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Ïðåäëîæåí ñïîñîá èññëåäîâàíèÿ ìåòîäîì ìàëîãî ïàðàìåòðà äèíàìèêè âîçìóùåíèÿ ôîðìû ãðàíèöû
è âîçìîæíîé ïîòåðè íåñóùåé ñïîñîáíîñòè âðàùàþùåãîñÿ ñòóïåí÷àòîãî êðóãîâîãî äèñêà. Ïîëó÷åíî â ïåð-
âîì ïðèáëèæåíèè õàðàêòåðèñòè÷åñêîå óðàâíåíèå îòíîñèòåëüíî êðèòè÷åñêîãî ðàäèóñà ïëàñòè÷åñêîé çîíû.
×èñëåííî íàéäåíû çíà÷åíèÿ êðèòè÷åñêîé óãëîâîé ñêîðîñòè âðàùåíèÿ ïðè ðàçëè÷íûõ ïàðàìåòðàõ äèñêà.

Êëþ÷åâûå ñëîâà: óïðóãîïëàñòè÷åñêàÿ çàäà÷à, ìåòîä âîçìóùåíèÿ ôîðìû ãðàíèöû, âðàùàþùèéñÿ
äèñê, ïîòåðÿ óñòîé÷èâîñòè, ïîòåðÿ íåñóùåé ñïîñîáíîñòè, êðèòè÷åñêàÿ óãëîâàÿ ñêîðîñòü

Ââåäåíèå
Àíàëèòè÷åñêèé ìåòîä âîçìóùåíèÿ ôîðìû ãðàíèöû [1] ÿâëÿåòñÿ äîñòàòî÷íî îáùèì è óñïåøíî èñïîëü-

çóåòñÿ ïðè ðåøåíèè ìíîãî÷èñëåííûõ êðàåâûõ çàäà÷ èç ðàçëè÷íûõ ðàçäåëîâ ìåõàíèêè ñïëîøíûõ ñðåä è
âûÿâëåíèè õàðàêòåðíûõ ìåõàíè÷åñêèõ ýôôåêòîâ. Ïîëó÷åííûå ðåøåíèÿ ìîãóò áûòü ïðèëîæåíû ê ðàçëè-
÷íûì çàäà÷àì òåîðèè óñòîé÷èâîñòè [2, 3]. Â ðàáîòàõ [4-9] íà îñíîâå ïðåäëîæåííîãî â êíèãå Ä.Ä. Èâëåâà
è Ë.Â. Åðøîâà [10] âàðèàíòà ïðèáëèæåííîãî ìåòîäà ìàëîãî ïàðàìåòðà, èìåþùåãî ïðÿìóþ àíàëîãèþ ñ
ìåòîäîì âîçìóùåíèÿ ôîðìû ãðàíèöû, ðåøåíà ïëîñêàÿ óïðóãîïëàñòè÷åñêàÿ çàäà÷à [11, 12] äëÿ íåêîòîðûõ
êàíîíè÷åñêèõ îáëàñòåé ñ ó÷åòîì îáúåìíûõ ñèë. Ïðè ýòîì ñõåìà îïðåäåëåíèÿ ãðàíèöû óïðóãîé è ïëàñòè-
÷åñêîé îáëàñòåé ðàñïðîñòðàíåíà íà âðàùàþùèåñÿ ñòóïåí÷àòûå äèñêè è äèñêè ïðîèçâîëüíîãî ïðîôèëÿ [13,
14]. Óêàçàí ñïîñîá ó÷åòà ãåîìåòðèè äèñêîâ [15-17] è ïàðàìåòðîâ èõ íàãðóæåíèÿ â óñëîâèÿõ ñîïðÿæåíèÿ íà
íåèçâåñòíîé ãðàíèöå äëÿ îïðåäåëåíèÿ êðèòè÷åñêîé óãëîâîé ñêîðîñòè, ïðè äîñòèæåíèè êîòîðîé íàñòóïàåò
ïîòåðÿ óñòîé÷èâîñòè ïî ñàìîóðàâíîâåøåííîé èëè ýêñöåíòðè÷íîé ôîðìå [18-21].

Â íàñòîÿùåé ðàáîòå èçëàãàåòñÿ ñïîñîá îïðåäåëåíèÿ ñêîðîñòè âðàùåíèÿ íåóñòîé÷èâîãî îäíîðîäíî-
ãî è èçîòðîïíîãî ñòóïåí÷àòîãî êðóãîâîãî äèñêà, ñîîòâåòñòâóþùåé óêàçàííîìó ïîëîæåíèþ âîçìóùåííîé
óïðóãîïëàñòè÷åñêîé ãðàíèöû. Ïîëó÷åíî õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñ ïàðàìåòðîì îòíîñèòåëüíî êðè-
òè÷åñêîãî ðàäèóñà ïëàñòè÷åñêîé îáëàñòè, äîñòèãøåé âíåøíåãî êðàÿ äèñêà. Âñå ðåçóëüòàòû óñòàíîâëåíû
ïðè ðàññìîòðåíèè ïëîñêîãî íàïðÿæåííîãî ñîñòîÿíèÿ. Êîíòóðíûå íàãðóçêè çàäàþòñÿ òàê, êàê è â ðàáîòàõ
[9, 14, 18].

Ïîñòàíîâêà çàäà÷è
Èçó÷èì äèíàìèêó âîçìóùåíèÿ ôîðìû ãðàíèöû âðàùàþùåãîñÿ ñòóïåí÷àòîãî êîëüöåâîãî äèñêà ïîñëå

ïðèíÿòèÿ èì â ïëîñêîñòè âðàùåíèÿ ôîðìû, îòëè÷íîé îò êðóãîâîé. Ïðè ýòîì äèñê áóäåì ñ÷èòàòü áëèçêèì
ê êðóãîâîìó è óðàâíåíèå âíåøíåé ãðàíèöû â åãî ñðåäèííîé ïëîñêîñòè, ÿâëÿþùåéñÿ ïëîñêîñòüþ ñèììåòðèè
äèñêà, ñ òî÷íîñòüþ äî áåñêîíå÷íî ìàëûõ ïåðâîãî ïîðÿäêà ïðåäñòàâèì â âèäå

r = b+ d cosnθ, n > 2, d = const,

èëè

ρ = 1 + δ cosnθ, (1)

ãäå b � âíåøíèé ðàäèóñ íåâîçìóùåííîãî äèñêà, ρ = r/b � áåçðàçìåðíûé òåêóùèé ðàäèóñ, δ � ìà-
ëûé ïàðàìåòð, n ∈ N , θ � ïîëÿðíûé óãîë (ðèñ. 1). Âíóòðåííèé ðàäèóñ äèñêà îáîçíà÷èì a , ïðåäåë
òåêó÷åñòè ìàòåðèàëà σs , ìîäóëü óïðóãîñòè E , ïëîòíîñòü γ , êîýôôèöèåíò Ïóàññîíà ν , ïîñòîÿííóþ
óãëîâóþ ñêîðîñòü âðàùåíèÿ ω , òåêóùèé ðàäèóñ ïëàñòè÷åñêîé çîíû íåâîçìóùåííîãî äèñêà r0 . Ïðåäïî-
ëîæèì, ÷òî ìàêñèìàëüíàÿ èç òîëùèí 2h1, 2h2, . . . , 2hn0 êîëüöåâûõ çîí äèñêà ðàäèóñîâ r1, r2, . . . , rn0 = b
ìàëà ïî ñðàâíåíèþ ñ îñòàëüíûìè åãî ðàçìåðàìè. Íà îñíîâå ýòîãî ïðåäïîëîæåíèÿ íàëè÷èå ñîñðåäîòî÷åí-
íûõ íà âíóòðåííåì è âíåøíåì êîíòóðàõ äèñêà íàãðóçîê áóäåì ñ÷èòàòü ðåçóëüòàòîì îïðåäåëåííûõ óñèëèé
pi = pi0 + p̃i è pe = pe0 + p̃e , äåéñòâóþùèõ íà äèñê â åãî ñðåäèííîé ïëîñêîñòè.

Òðåáóåòñÿ äëÿ îïèñûâàåìîé çàâèñèìîñòüþ (1) ôîðìû ãðàíèöû äèñêà ïîëó÷èòü â ïåðâîì ïðèáëè-
æåíèè õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ êðèòè÷åñêîãî ðàäèóñà ïëàñòè÷åñêîé çîíû r∗0 è îïðåäåëèòü

55



ISSN 1817-2237. Âiñíèê ÄîíÍÓ. Ñåð. À: Ïðèðîäíè÷i íàóêè. - 2016.- � 1-2

Ðèñ. 1: Âîçìóùåííàÿ óïðóãîïëàñòè÷åñêàÿ ãðàíèöà r = r∗0 íåóñòîé÷èâîãî ñòóïåí÷àòîãî äèñêà äîñòèãàåò
îêðóæíîñòè r = h .

ñîîòâåòñòâóþùóþ âåëè÷èíó êðèòè÷åñêîé óãëîâîé ñêîðîñòè âðàùåíèÿ ω∗ . Äëÿ ýòîãî íàäëåæèò óñòàíî-
âèòü àíàëèòè÷åñêè óñëîâèå êàñàíèÿ âîçìóùåííîé óïðóãîïëàñòè÷åñêîé ãðàíèöû è îêðóæíîñòè äàííîãî
ðàäèóñà, ðåøèâ ïðåäâàðèòåëüíî ñèñòåìó ëèíåéíûõ óðàâíåíèé

σrr +
dσ0

rr

dr u = 0, σrθ − σ0
θθ−σ0

rr

b
du
dθ = 0, r = b,

σrr = 0, σrθ = 0, σθθ +
dσ0

θθ

dr u = 0, r = r0,

îòíîñèòåëüíî u(r0) è ïðîèçâîëüíûõ ïîñòîÿííûõ, âõîäÿùèõ â âûðàæåíèÿ äëÿ êîìïîíåíò íàïðÿæåíèé è
ïåðåìåùåíèé σrr , σrθ , σθθ , u , îïðåäåëÿþùèõ íàïðÿæåííî-äåôîðìèðîâàííîå ñîñòîÿíèå íåïîäâèæíîé
óïðóãîé ñòóïåí÷àòîé êðóãîâîé êîëüöåâîé ïëàñòèíû (âîçìóùåííîå ñîñòîÿíèå óïðóãîé îáëàñòè âðàùàþùå-
ãîñÿ äèñêà), íàãðóæåííîé â ñâîåé ñðåäèííîé ïëîñêîñòè ñèñòåìîé ñàìîóðàâíîâåøåííûõ êîíòóðíûõ íàãðó-
çîê

σrr = a cosnθ, σrθ = b sinnθ, r = b,

σrr = a cosnθ, σrθ = b sinnθ, r = r0.

Óêàçàííûì ãðàíè÷íûì è êîíòóðíûì óñëîâèÿì äîëæíû óäîâëåòâîðÿòü ðåøåíèÿ óðàâíåíèé ðàâíîâåñèÿ
ïëîñêîé çàäà÷è

∂σrr

∂r
+

1

r

∂σrθ

∂θ
+

σrr − σθθ

r
= 0,

∂σrθ

∂r
+

1

r

∂σθθ

∂θ
+ 2

σrθ

r
= 0

è óðàâíåíèé ñâÿçè ìåæäó íàïðÿæåíèÿìè è ïåðåìåùåíèÿìè

E ∂u
∂r = σrr − νσθθ, E

(
1
r
∂v
∂θ + u

r

)
= σθθ − νσrr,

E
2(1+ν)

(
1
r
∂u
∂θ + ∂v

∂r − v
r

)
= σrθ.

Ïðîâåðêà óñëîâèé âîçìîæíà ïîñëå îïðåäåëåíèÿ èç óðàâíåíèÿ êâàçèñòàòè÷åñêîãî ðàâíîâåñèÿ

r

y

d

dr
(σrry) + σrr − σθθ + γω2r2 = 0

è óðàâíåíèé ñâÿçè

E
du

dr
= σrr − νσθθ, E

u

r
= σθθ − νσrr
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â óïðóãîé çîíå è óñëîâèÿ òåêó÷åñòè

σθθ = σs

â ïëàñòè÷åñêîé çîíå íåâîçìóùåííîãî íàïðÿæåííîãî ñîñòîÿíèÿ (îáîçíà÷åíî âåðõíèì èíäåêñîì 0 ) âðàùà-
þùåãîñÿ äèñêà ïðîèçâîëüíîãî (ñòóïåí÷àòîãî) ïðîôèëÿ y(r) .

Âñïîìîãàòåëüíûé ðåçóëüòàò
Íåâîçìóùåííîå ïëîñêîå íàïðÿæåííîå ñîñòîÿíèå ñòóïåí÷àòîãî êðóãîâîãî êîëüöåâîãî äèñêà (âñå íàïðÿ-

æåíèÿ îòíåñåíû ê σs ; âåðõíèé èíäåêñ p óêàçûâàåò íà ïëàñòè÷åñêóþ çîíó, e � íà óïðóãóþ) îïðåäåëÿåòñÿ
ñëåäóþùèì îáðàçîì [5, 15, 18]:

σ0p
rr =


1− σ

3σs
ρ2 + C1

ρ , ρ ∈ [β, ρ1),

1− σ
3σs

ρ2 + C2

ρ , ρ ∈ (ρ1, ρ2),

. . .

1− σ
3σs

ρ2 +
Cj

ρ , ρ ∈ (ρj−1, β0),

(2)

σ0e
rr =


C̃1,j + C̃2,jρ

−2 − α̃ρ2, ρ ∈ (β0, ρj),

C̃1,j+1 + C̃2,j+1ρ
−2 − α̃ρ2, ρ ∈ (ρj , ρj+1),

. . .

C̃1,n0 + C̃2,n0ρ
−2 − α̃ρ2, ρ ∈ (ρn0−1, ρn0 ],

(3)

σ0e
θθ =


C̃1,j − C̃2,jρ

−2 − β̃ρ2, ρ ∈ (β0, ρj),

C̃1,j+1 − C̃2,j+1ρ
−2 − β̃ρ2, ρ ∈ (ρj , ρj+1),

. . .

C̃1,n0
− C̃2,n0

ρ−2 − β̃ρ2, ρ ∈ (ρn0−1, ρn0
],

(4)

ãäå β = a/b , β0 = r0/b , ρ1 = r1/b, . . . , ρn0 = rn0/b , α̃ = σ(ν +3)/(8σs) , β̃ = σ(3ν +1)/(8σs) , à êîíñòàíòû

C1, . . . , Cj è C̃1,j , C̃2,j , . . . , C̃1,n0 , C̃2,n0 îïðåäåëÿþòñÿ êàê ðåøåíèÿ ñèñòåì óðàâíåíèé

− pi

σs
= 1− σ

3σs
β2 + C1

β ,

h1

(
1− σ

3σs
ρ21 +

C1

ρ1

)
= h2

(
1− σ

3σs
ρ21 +

C2

ρ1

)
,

. . .

hj−1

(
1− σ

3σs
ρ2j−1 +

Cj−1

ρj−1

)
= hj

(
1− σ

3σs
ρ2j−1 +

Cj

ρj−1

)
è

C̃1,j + C̃2,jxj = s−j , C̃1,j − C̃2,jxj = t−j ,

C̃1,j+1 + C̃2,j+1xj+1 = s−j+1, C̃1,j+1 − C̃2,j+1xj+1 = t−j+1,

. . .

C̃1,n0 + C̃2,n0 = sn0 , C̃1,n0 − C̃2,n0 = tn0

ñîîòâåòñòâåííî. Çäåñü xj = 1/ρ2j , . . . , xn0−1 = 1/ρ2n0−1 ,

σ
σs

= ω2

q2 = 8
ν+3

pe
σs

−(RAn0−R∗Bn0)
pi
σs

−(SAn0−S∗Bn0 )

QAn0−Q∗Bn0+Dn0−1 , q = 1
b

√
σs

γ ,

Q = d0
(3ν+1)β2

0+24δ2β
−1
0

3(ν+3) − f0
(3ν+1)β2

0

ν+3 , R = d0δ1β
−1
0 , S = d0δ3β

−1
0 + 1,

Q∗ = −f0
(3ν+1)β2

0+24δ2β
−1
0

3(ν+3) + d0
(3ν+1)β2

0

ν+3 , R∗ = −f0δ1β
−1
0 , S∗ = −f0δ3β

−1
0 + 1,

d0 =
x0+xj

2x0
, f0 =

xj−x0

2x0
, x0 = 1

β2
0
, δ1 = −h1

hj
β , δ2 = − 1

3hj

j∑
k=1

(hk−1−hk)ρ
3
k−1 , δ3 = 1

hj

j∑
k=1

(hk−1−hk)ρk−1 ,

h0 = 0 , ρ0 = β , òîãäà êàê s−j , t
−
j , . . . , s−n0−1, t

−
n0−1 , sn0 , tn0 è An0 , Bn0 , Dn0 îïðåäåëÿþòñÿ èç ðåêóð-
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ðåíòíûõ ñîîòíîøåíèé

s−j = Qα̃+R pi

σs
+ S, t−j = Q∗α̃+R∗ pi

σs
+ S∗,

s−j+1 = Aj+1s
−
j −Bj+1t

−
j + Cj+1, t−j+1 = A∗

j+1s
−
j −B∗

j+1t
−
j + C∗

j+1,

s−j+2 = Aj+2s
−
j −Bj+2t

−
j + Cj+2, t−j+2 = A∗

j+2s
−
j −B∗

j+2t
−
j + C∗

j+2,

. . .

sn0 = An0s
−
j −Bn0t

−
j + Cn0 , tn0 = A∗

n0
s−j −B∗

n0
t−j + C∗

n0
,

ãäå

Aj+1 = djaj + νfjcj , Bj+1 = fj , Cj+1 = djbj − νfjbj ,

A∗
j+1 = −fjaj − νdjcj , B∗

j+1 = −dj , C∗
j+1 = −fjbj + νdjbj ,

Aj+2 = dj+1aj+1Aj+1 − fj+1(−νcj+1Aj+1 +A∗
j+1),

Bj+2 = dj+1aj+1Bj+1 − fj+1(−νcj+1Bj+1 +B∗
j+1),

Cj+2 = dj+1(aj+1Cj+1 + bj+1)− fj+1(−νcj+1Cj+1 + C∗
j+1 + νbj+1),

A∗
j+2 = −fj+1aj+1Aj+1 + dj+1(−νcj+1Aj+1 +A∗

j+1),

B∗
j+2 = −fj+1aj+1Bj+1 + dj+1(−νcj+1Bj+1 +B∗

j+1),

C∗
j+2 = −fj+1(aj+1Cj+1 + bj+1) + dj+1(−νcj+1Cj+1 + C∗

j+1 + νbj+1),

. . .

An0 = dn0−1an0−1An0−1 − fn0−1(−νcn0−1An0−1 +A∗
n0−1),

Bn0 = dn0−1an0−1Bn0−1 − fn0−1(−νcn0−1Bn0−1 +B∗
n0−1),

Cn0 = dn0−1(an0−1Cn0−1 + bn0−1)− fn0−1(−νcn0−1Cn0−1 + C∗
n0−1 + νbn0−1),

A∗
n0

= −fn0−1an0−1An0−1 + dn0−1(−νcn0−1An0−1 +A∗
n0−1),

B∗
n0

= −fn0−1an0−1Bn0−1 + dn0−1(−νcn0−1Bn0−1 +B∗
n0−1),

C∗
n0

= −fn0−1(an0−1Cn0−1 + bn0−1) + dn0−1(−νcn0−1Cn0−1 + C∗
n0−1 + νbn0−1),

Ck = α̃Dk, k = j + 1, . . . , n0,

Dj+1 = gj(dj − νfj),

Dj∗ = dj∗−1(aj∗−1Dj∗−1 + gj∗−1)− fj∗−1(−νcj∗−1Dj∗−1 +D∗
j∗−1 + νgj∗−1),

j∗ = j + 2, . . . , n0,

ak = hk

hk+1
, bk = hk+1−hk

hk+1

α̃
xk

, ck = hk+1−hk

hk+1
,

dk = xk+xk+1

2xk
, fk = xk+1−xk

2xk
, gk = hk+1−hk

hk+1

1
xk

, k = j, . . . , n0 − 1.

Çàâèñèìîñòè (2-4) ñ ó÷åòîì ñîîòíîøåíèÿ σ0p
θθ = 1 çàäàþò íóëåâîå ïðèáëèæåíèå ê ðåøåíèþ çàäà÷è î

ïëàñòè÷åñêîì ðàâíîâåñèè. Ïðè ýòîì

A1 =
dσ0e

rr(1)
dρ =

(
A∗

n0
Q−B∗

n0
Q∗ − 3

)
α̃+

(
A∗

n0
R−B∗

n0
R∗) pi

σs
− pe

σs
+

+A∗
n0
S −B∗

n0
S∗ + C∗

n0
, (5)

A2 = σ0e
θθ(1)− σ0e

ρρ(1) = A1 + 3α̃− β̃, (6)

ãäå â ñëó÷àå κi ̸= 0

pi

σs
= ξ(β0) =

εiτ+
8κi(β

−1−β2)

ν+3 (εe−µεi−[SAn0−S∗Bn0 ])
τ− 8κi(β

−1−β2)

ν+3 (µ−[RAn0−R∗Bn0 ])
,

0 6 εi < 1, 0 6 εe < 1, µ = κe

κi

γ
γ

φ3−1
β−1−β2 , κe > 0, γ > 0, φ > 1,

τ = QAn0
−Q∗Bn0

+Dn0
− 1,

pe

σs
= εe + µ

(
pi

σs
− εi

)
,
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à â ñëó÷àå κe ̸= 0 �

pe

σs
= η(β0) =

εeτ− 8κe(φ3−1)
ν+3

γ
γ [(εi−µ−1εe)(RAn0−R∗Bn0)+(SAn0−S∗Bn0)]

τ− 8κe(φ3−1)
ν+3

γ
γ [1−µ−1(RAn0

−R∗Bn0)]
,

pi

σs
= εi + µ−1

(
pe

σs
− εe

)
.

Îïèðàÿñü íà (4), äîïîëíèòåëüíî íàõîäèì

A3 =
dσ0e

θθ(β0)

dρ
= x−1

j β−3
0

(
(Q−Q∗)α̃+ (R−R∗)

pi
σs

+ (S − S∗)

)
− 2β̃β0. (7)

Êðîìå íåâîçìóùåííîãî ñîñòîÿíèÿ âðàùàþùåãîñÿ äèñêà äëÿ äàëüíåéøåãî íåîáõîäèìî çíàòü âîçìó-
ùåííîå ñîñòîÿíèå åãî âíåøíåé óïðóãîé îáëàñòè. Îòíåñåííûå ê σs âîçìóùåíèÿ ïåðâîãî ïîðÿäêà ìàëîñòè
σ′e
ρρ , σ

′e
θθ , σ

′e
ρθ ñîîòâåòñòâóþùèõ êîìïîíåíò íàïðÿæåíèÿ è îòíåñåííûå ê b âîçìóùåíèÿ ðàäèàëüíîãî u′e è

òàíãåíöèàëüíîãî v′e ñìåùåíèé â ïåðâîì ïðèáëèæåíèè îïðåäåëÿþòñÿ â êðàéíåé n0 -îé êîëüöåâîé ñåêöèè
ρn0−1 < ρ 6 1 èç çàâèñèìîñòåé [18, 22, 23]

σ′e
rr = [aI(ρn0−1, ρ)an0 + aII(ρn0−1, ρ)an0−1 + aIII(ρn0−1, ρ)bn0+

+aIV (ρn0−1, ρ)bn0−1] cosnθ,

σ′e
θθ = [bI(ρn0−1, ρ)an0 + bII(ρn0−1, ρ)an0−1 + bIII(ρn0−1, ρ)bn0+

+bIV (ρn0−1, ρ)bn0−1] cosnθ,

σ′e
rθ = [cI(ρn0−1, ρ)an0 + cII(ρn0−1, ρ)an0−1 + cIII(ρn0−1, ρ)bn0+

+cIV (ρn0−1, ρ)bn0−1] sinnθ, (8)

u′e = σs

E [dI(ρn0−1, ρ)an0 + dII(ρn0−1, ρ)an0−1 + dIII(ρn0−1, ρ)bn0+

+dIV (ρn0−1, ρ)bn0−1] cosnθ,

v′e = σs

E [eI(ρn0−1, ρ)an0 + eII(ρn0−1, ρ)an0−1 + eIII(ρn0−1, ρ)bn0+

+eIV (ρn0−1, ρ)bn0−1] sinnθ,

ãäå aI(·), . . . , eIV (·) � èçâåñòíûå ðàöèîíàëüíûå ôóíêöèè äâóõ ïåðåìåííûõ, à an0 , an0−1, bn0 è bn0−1 �
íåîïðåäåëåííûå êîýôôèöèåíòû. Ñîîòíîøåíèÿ (8) äëÿ (n0 − 1) -îé êîëüöåâîé ñåêöèè ρn0−2 < ρ < ρn0−1

èìåþò âèä

σ′e
rr =

[
aI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + aII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+aIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + aIV

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
bn0−2

]
cosnθ,

σ′e
θθ =

[
bI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + bII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+bIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + bIV

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
bn0−2

]
cosnθ,

σ′e
rθ =

[
cI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + cII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+ (9)

+cIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + cIV

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
bn0−2

]
sinnθ,

u′e = ρn0−1
σs

E

[
dI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + dII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+dIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + dIV

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
bn0−2

]
cosnθ,

v′e = ρn0−1
σs

E

[
eI

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
an0−1 + eII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
an0−2+

+eIII

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
hn0

hn0−1
bn0−1 + eIV

(
ρn0−2

ρn0−1
, ρ
ρn0−1

)
bn0−2

]
sinnθ,

ãäå

an0−2 = q1,n0−2an0 + q2,n0−2an0−1 + q3,n0−2bn0 + q4,n0−2bn0−1,

bn0−2 = q5,n0−2an0 + q6,n0−2an0−1 + q7,n0−2bn0 + q8,n0−2bn0−1,
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q1,n0−2 =
ρn0−1

∆n0−2

[
dI(ρn0−1, ρn0−1)eIV

(
ρn0−2

ρn0−1
, 1
)
− eI(ρn0−1, ρn0−1)dIV

(
ρn0−2

ρn0−1
, 1
)]

,

q2,n0−2 =
ρn0−1

∆n0−2

[{
dII(ρn0−1, ρn0−1)− dI

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
eIV

(
ρn0−2

ρn0−1
, 1
)
−

−
{
eII(ρn0−1, ρn0−1)− eI

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
dIV

(
ρn0−2

ρn0−1
, 1
)]

,

q3,n0−2=
ρn0−1

∆n0−2

[
dIII(ρn0−1, ρn0−1)eIV

(
ρn0−2

ρn0−1
, 1
)
−eIII(ρn0−1, ρn0−1)dIV

(
ρn0−2

ρn0−1
, 1
)]
,

q4,n0−2 =
ρn0−1

∆n0−2

[{
dIV (ρn0−1, ρn0−1)− dIII

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
eIV

(
ρn0−2

ρn0−1
, 1
)
−

−
{
eIV (ρn0−1, ρn0−1)− eIII

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
dIV

(
ρn0−2

ρn0−1
, 1
)]

,

q5,n0−2 =
ρn0−1

∆n0−2

[
eI(ρn0−1, ρn0−1)dII

(
ρn0−2

ρn0−1
, 1
)
− dI(ρn0−1, ρn0−1)eII

(
ρn0−2

ρn0−1
, 1
)]

,

q6,n0−2 =
ρn0−1

∆n0−2

[{
eII(ρn0−1, ρn0−1)− eI

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
dII

(
ρn0−2

ρn0−1
, 1
)
−

−
{
dII(ρn0−1, ρn0−1)− dI

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
eII

(
ρn0−2

ρn0−1
, 1
)]

,

q7,n0−2=
ρn0−1

∆n0−2

[
eIII(ρn0−1, ρn0−1)dII

(
ρn0−2

ρn0−1
, 1
)
−dIII(ρn0−1, ρn0−1)eII

(
ρn0−2

ρn0−1
, 1
)]
,

q8,n0−2 =
ρn0−1

∆n0−2

[{
eIV (ρn0−1, ρn0−1)− eIII

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
dII

(
ρn0−2

ρn0−1
, 1
)
−

−
{
dIV (ρn0−1, ρn0−1)− dIII

(
ρn0−2

ρn0−1
, 1
)
ρn0−1

hn0

hn0−1

}
eII

(
ρn0−2

ρn0−1
, 1
)]

,

∆n0−2=ρ2n0−1

[
dII

(
ρn0−2

ρn0−1
, 1
)
eIV

(
ρn0−2

ρn0−1
, 1
)
− dIV

(
ρn0−2

ρn0−1
, 1
)
eII

(
ρn0−2

ρn0−1
, 1
)]

.

Àíàëîãè (8) è (9) äëÿ âñåõ îñòàëüíûõ óïðóãèõ êîëüöåâûõ ñåêöèé ρn0−k < ρ < ρn0−(k−1) ,
k ∈ {3, . . . , n0 − (j − 1)} (ïðè k = n0 − (j − 1) ïîëàãàåì ρn0−k := β0 ), çàïèñûâàþòñÿ ñëåäóþùèì îáðàçîì:

σ′e
rr =

[
aI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1)+

+aII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
an0−k + aIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1)+

+aIV

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
bn0−k

]
cosnθ,

σ′e
θθ =

[
bI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1)+

+bII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
an0−k + bIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1)+

+bIV

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
bn0−k

]
cosnθ,

σ′e
rθ =

[
cI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1)+

+cII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
an0−k + cIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1)+

+cIV

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
bn0−k

]
sinnθ, (10)

u′e = ρn0−(k−1)
σs

E

[
dI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1)+

+dII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
an0−k + dIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1)+

+dIV

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
bn0−k

]
cosnθ,

v′e = ρn0−(k−1)
σs

E

[
eI

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
an0−(k−1)+

+eII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
an0−k + eIII

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
hn0−(k−2)

hn0−(k−1)
bn0−(k−1)+

+eIV

(
ρn0−k

ρn0−(k−1)
, ρ
ρn0−(k−1)

)
bn0−k

]
sinnθ,
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ãäå

an0−k = q1,n0−kan0 + q2,n0−kan0−1 + q3,n0−kbn0 + q4,n0−kbn0−1,

bn0−k = q5,n0−kan0 + q6,n0−kan0−1 + q7,n0−kbn0 + q8,n0−kbn0−1,

q1,n0−k = γ2,n0−kq1,n0−(k−1) + γ4,n0−kq5,n0−(k−1),

q2,n0−k = γ1,n0−k + γ2,n0−kq2,n0−(k−1) + γ4,n0−kq6,n0−(k−1),

q3,n0−k = γ2,n0−kq3,n0−(k−1) + γ4,n0−kq7,n0−(k−1),

q4,n0−k = γ3,n0−k + γ2,n0−kq4,n0−(k−1) + γ4,n0−kq8,n0−(k−1),

q5,n0−k = γ6,n0−kq1,n0−(k−1) + γ8,n0−kq5,n0−(k−1),

q6,n0−k = γ5,n0−k + γ6,n0−kq2,n0−(k−1) + γ8,n0−kq6,n0−(k−1),

q7,n0−k = γ6,n0−kq3,n0−(k−1) + γ8,n0−kq7,n0−(k−1),

q8,n0−k = γ7,n0−k + γ6,n0−kq4,n0−(k−1) + γ8,n0−kq8,n0−(k−1),

γ1,n0−k =
ρn0−(k−2)ρn0−(k−1)

∆n0−k

[
dI

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
eIV

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)
−

−eI

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
dIV

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)

]
,

γ2,n0−k =
ρ2
n0−(k−1)

∆n0−k

[{
dII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
− dI

(
ρn0−k

ρn0−(k−1)
, 1
)
×

×hn0−(k−2)

hn0−(k−1)

}
eIV

(
ρn0−k

ρn0−(k−1)
, 1
)
−
{
eII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
−

−eI

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
dIV

(
ρn0−k

ρn0−(k−1)
, 1
)]

,

γ3,n0−k =
ρn0−(k−2)ρn0−(k−1)

∆n0−k

[
dIII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
eIV

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)
−

−eIII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
dIV

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)

]
,

γ4,n0−k =
ρ2
n0−(k−1)

∆n0−k

[{
dIV

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
− dIII

(
ρn0−k

ρn0−(k−1)
, 1
)
×

×hn0−(k−2)

hn0−(k−1)

}
eIV

(
ρn0−k

ρn0−(k−1)
, 1
)
−
{
eIV

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
−

−eIII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
dIV

(
ρn0−k

ρn0−(k−1)
, 1
)]

,

γ5,n0−k =
ρn0−(k−2)ρn0−(k−1)

∆n0−k

[
eI

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
dII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)
−

−dI

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
eII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)

]
,

γ6,n0−k =
ρ2
n0−(k−1)

∆n0−k

[{
eII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
− eI

(
ρn0−k

ρn0−(k−1)
, 1
)
×

×hn0−(k−2)

hn0−(k−1)

}
dII

(
ρn0−k

ρn0−(k−1)
, 1
)
−
{
dII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
−

−dI

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
eII

(
ρn0−k

ρn0−(k−1)
, 1
)]

,

γ7,n0−k =
ρn0−(k−2)ρn0−(k−1)

∆n0−k

[
eIII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
dII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)
−

−dIII

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
eII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−3)

hn0−(k−2)

]
,

γ8,n0−k =
ρ2
n0−(k−1)

∆n0−k

[{
eIV

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
− eIII

(
ρn0−k

ρn0−(k−1)
, 1
)
×

×hn0−(k−2)

hn0−(k−1)

}
dII

(
ρn0−k

ρn0−(k−1)
, 1
)
−
{
dIV

(
ρn0−(k−1)

ρn0−(k−2)
,
ρn0−(k−1)

ρn0−(k−2)

)
ρn0−(k−2)

ρn0−(k−1)
−

−dIII

(
ρn0−k

ρn0−(k−1)
, 1
)

hn0−(k−2)

hn0−(k−1)

}
eII

(
ρn0−k

ρn0−(k−1)
, 1
)]

,

∆n0−k = ρ2n0−(k−1)

[
dII

(
ρn0−k

ρn0−(k−1)
, 1
)
eIV

(
ρn0−k

ρn0−(k−1)
, 1
)
−

−dIV

(
ρn0−k

ρn0−(k−1)
, 1
)
eII

(
ρn0−k

ρn0−(k−1)
, 1
)]

.
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Îñíîâíîé ðåçóëüòàò
Óäîâëåòâîðåíèå ôóíêöèÿìè (8)�(10) ãðàíè÷íûì óñëîâèÿì

σ′e
rr +A1u

′e = 0, σ′e
rθ −A2

du′e

dθ
= 0, ρ = 1,

è óñëîâèÿì ñîïðÿæåíèÿ
σ′e
rr = 0, σ′e

rθ = 0, σ′e
θθ +A3u

′e = 0, ρ = β0,

ïðèâîäèò ê ñèñòåìå ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî an0 , an0−1 , bn0 , bn0−1 è u′e(β0) :

an0 +A1 = 0, bn0 + nA2 = 0,

q1,j−1an0 + q2,j−1an0−1 + q3,j−1bn0 + q4,j−1bn0−1 = 0, (11)

q5,j−1an0 + q6,j−1an0−1 + q7,j−1bn0 + q8,j−1bn0−1 = 0,

(w1an0 + w2an0−1 + w3bn0 + w4bn0−1) cosnθ +A3u
′e(β0) = 0,

ãäå

w1 = bI(ζ, ζ)zq1,j + bII(ζ, ζ)q1,j−1 + bIII(ζ, ζ)zq5,j + bIV (ζ, ζ)q5,j−1,

w2 = bI(ζ, ζ)zq2,j + bII(ζ, ζ)q2,j−1 + bIII(ζ, ζ)zq6,j + bIV (ζ, ζ)q6,j−1,

w3 = bI(ζ, ζ)zq3,j + bII(ζ, ζ)q3,j−1 + bIII(ζ, ζ)zq7,j + bIV (ζ, ζ)q7,j−1,

w4 = bI(ζ, ζ)zq4,j + bII(ζ, ζ)q4,j−1 + bIII(ζ, ζ)zq8,j + bIV (ζ, ζ)q8,j−1,

ζ = β0/ρj , z = hj+1/hj .

Ðåøåíèå ñèñòåìû (11) èìååò âèä

an0 = −A1, an0−1 =
A1(q1,j−1q8,j−1−q4,j−1q5,j−1)+nA2(q3,j−1q8,j−1−q4,j−1q7,j−1)

q2,j−1q8,j−1−q4,j−1q6,j−1
,

bn0
= −nA2, bn0−1 =

A1(q2,j−1q5,j−1−q1,j−1q6,j−1)+nA2(q2,j−1q7,j−1−q3,j−1q6,j−1)
q2,j−1q8,j−1−q4,j−1q6,j−1

,

u′e(β0) = U(β0) cosnθ, (12)

ãäå
U(β0) = −(w1an0

+ w2an0−1 + w3bn0 + w4bn0−1)A
−1
3 .

Êàê ñëåäñòâèå, õàðàêòåðèñòè÷åñêîå óðàâíåíèå îòíîñèòåëüíî ðàäèóñà ïëàñòè÷åñêîé çîíû, ñîîòâåòñòâóþùå-
ãî ìîìåíòó êàñàíèÿ âîçìóùåííîé óïðóãîïëàñòè÷åñêîé ãðàíèöû ñ óêàçàííîé îêðóæíîñòüþ ρ = h/b = α ,
ïðèîáðåòàåò âèä

α− β0 − δ |U(β0)| = 0. (13)

Ñîîòâåòñòâóþùåå êðèòè÷åñêîìó çíà÷åíèþ ðàäèóñà ïëàñòè÷åñêîé îáëàñòè β0 = β∗
0 , β∗

0 ∈ [β0∗, α] ( β0∗ �
êðèòè÷åñêèé ðàäèóñ ïëàñòè÷åñêîé çîíû, ïðè êîòîðîì èññëåäóåìûé äèñê òåðÿåò óñòîé÷èâîñòü), êðèòè÷å-
ñêîå çíà÷åíèå óãëîâîé ñêîðîñòè ω∗ ïîëó÷àåì ïî èçâåñòíûì èç ðàáîò [14, 18] ôîðìóëàì â çàâèñèìîñòè îò
òîãî, êàêîå èç ñîîòíîøåíèé κi ̸= 0 , κe ̸= 0 èëè κi = κe = 0 èìååò ìåñòî.

Çàìå÷àíèå 1. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå (13) ïîëó÷åíî áåç ó÷åòà îñîáåííîñòåé äèíàìèêè ìàëûõ
âîçìóùåíèé óïðóãîïëàñòè÷åñêîé ãðàíèöû, íàõîäÿùåéñÿ â íåïîñðåäñòâåííîé áëèçîñòè ê î÷åðåäíîé ñòó-
ïåíè äèñêà (ðèñ. 2). Âîçìîæíîñòü ïîÿâëåíèÿ ïëàñòè÷åñêîãî ñîñòîÿíèÿ âäîëü çàäàííîé îêðóæíîñòè
ïóòåì ðàñïðîñòðàíåíèÿ âîçìóùåíèé óïðóãîïëàñòè÷åñêîé ãðàíèöû ñ "äàëüíèõ" (âíóòðåííèõ) êîëüöå-
âûõ ñåêöèé â ñîñåäíèå ñåêöèè ñ áîëüøèìè íîìåðàìè èñêëþ÷àåòñÿ.

Ðèñ. 2: Ê äèíàìèêå âîçìóùåíèé óïðóãîïëàñòè÷åñêîé ãðàíèöû.
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Çàìå÷àíèå 2. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñ ïàðàìåòðîì îòíîñèòåëüíî êðèòè÷åñêîãî ðàäèóñà ïëà-
ñòè÷åñêîé îáëàñòè, äîñòèãøåé âíåøíåãî êðàÿ äèñêà, èìååò âèä

1− β0 − δ (1− U(β0)) = 0, (14)

ãäå ñ ó÷åòîì çàìå÷àíèÿ 1

U(β0) =
A1bI(β0, β0) + nA2bIII(β0, β0)

A3
6 0 ïðè δ > 0.

Çàìå÷àíèå 3. Ïîëàãàÿ â (2) β = 0 è C1 = 0 , à â (5)-(7) � εi = 0 , κi = 0 è µ−1 = 0 , ïîëó÷àåì
õàðàêòåðèñòè÷åñêèå óðàâíåíèÿ (13) è (14) äëÿ ñïëîøíîãî êðóãîâîãî ñòóïåí÷àòîãî äèñêà.

×èñëîâûå ïðèìåðû
Â òàáë. 1 ïðèâåäåíû ðåçóëüòàòû ðåøåíèÿ çàäà÷è ïî îïðåäåëåíèþ êðèòè÷åñêîãî ðàäèóñà ïëàñòè÷åñêîé

îáëàñòè è êðèòè÷åñêîé óãëîâîé ñêîðîñòè âðàùåíèÿ, ïðè êîòîðûõ óïðóãîïëàñòè÷åñêàÿ ãðàíèöà äîñòèãà-
åò âíåøíåãî êðàÿ òðåõñòóïåí÷àòîãî äèñêà çàäàííîãî ïðîôèëÿ hk , k = 1, 2, 3 . Ïðåäïîëàãàåòñÿ, ÷òî âñå
êîëüöåâûå ñåêöèè ñòóïåí÷àòîãî äèñêà èìåþò îäèíàêîâóþ øèðèíó (1− β)/3 , ãäå β = 0, 2 äëÿ êîëüöåâîãî
äèñêà è β = 0 � äëÿ ñïëîøíîãî. Ïðè ýòîì ν = 0, 3 , n = 2 , εi = 0 , εe = 0 , κe = 0 , òîãäà êàê κi = 0
ëèáî κi = 1/3 (äëÿ êîëüöåâîãî äèñêà). Äëÿ ñðàâíåíèÿ ðåçóëüòàòîâ â êàæäîì èç ñëó÷àåâ â ïîðÿäêå âîçðà-
ñòàíèÿ ìàëîãî ïàðàìåòðà ïðèâåäåíû ðåøåíèÿ õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (14) ñ δ = 10−7 , δ = 10−5

è δ = 10−3 .

hk
β∗
0 ; ω

∗/q
(κi = 0)

β∗
0 ; ω

∗/q
(κi = 1/3)

β∗
0 ; ω

∗/q
(β = 0)

4
30

− 1
10k 0, 9936; 1, 4027

0, 9708; 1, 4020
0, 8657; 1, 3867

0, 9941; 1, 1961
0, 9730; 1, 1956
0, 8782; 1, 1855

0, 9934; 1, 5245
0, 9697; 1, 5238
0, 8585; 1, 5086

k
30 0, 9937; 1, 3867

0, 9710; 1, 3859
0, 8668; 1, 3698

0, 9941; 1, 1730
0, 9732; 1, 1725
0, 8797; 1, 1621

0, 9935; 1, 4999
0, 9699; 1, 4991
0, 8600; 1, 4833

h1 = 1
30
, h2 = h3 = 2

30 0, 9935; 1, 4546
0, 9703; 1, 4538
0, 8626; 1, 4393

0, 9941; 1, 1780
0, 9732; 1, 1775
0, 8793; 1, 1691

0, 9933; 1, 5959
0, 9691; 1, 5952
0, 8543; 1, 5802

h1 = h2 = 1
30
, h3 = 2

30 0, 9936; 1, 4152
0, 9707; 1, 4143
0, 8651; 1, 3974

0, 9943; 1, 1115
0, 9739; 1, 1111
0, 8836; 1, 1020

0, 9934; 1, 5322
0, 9697; 1, 5313
0, 8581; 1, 5147

h1 = h3 = 1
30
, h2 = 2

30 0, 9933; 1, 5781
0, 9693; 1, 5776
0, 8551; 1, 5662

0, 9941; 1, 1855
0, 9731; 1, 1852
0, 8786; 1, 1798

0, 9930; 1, 7822
0, 9677; 1, 7816
0, 8432; 1, 7690

h1 = h2 = h3 = 1
30

0, 9934; 1, 5553
0, 9695; 1, 5546
0, 8566; 1, 5401

0, 9943; 1, 0998
0, 9741; 1, 0995
0, 8842; 1, 0936

0, 9931; 1, 7320
0, 9681; 1, 7312
0, 8464; 1, 7157

h1 = h3 = 2
30
, h2 = 1

30 0, 9934; 1, 5378
0, 9696; 1, 5370
0, 8578; 1, 5201

0, 9945; 1, 0432
0, 9748; 1, 0429
0, 8880; 1, 0367

0, 9932; 1, 6947
0, 9683; 1, 6938
0, 8487; 1, 6763

h1 = h2 = 2
30
, h3 = 1

30 0, 9931; 1, 7034
0, 9683; 1, 7029
0, 8478; 1, 6917

0, 9943; 1, 0906
0, 9742; 1, 0905
0, 8846; 1, 0870

0, 9928; 1, 9639
0, 9665; 1, 9632
0, 8324; 1, 9500
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hk
β∗
0 ; ω

∗/q
(κi = 0)

β∗
0 ; ω

∗/q
(κi = 1/3)

β∗
0 ; ω

∗/q
(β = 0)

h1 = 2
30
, h2 = h3 = 1

30 0, 9931; 1, 7168
0, 9682; 1, 7161
0, 8472; 1, 7019

0, 9945; 1, 0210
0, 9751; 1, 0208
0, 8894; 1, 0171

0, 9928; 1, 9639
0, 9665; 1, 9631
0, 8326; 1, 9466

4−k
30 0, 9930; 1, 8057

0, 9675; 1, 8052
0, 8417; 1, 7943

0, 9945; 1, 0388
0, 9749; 1, 0386
0, 8881; 1, 0361

0, 9926; 2, 1212
0, 9656; 2, 1206
0, 8224; 2, 1069

1
10k 0, 9930; 1, 8218

0, 9674; 1, 8212
0, 8409; 1, 8090

0, 9945; 1, 0113
0, 9752; 1, 0112
0, 8900; 1, 0086

0, 9926; 2, 1375
0, 9655; 2, 1367
0, 8214; 2, 1215

Òàáë. 1: Çíà÷åíèÿ êðèòè÷åñêîãî ðàäèóñà è îòíîñèòåëüíîé êðèòè÷åñêîé ñêîðîñòè.

Çàêëþ÷åíèå
Ïðåäëîæåííûé ñïîñîá îòñëåæèâàíèÿ è êîíòðîëÿ äèíàìèêè ìàëîãî âîçìóùåíèÿ ôîðìû ãðàíèöû íå-

óñòîé÷èâûõ áûñòðîâðàùàþùèõñÿ ñòóïåí÷àòûõ äèñêîâ ïîçâîëÿåò ñ îïðåäåëåííîé òî÷íîñòüþ ñïðîãíîçèðî-
âàòü, à òàêæå ïðåäîòâðàòèòü áåç âèäèìûõ ïîòåðü ìîùíîñòè âîçìîæíîå èñ÷åðïàíèå èõ íåñóùåé ñïîñîáíî-
ñòè. Ãåîìåòðèåé äèñêà è ïîäáîðîì ïàðàìåòðîâ íàãðóæåíèÿ ìîæíî, âàðüèðóÿ, óäåðæèâàòü êðèòè÷åñêóþ
óãëîâóþ ñêîðîñòü âûøå ïðèåìëåìîé ýêñïëóàòàöèîííîé ñêîðîñòè çà ñ÷åò ïåðåõîäà ê áîëåå òîíêèì ïåðèôå-
ðèéíûì ñòóïåíÿì ( h1 > h2 > h3 ïðè pi = pe = 0 ). Èñïîëüçîâàíèå ñïëîøíîãî ñòóïåí÷àòîãî äèñêà âìåñòî
êîëüöåâîãî ñòóïåí÷àòîãî äèñêà ñ íåèçìåííûìè ðàäèóñîì âíåøíåé êîíòóðíîé îêðóæíîñòè è òîëùèíàìè
êîëüöåâûõ ñåêöèé òàêæå ñïîñîáñòâóåò ñîçäàíèþ "çàïàñà óïðóãîñòè". Òàêèå âûâîäû ñîïîñòàâèìû ñ çàêëþ-
÷åíèåì îòíîñèòåëüíî ñàìîóðàâíîâåøåííîé ôîðìû ïîòåðè óñòîé÷èâîñòè, ðàçâèâàþùåéñÿ, åñòåñòâåííî, ïðè
íåñêîëüêî ìåíüøèõ óãëîâîé ñêîðîñòè âðàùåíèÿ è ðàäèóñå ïëàñòè÷åñêîé çîíû.

Äèíàìèêà âîçìóùåíèÿ ôîðìû ãðàíèöû âðàùàþùåãîñÿ ñòóïåí÷àòîãî äèñêà, ïîòåðÿâøåãî óñòîé÷è-
âîñòü ïî ýêñöåíòðè÷íîé ôîðìå, àíàëèçèðóåòñÿ àíàëîãè÷íî.

Ïîëó÷åííûå ðåçóëüòàòû ïðèìåíèìû ê àíàëèçó äèíàìèêè ìàëûõ âîçìóùåíèé âî âðàùàþùèõñÿ äèñêàõ
ïðîèçâîëüíîãî ïðîôèëÿ.
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ON THE ANALYSIS OF DYNAMICS OF BOUNDARY SHAPE PERTURBATION OF A
ROTATING STEPPED DISK

Lila D.M.
SUMMARY
A way for calculating of the failure of bearing capacity by a rotating stepped circular disc is suggested with

the help of small parameter method. A characteristic equation for a critical radius of a plastic zone is obtained
as a �rst approximation. The values of critical angular velocity of rotating at di�erent parameters of the disc
are found numerically.

Keywords: elastoplastic problem, boundary shape perturbation method, rotating disc, stability loss, failure
of bearing capacity, critical angular velocity.

ÄÎ ÀÍÀËIÇÓ ÄÈÍÀÌIÊÈ ÇÁÓÐÅÍÍß ÔÎÐÌÈ ÌÅÆI ÑÒÓÏIÍ×ÀÑÒÎÃÎ ÄÈÑÊÀ,
ÙÎ ÎÁÅÐÒÀ�ÒÜÑß

Ëèëà Ä.Ì.
ÐÅÇÞÌÅ
Çàïðîïîíîâàíî ñïîñiá äîñëiäæåííÿ ìåòîäîì ìàëîãî ïàðàìåòðà äèíàìiêè çáóðåííÿ ôîðìè ìåæi òà

ìîæëèâî¨ âòðàòè íåñó÷î¨ çäàòíîñòi ñòóïií÷àñòîãî êðóãîâîãî äèñêà, ùî îáåðòà¹òüñÿ. Îäåðæàíî ó ïåðøîìó
íàáëèæåííi õàðàêòåðèñòè÷íå ðiâíÿííÿ âiäíîñíî êðèòè÷íîãî ðàäióñà ïëàñòè÷íî¨ çîíè. ×èñåëüíî çíàéäåíî
çíà÷åííÿ êðèòè÷íî¨ êóòîâî¨ øâèäêîñòi îáåðòàííÿ çà ðiçíèõ ïàðàìåòðiâ äèñêà.

Êëþ÷îâi ñëîâà: ïðóæíî-ïëàñòè÷íà çàäà÷à, ìåòîä çáóðåííÿ ôîðìè ìåæi, äèñê, ùî îáåðòà¹òüñÿ,
âòðàòà ñòiéêîñòi, âòðàòà íåñó÷î¨ çäàòíîñòi, êðèòè÷íà êóòîâà øâèäêiñòü.
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