1, ρn0−1)bn0 + bn0−1 =

= ρn0−1

[
dI

(
ρn0−2

ρn0−1
, 1
)

hn0

hn0−1
an0−1 + dII

(
ρn0−2

ρn0−1
, 1
)
an0−2+

+dIII

(
ρn0−2

ρn0−1
, 1
)

hn0

hn0−1
bn0−1 + bn0−2

]
,

eI(ρn0−1, ρn0−1)an0 + eII(ρn0−1, ρn0−1)an0−1 + eIII(ρn0−1, ρn0−1)bn0 + bn0−1 =

= ρn0−1

[
eI

(
ρn0−2

ρn0−1
, 1
)

hn0

hn0−1
an0−1 + eII

(
ρn0−2

ρn0−1
, 1
)
an0−2+

+eIII

(
ρn0−2

ρn0−1
, 1
)

hn0

hn0−1
bn0−1 + bn0−2

]
îòíîñèòåëüíî an0−2 è bn0−2 ñ îòëè÷íûì îò íóëÿ îïðåäåëèòåëåì

∆n0−2 = ρ2n0−1

[
dII

(
ρn0−2

ρn0−1
, 1

)
− eII

(
ρn0−2

ρn0−1
, 1

)]
.

Åå ðåøåíèå èìååò âèä

an0−2 = q1,n0−2an0 + q2,n0−2an0−1 + q3,n0−2bn0 + q4,n0−2bn0−1,

bn0−2 = q5,n0−2an0 + q6,n0−2an0−1 + q7,n0−2bn0 + q8,n0−2bn0−1,
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ãäå

q1,n0−2 =
ρn0−1

∆n0−2
[dI(ρn0−1, ρn0−1)− eI(ρn0−1, ρn0−1)] ,

q2,n0−2 =
ρn0−1

∆n0−2

[{
dII(ρn0−1, ρn0−1)− dI

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
−

−
{
eII(ρn0−1, ρn0−1)− eI

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}]
,

q3,n0−2 =
ρn0−1

∆n0−2
[dIII(ρn0−1, ρn0−1)− eIII(ρn0−1, ρn0−1)] ,

q4,n0−2 =
ρn0−1

∆n0−2

[{
1− dIII

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
−

−
{
1− eIII

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}]
,

q5,n0−2 =
ρn0−1

∆n0−2

[
eI(ρn0−1, ρn0−1)dII

(
ρn0−2

ρn0−1
, 1
)
− dI(ρn0−1, ρn0−1)eII

(
ρn0−2

ρn0−1
, 1
)]

,

q6,n0−2 =
ρn0−1

∆n0−2

[{
eII(ρn0−1, ρn0−1)− eI

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
dII

(
ρn0−2

ρn0−1
, 1
)
−

−
{
dII(ρn0−1, ρn0−1)− dI

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
eII

(
ρn0−2

ρn0−1
, 1
)]

,

q7,n0−2 =
ρn0−1

∆n0−2

[
eIII(ρn0−1, ρn0−1)dII

(
ρn0−2

ρn0−1
, 1
)
− dIII(ρn0−1, ρn0−1)eII

(
ρn0−2

ρn0−1
, 1
)]

,

q8,n0−2 =
ρn0−1

∆n0−2

[{
1− eIII

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
dII

(
ρn0−2

ρn0−1
, 1
)
−

−
{
1− dIII

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
eII

(
ρn0−2

ρn0−1
, 1
)]

.

Ïîâòîðÿÿ ïðèâåäåííûå ðàññóæäåíèÿ, ìîæíî ïîêàçàòü [5], ÷òî ïðè âñåõ k ∈ {3, . . . , n0−(j−1)} ñîñòî-
ÿíèå ñîîòâåòñòâóþùåé êîëüöåâîé ñåêöèè (ρn0−k, ρn0−(k−1)) â óïðóãîé çîíå äèñêà îïèñûâàåòñÿ ôóíêöèÿìè

σ′e
rr =

[
aI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1) + aII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
×

×an0−k + aIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1) + bn0−k

]
cos θ,

σ′e
θθ =

[
bI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1) + bII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
×

×an0−k + bIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1) + bn0−k

]
cos θ,

σ′e
rθ =

[
cI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1) + cII

(
ρn0−k

ρn0−(k−1)
,

ρ
ρn0−(k−1)

)
an0−k + cIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1) + bn0−k

]
sin θ, (10)

u′e = ρn0−(k−1)
σs

E

[
dI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1)+

+dII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
an0−k + dIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1)+

+bn0−k] cos θ,

v′e = ρn0−(k−1)
σs

E

[
eI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1)+

+eII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
an0−k + eIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1)+

+bn0−k] sin θ,

ãäå

an0−k = q1,n0−kan0 + q2,n0−kan0−1 + q3,n0−kbn0 + q4,n0−kbn0−1,

bn0−k = q5,n0−kan0 + q6,n0−kan0−1 + q7,n0−kbn0 + q8,n0−kbn0−1,
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q1,n0−k = γ2,n0−kq1,n0−(k−1) + γ4,n0−kq5,n0−(k−1),

q2,n0−k = γ1,n0−k + γ2,n0−kq2,n0−(k−1) + γ4,n0−kq6,n0−(k−1),

q3,n0−k = γ2,n0−kq3,n0−(k−1) + γ4,n0−kq7,n0−(k−1),

q4,n0−k = γ3,n0−k + γ2,n0−kq4,n0−(k−1) + γ4,n0−kq8,n0−(k−1),

q5,n0−k = γ6,n0−kq1,n0−(k−1) + γ8,n0−kq5,n0−(k−1),

q6,n0−k = γ5,n0−k + γ6,n0−kq2,n0−(k−1) + γ8,n0−kq6,n0−(k−1),

q7,n0−k = γ6,n0−kq3,n0−(k−1) + γ8,n0−kq7,n0−(k−1),

q8,n0−k = γ7,n0−k + γ6,n0−kq4,n0−(k−1) + γ8,n0−kq8,n0−(k−1),

γ1,n0−k =
ρn0−(k−2)ρn0−(k−1)

∆n0−k

[
dI

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
hn0−(k−3)

hn0−(k−2)
−

−eI

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
hn0−(k−3)

hn0−(k−2)

]
,

γ2,n0−k =
ρ2
n0−(k−1)

∆n0−k

[{
dII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
− dI

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
−

−
{
eII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
− eI

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}]
,

γ3,n0−k =
ρn0−(k−2)ρn0−(k−1)

∆n0−k

[
dIII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
hn0−(k−3)

hn0−(k−2)
−

−eIII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
hn0−(k−3)

hn0−(k−2)

]
,

γ4,n0−k =
ρ2
n0−(k−1)

∆n0−k

[{
ρn0−(k−2)

ρn0−(k−1)
− dIII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
−

−
{

ρn0−(k−2)

ρn0−(k−1)
− eIII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}]
,

γ5,n0−k =
ρn0−(k−2)ρn0−(k−1)

∆n0−k

[
eI

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
dII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)
−

−dI

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
eII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)

]
,

γ6,n0−k =
ρ2
n0−(k−1)

∆n0−k

[{
eII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
− eI

(
ρn0−k

ρn0−(k−1)
, 1
)
×

×hn0−(k−2)

hn0−(k−1)

}
dII

(
ρn0−k

ρn0−(k−1)
, 1
)
−
{
dII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
−

−dI

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
eII

(
ρn0−k

ρn0−(k−1)
, 1
)]

,

γ7,n0−k =
ρn0−(k−2)ρn0−(k−1)

∆n0−k

[
eIII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
dII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)
−

−dIII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
eII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)

]
,

γ8,n0−k =
ρ2
n0−(k−1)

∆n0−k

[{
ρn0−(k−2)

ρn0−(k−1)
− eIII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
dII

(
ρn0−k

ρn0−(k−1)
, 1
)
−

−
{

ρn0−(k−2)

ρn0−(k−1)
− dIII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
eII

(
ρn0−k

ρn0−(k−1)
, 1
)]

,

∆n0−k = ρ2n0−(k−1)

[
dII

(
ρn0−k

ρn0−(k−1)
, 1
)
− eII

(
ρn0−k

ρn0−(k−1)
, 1
)]

è ïðè k = n0 − (j − 1) ïî îïðåäåëåíèþ ρn0−k := β0 .
Óäîâëåòâîðåíèå ôóíêöèÿìè (8)-(10) ãðàíè÷íûì óñëîâèÿì

σ′e
rr +A1u

′e = 0, σ′e
rθ −A2

du′e

dθ
= 0, ρ = 1,

óñëîâèþ ñîïðÿæåíèÿ
σ′e
rθ = 0, ρ = β0,

è óñëîâèþ óðàâíîâåøåííîñòè êîíòóðíûõ íàãðóçîê (∗) ïðèâîäèò ê ñèñòåìå ëèíåéíûõ îäíîðîäíûõ óðàâ-
íåíèé îòíîñèòåëüíî an0 , an0−1 è bn0 :

an0 +A1
σs

E {dI(ρn0−1, 1)an0 + dII(ρn0−1, 1)an0−1 + dIII(ρn0−1, 1)bn0+

+[w1an0 + w2an0−1 + w3bn0 ]} = 0,
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bn0 +A2
σs

E {dI(ρn0−1, 1)an0 + dII(ρn0−1, 1)an0−1 + dIII(ρn0−1, 1)bn0+

+[w1an0 + w2an0−1 + w3bn0 ]} = 0, (11)

q5,n0−(n0−[j−1])an0 + q6,n0−(n0−[j−1])an0−1 + q7,n0−(n0−[j−1])bn0+

+q8,n0−(n0−[j−1])[w1an0 + w2an0−1 + w3bn0 ] = 0,

ãäå

w1 =
1−β0[q1,n0−(n0−[j−1])−q5,n0−(n0−[j−1])]

β0[q4,n0−(n0−[j−1])−q8,n0−(n0−[j−1])]
, w2 = − q2,n0−(n0−[j−1])−q6,n0−(n0−[j−1])

q4,n0−(n0−[j−1])−q8,n0−(n0−[j−1])
,

w3 = − 1+β0[q3,n0−(n0−[j−1])−q7,n0−(n0−[j−1])]

β0[q4,n0−(n0−[j−1])−q8,n0−(n0−[j−1])]
.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä

detT (β0) = 0, (12)

ãäå T = (tij)
3
i,j=1 � ìàòðèöà ñèñòåìû (11), â êîòîðîé

t11 = 1 +A1{dI(ρn0−1, 1) + w1}σs

E , t12 = A1{dII(ρn0−1, 1) + w2}σs

E ,

t13 = A1{dIII(ρn0−1, 1) + w3}σs

E ,

t21 = A2{dI(ρn0−1, 1) + w1}σs

E , t22 = A2{dII(ρn0−1, 1) + w2}σs

E ,

t23 = 1 +A2{dIII(ρn0−1, 1) + w3}σs

E ,

t31 = q5,n0−(n0−[j−1]) + w1q8,n0−(n0−[j−1]), t32 = q6,n0−(n0−[j−1]) + w2q8,n0−(n0−[j−1]),

t33 = q7,n0−(n0−[j−1]) + w3q8,n0−(n0−[j−1]).

Àíàëèç ðåçóëüòàòîâ
Óðàâíåíèå (12) äëÿ êîëüöåâûõ äèñêîâ, èññëåäîâàííûõ â ðàáîòå [5], íå èìååò ðåøåíèé. Îïðîâåðæå-

íèå ïðåäïîëîæåíèÿ î âîçìîæíîé íåóñòîé÷èâîñòè ïî ýêñöåíòðè÷íîé ôîðìå îáîáùàåò ïîëó÷åííûé ðàíåå
ðåçóëüòàò [19] äëÿ ïëîñêîãî êðóãîâîãî êîëüöåâîãî äèñêà. Êàê ñëåäñòâèå, ïîäëåæèò àíàëèçó ïîòåðÿ óñòîé-
÷èâîñòè ñïëîøíîãî êðóãîâîãî ñòóïåí÷àòîãî äèñêà.

Ïðåäïîëîæèì âíà÷àëå, ÷òî β0∗ ̸= 0 . Â ýòîì ñëó÷àå äëÿ ïîëó÷åíèÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ
(15) äîñòàòî÷íî ó÷åñòü â ïðåäûäóùèõ ðàññóæäåíèÿõ, ÷òî β = 0 , C1 = 0 (ñì. (2)), εi = 0 , κi = 0 ,
µ−1 = 0 (ñì. (5), (6)). Ïîëó÷åííîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå òàêæå íå èìååò ðåøåíèé, ÷òî ñîãëàñóåòñÿ
ñ ðåçóëüòàòàìè ðàáîòû [19] äëÿ ïëîñêèõ äèñêîâ.

Åäèíñòâåííî âîçìîæíîå êðèòè÷åñêîå çíà÷åíèå ðàäèóñà ïëàñòè÷åñêîé çîíû β0∗ = 0 ñïëîøíîãî êðó-
ãîâîãî ñòóïåí÷àòîãî äèñêà íå ìîæåò áûòü ïîëó÷åíî êàê ðåøåíèå óïîìÿíóòîãî óðàâíåíèÿ (12), ò.ê. ïðåä-
ñòàâëÿåò ïðåäåëüíûé ñëó÷àé β0 → 0 è äîëæíî àíàëèçèðîâàòüñÿ îòäåëüíî. Äëÿ ýòîãî ñëåäóåò óêàçàòü,
÷òî â ïðåäåëå ïðè β0 → 0 (èëè x0 → ∞ ) d0 → 1/2 , f0 → −1/2 , Q → 0 , Q∗ → 0 , R → 0 , R∗ → 0 ,
S → 1 , S∗ → 1 (ñì. (2)-(4)). Ïðè ýòîì óñëîâèå (∗) ñâîäèòñÿ ê óñëîâèþ ðàâíîâåñèÿ ñèñòåìû ñèë a = b íà
êîíòóðå ρ = 1 . Óðàâíåíèÿ ñîõðàíåíèÿ ñâÿçè ïåðâîé (âíóòðåííåé) ñåêöèè äèñêà ñ îñòàëüíîé ÷àñòüþ äèñêà
ïðèîáðåòàþò âèä ñèñòåìû

ρ2

[
dI

(
ρ1

ρ2
, ρ1

ρ2

)
h3

h2
a2 + dII

(
ρ1

ρ2
, ρ1

ρ2

)
a1 + dIII

(
ρ1

ρ2
, ρ1

ρ2

)
h3

h2
b2 + b1

]
=

= ρ1

[
dI (0+, 1) h2

h1
a1 + dII (0, 1) a0 + dIII (0+, 1) h2

h1
b1 + b0

]
,

ρ2

[
eI

(
ρ1

ρ2
, ρ1

ρ2

)
h3

h2
a2 + eII

(
ρ1

ρ2
, ρ1

ρ2

)
a1 + eIII

(
ρ1

ρ2
, ρ1

ρ2

)
h3

h2
b2 + b1

]
=

= ρ1

[
eI (0+, 1) h2

h1
a1 + eII (0, 1) a0 + eIII (0+, 1) h2

h1
b1 + b0

]
,

ñîãëàñóþùåéñÿ ñ óñëîâèåì a1 = b1 . Êðîìå ýòîãî, òî îáñòîÿòåëüñòâî, ÷òî ñèñòåìó îáðàçóþò ïðåäåëüíûå
ñîîòíîøåíèÿ, ïðèâîäèò ê óñëîâèÿì a0 = 0 è b0 = 0 íà êðàþ òî÷å÷íîãî îòâåðñòèÿ [14]. Ïîñëåäíåå,
â ÷àñòíîñòè, ãàðàíòèðóåò òîæäåñòâî detT (0) ≡ 0 . Ñîîòâåòñòâóþùåå êðèòè÷åñêîìó çíà÷åíèþ ðàäèóñà
ïëàñòè÷åñêîé îáëàñòè β0∗ = 0 êðèòè÷åñêîå çíà÷åíèå êâàäðàòà óãëîâîé ñêîðîñòè â ñëó÷àå κe ̸= 0 ïîëó÷àåì
ïî ôîðìóëå

ω2
∗ =

8q2

ν + 3

η(0)− (An0 −Bn0)

Dn0 − 1
,

à â ñëó÷àå κe = 0 � ïî ôîðìóëå

ω2
∗ =

8q2

ν + 3

εe − (An0 −Bn0)

Dn0 − 1
.
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Çàêëþ÷åíèå
Ïîòåðÿ óñòîé÷èâîñòè âðàùàþùåãîñÿ ñïëîøíîãî êðóãîâîãî ñòóïåí÷àòîãî äèñêà ïî ýêñöåíòðè÷íîé

ôîðìå âîçìîæíà ïðè âîçíèêíîâåíèè ïëàñòè÷åñêîãî ñîñòîÿíèÿ â öåíòðå. Ãåîìåòðèåé äèñêà è ïîäáîðîì
ïàðàìåòðîâ íàãðóæåíèÿ ìîæíî âàðüèðîâàòü êðèòè÷åñêóþ óãëîâóþ ñêîðîñòü ( ω∗/q â òàáë. 1; n0 = 3 ,
r1 = b/3 , r2 = 2b/3 , ν = 0, 3 , σs/E = 0, 01 , εe = 0 , γ/γ = 1 , φ = 1, 5 ): "êîíöåíòðàöèÿ" ìàññû
äèñêà â öåíòðàëüíîé ñåêöèè (ïðè κe = 0 , ò.å. pe = 0 ) ñïîñîáñòâóåò ñîõðàíåíèþ åãî óñòîé÷èâîñòè. Ýòî
îáúÿñíÿåòñÿ óâåëè÷åíèåì óðàâíîâåøåííîñòè äèñêà è âîçðàñòàíèåì ñîïðîòèâëÿåìîñòè âîçìîæíîìó ýêñöåí-
òðèñèòåòó çà ñ÷åò "çàïàñà óïðóãîñòè" â öåíòðå. Òàêîé âûâîä ñîïîñòàâèì ñ çàêëþ÷åíèåì îòíîñèòåëüíî
ñàìîóðàâíîâåøåííîé ôîðìû ïîòåðè óñòîé÷èâîñòè [5], ðàçâèâàþùåéñÿ ïðåèìóùåñòâåííî ïðè íåñêîëüêî
áîëüøåé óãëîâîé ñêîðîñòè âðàùåíèÿ ( ω0∗/q â òàáë. 1) è ñóùåñòâåííî áîëüøèì íóëÿ êðèòè÷åñêîì ðà-
äèóñå, âîçìîæíîìó äàëüíåéøåìó âîçðàñòàíèþ êîòîðîãî ñ ñîõðàíåíèåì óñòîé÷èâîñòè äèñêà ñïîñîáñòâóåò
ïåðåõîä ê áîëåå òîíêèì ïåðèôåðèéíûì ñòóïåíÿì.

hk
ω∗
q (κe = 0) ω∗

q (κe =
1
3 )

ω0∗
q

4
30 − 1

10k

1, 1734 0, 6632 1, 4752

k
30

1, 1750 0, 6519 1, 4485

h1 = 1
30 , h2 = h3 = 2

30

1, 2854 0, 7427 1, 5277

h1 = h2 = 1
30 , h3 = 2

30

1, 3279 0, 7268 1, 4783

h1 = h3 = 1
30 , h2 = 2

30

1, 4809 0, 9382 1, 7535

h1 = h2 = h3 = 1
30

1, 5569 0, 9112 1, 6718

h1 = h3 = 2
30 , h2 = 1

30

1, 6653 0, 9280 1, 6407

h1 = h2 = 2
30 , h3 = 1

30

1, 7953 1, 1556 1, 9453

h1 = 2
30 , h2 = h3 = 1

30

1, 9501 1, 1690 1, 9150
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hk
ω∗
q (κe = 0) ω∗

q (κe =
1
3 )

ω0∗
q

4−k
30

2, 0372 1, 3310 2, 1101

1
10k

2, 1199 1, 3435 2, 1175

Òàáë. 1: Çíà÷åíèÿ îòíîñèòåëüíîé êðèòè÷åñêîé óãëîâîé ñêîðîñòè.
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ECCENTRIC FORM OF THE LOSS OF STABILITY OF A ROTATING STEPPED

Lila D.M.
SUMMARY
A procedure for investigation of possible stability loss by a rotating elastoplastic stepped circular disc by

the method of small parameter is proposed. A characteristic equation for the critical radius of the plastic zone
is obtained as a �rst approximation. The values of critical angular rotational velocity for various parameters of
the disc are found numerically.

Keywords: elastoplastic problem, boundary shape perturbation method, rotating disc, stability loss, critical
angular velocity.

ÅÊÑÖÅÍÒÐÈ×ÍÀ ÔÎÐÌÀ ÂÒÐÀÒÈ ÑÒIÉÊÎÑÒI ÑÒÓÏIÍ×ÀÑÒÎÃÎ ÄÈÑÊÀ, ÙÎ
ÎÁÅÐÒÀ�ÒÜÑß

Ëèëà Ä.Ì.
ÐÅÇÞÌÅ
Çàïðîïîíîâàíî ñïîñiá äîñëiäæåííÿ ìåòîäîì ìàëîãî ïàðàìåòðà ìîæëèâî¨ âòðàòè ñòiéêîñòi ñòóïií-

÷àñòîãî êðóãîâîãî äèñêà, ùî îáåðòà¹òüñÿ. Îäåðæàíî ó ïåðøîìó íàáëèæåííi õàðàêòåðèñòè÷íå ðiâíÿííÿ
âiäíîñíî êðèòè÷íîãî ðàäióñà ïëàñòè÷íî¨ çîíè. ×èñåëüíî çíàéäåíî çíà÷åííÿ êðèòè÷íî¨ êóòîâî¨ øâèäêîñòi
îáåðòàííÿ çà ðiçíèõ ïàðàìåòðiâ äèñêó.

Êëþ÷îâi ñëîâà: ïðóæíî-ïëàñòè÷íà çàäà÷à, ìåòîä çáóðåííÿ ôîðìè ìåæi, äèñê, ùî îáåðòà¹òüñÿ,
âòðàòà ñòiéêîñòi, êðèòè÷íà êóòîâà øâèäêiñòü.
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