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THE TRUSS CONTAINING THE VARIETY OF COMMUTATIVE MEDIAL
QUASIGROUPS

The truss containing the variety of commutative medial quasigroups is under consideration. The identities
in four variables describing the varieties of left symmetric and right symmetric medial quasigroups are found.
Canonical decompositions of quasigroups of these varieties are given. Parastrophic symmetry of varieties is
described.
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Introduction
It is well known that the classes of all commutative, left symmetric and right symmetric quasigroups are

described by the identities

xy = yx, xy · y = x, x · xy = y (1)

respectively. These identities are called commutativity, left symmetry and right symmetry. The last two identities
are also called Sade's left �keys� law and Sade's right �keys� law [10]. Two arbitrary identities from (1) de�ne the
class of totally symmetric quasigroups. S.K. Stein [15] established parastrophic relationships among identities
(1) and described corresponding varieties, therefore these varieties belong to the same truss. T. Popovych [9]
and G.B. Belyavskaya [2] gave all sets of identities in two variables which are equivalent to each of the identities
(1).

We will restrict our attention to studying of medial quasigroups. Every medial quasigroup, that is a
quasigroup satisfying the identity

xy · uv = xu · yv,

is isotopic to some Abelian group, therefore it can be constructed from this Abelian group (it is a well-known
Toyoda-Bruck theorem [1]). S.K. Stein [15] proved that all parastrophes of medial identity are primarily equi-
valent to mediality. It means that the variety of medial quasigroups is totally symmetric. M. Polonijo [8] found
identities which are equivalent to commutative mediality, that is they de�ne the variety of commutative medial
quasigroups. A. Krape�z [7] found canonical decomposition of such quasigroups.

F. Sokhatsky [13] described a symmetry concept for parastrophes of quasigroup varieties and their quasi-
groups. The notion of a truss introduced by F. Sokhatsky [14] as a set of all pairwise parastrophic varieties. If
one variety from a truss is investigated, then the symmetry concept allow to formulate a lot of properties for
the rest varieties of this truss without their separate investigation.

H. Krainichuk [3] established that according to symmetry concept, all group isotopes are distributed into
six classes: totally symmetric, semisymmetric, commutative (middle symmetric), left symmetric, right symmetric
and asymmetric. All listed classes form three totally symmetric trusses:

• the truss which is the variety of totally symmetric quasigroups;

• the truss which is the variety of semisymmetric quasigroups;

• the truss of asymmetric quasigroups which is not a variety

and one middle symmetric truss that consists of three parastrophic varieties of commutative, left symmetric
and right symmetric quasigroups.

According to Krainichuk's classi�cation [3], there are no semisymmetric and asymmetric trusses. But in the
asymmetric class, di�erent types of trusses and varieties could be selected. In particular, semisymmetric truss of
semisymmetric varieties consisting of asymmetric quasigroups was selected in [4], [5] (however �skew symmetry�
instead of �semisymmetry� was used ). It is a solution of the problem formulated by F. Sokhatsky [12].

According to symmetry concept, medial quasigroups being Abelian group isotopes are distributed into six
mentioned above classes. Totally symmetric medial quasigroups have only the type x · y = −x+ a− y .
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In [20], the author selected the variety of semisymmetry-like medial quasigroups from the class of
asymmetric quasigroups, where quasigroups have mutually inverse coe�cients in their canonical decomposi-
tions. Also, its two subvarieties are selected. Identities in four variables de�ning these three varieties are found,
corresponding trusses of varieties are described.

The variety of semisymmetric medial quasigroups and corresponding identities are characterized in [6]. In
particular, this variety is semisymmetrically isotopic closure of Abelian group varieties.

The aim of the article is to describe the truss containing the variety of commutative medial quasigroups.
This truss is middle symmetric, that is it consists of three varieties: the variety C of commutative medial
quasigroups, the variety ℓC of left symmetric medial quasigroups and the variety rC of right symmetric medial
quasigroups. Therefore, we give series of identities determining varieties of left symmetric medial quasigroups
(Proposition 4.) and right symmetric medial quasigroups (Proposition 5.). Ñanonical decompositions of quasi-
groups of these varieties are established (Theorem 7., 8.). The truss of varieties of commutative, left symmetric
and right symmetric medial quasigroups is characterized (Theorem 6.).

Preliminaries

An algebra with three operations (Q; ·, ℓ·, r· ) is a quasigroup [1], if the identities

(x · y) ℓ· y = x, (x
ℓ· y) · y = x, x

r· (x · y) = y, x · (x r· y) = y (2)

hold, where (
ℓ·) and (

r·) are left and right divisions of (·) . They are de�ned by:

x · y = z ⇔ x
r· z = y ⇔ z

ℓ· y = x.

Both inverse operations are also quasigroups. The operations (·) , (
ℓ·) , (

r·) and their dual, which are de�ned by

x
s· y := y · x, x

sℓ· y := y
ℓ· x, x

sr· y := y
r· x, (3)

are called parastrophes of (·) . The de�ning identities (2) and (3) are called primary. An arbitrary σ -parastrophe
of (·) can be de�ned by

x1σ
σ· x2σ = x3σ :⇔ x1 · x2 = x3,

where σ ∈ S3 := {ι, ℓ, r, s, sℓ, sr} , ℓ := (13) , r := (23) , s := (12) . It is easy to verify that

σ( τ·
)
=

(
στ·

)
holds for all σ, τ ∈ S3 .

1.2. On parastrophic symmetry of an arbitrary proposition.

The relationships (3) imply that each identity of the signature (· , ℓ· , r· , s· , sℓ· , sr· ) can be written in

the signature (·, ℓ·, r·) . Nevertheless throughout the article, we consider identities on quasigroups of signature

(· , ℓ· , r· , s· , sℓ· , sr· ).
The number of di�erent parastrophes of a quasigroup operation (·) depends from its group of parastrophic

symmetry Ps(·) . Since Ps(·) is a subgroup of the symmetric group S3 , then there are six classes of quasigroups.
In particular, if Ps(·) ⊇ {ι, s} , then a quasigroup is called commutative (middle symmetric); if Ps(·) ⊇ {ι, ℓ} ,
then a quasigroup is called right symmetric; if Ps(·) ⊇ {ι, r} , then a quasigroup is called left symmetric.

Let P be an arbitrary proposition in a class of quasigroups A . The proposition σP is said to be a σ -

parastrophe of P , if for every τ ∈ S3 it can be obtained from P by replacing (
τ·) with (

τσ−1

· ) . Therefore,
σA denotes the class of all σ -parastrophes of quasigroups from A and PsA denotes its group of parastrophic
symmetry.

Theorem 1. [13] Let A be a class of quasigroups, then a proposition P is true in A if and only if σP is
true in σA for all σ ∈ S3 .

Corollary 1. [13] Let P be true in a class of quasigroups A , then σP is true in σA for all σ ∈ Ps(A) .

Corollary 2. [13] Let P be true in a totally symmetric class A , then σP is true in A for all σ ∈ S3 .

Corollary 3. [13] Groups of parastrophic symmetry of parastrophic varieties are conjugate, i.e.,

Ps(σA) = σ(PsA)σ−1.
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It is clear that the following proposition holds.

Proposition 1. If A is a variety of commutative quasigroups, then ℓA and rA are varieties of left symmetric
and right symmetric quasigroups respectively.

Since S.K. Stein [15] showed that all parastrophes of mediality are primarily equivalent to mediality, then
the following theorem is evident.

Theorem 2. The variety of medial quasigroup is totally symmetric.

Let A be a variety of quasigroups, then σA is a σ -parastrophe of A . If Ps(A) = S3 , then a variety is
called totally symmetric; if Ps(A) = {ι, s} , i.e., A = sA , then A is middle symmetric; if Ps(A) = {ι, ℓ} , i.e.,
A = ℓA , then A is right symmetric; if Ps(A) = {ι, r} , i.e., A = rA , then A is left symmetric.

A set of all pairwise parastrophic classes is called a truss [14]. A truss of varieties is uniquely de�ned by
one of its varieties. The number of di�erent varieties being parastrophic to A is 6/|PsA |, that is 1 , 2 , 3 or
6 . A three-element truss is called middle symmetric.

De�nition 1. Transformation of the identity id to the identity σid is called a parastrophic transformation
( σ -parastrophic transformation), if σid can be obtained by replacing the main operation in id with its σ−1 -
parastrophe.

Two identities are called

1. equivalent, if they de�ne the same variety;

2. primarily equivalent, if one of them can be obtained from the other in a �nite number of applications of
primary identities (2) � (3) (primary equivalent identities are equivalent);

3. σ -parastrophic, if one of them can be obtained from the other by σ -parastrophic transformation;

4. σ -parastrophically equivalent, if they de�ne σ -parastrophic varieties;

5. σ -parastrophically primary equivalent, if one of them can be obtained in a �nite number of applications
of primary identities and σ1 -, σ2 -, . . . , σk - parastrophic transformations such that σ1σ2 . . . σk = σ
for some k ∈ N .

In general case, σ will be omitted. For example, two identities are called parastrophically equivalent, if
they are σ -parastrophically equivalent for some σ ∈ S3 .

1.2. On group isotopes.
A groupoid (Q; ·) is called an isotope of a groupoid (Q; +) if and only if there exists a triple of bijections

(δ, ν, γ) , which is called an isotopism, such that the relation x · y := γ(δ−1x + ν−1y) holds. An isotope of a
group is called a group isotope.

De�nition 2. [11] If (Q; ·) is a group isotope and 0 is the neutral element of a group (Q; +) and
α0 = β0 = 0 , then the right part of the formula

x · y = αx+ a+ βy (4)

is called a 0 -canonical decomposition. We will say that 0 de�nes the canonical decomposition, (Q; +) is its
decomposition group, α and β are its left and right coe�cients, a is its free member.

Theorem 3. [11] An arbitrary element of a group isotope uniquely de�nes a canonical decomposition of this
isotope.

Proposition 2. A triple (α, β, γ) of permutations of a set Q is an autotopism of a commutative group (Q,+)
if and only if there exists an automorphism θ of (Q,+) and elements b, c ∈ Q such that

α = c+ θx− b, βx = b+ θx, γx = c+ θx.

The following theorem, which is well-known as Toyoda-Bruck theorem, can be found in [1].
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Theorem 4. [1] A quasigroup (Q; ·) satis�es the medial identity if and only if there exists an Abelian group,
its automorphisms α , β and an element a ∈ Q such that

x · y = αx+ a+ βy, αβ = βα.

It is easy to prove that parastrophes of an isotope of an Abelian group have the following forms

x
ι· y = αx+ a+ βy; x

s· y = βx+ a+ αy;

x
ℓ· y = α−1(x− a− βy); x

sℓ· y = α−1(−βx− a+ y);

x
r· y = β−1(−αx− a+ y); x

sr· y = β−1(x− a− αy).

(5)

The following corollary follows from the classi�cation of isotopes of Abelian groups given by H. Kraini-
chuk [3].

Corollary 4. An isotope (Q; ·) of an Abelian group with its canonical decomposition (4) is left symmetric if
and only if β = −ι and it is right symmetric if and only if α = −ι .

Middle symmetry of the truss
In this section, we characterize the truss of varieties de�ned by the variety of commutative medial quasi-

groups. This result was announced in [18], [19]. Identities de�ning commutative medial quasigroups are found
by M. Polonijo [8], canonical decomposition of these quasigroups is established by A. Krape�z [7].

Proposition 3. [8] The identities

xy · uv = ux · yv, (i1) xy · uv = uy · vx, (i2)
xy · uv = xv · uy, (i3) xy · uv = yu · vx, (i4)
xy · uv = yv · xu, (i5) xy · uv = yv · ux, (i6)
xy · uv = uy · xv, (i7) xy · uv = vx · yu (i8)

(6)

are equivalent and hold for a quasigroup operation (·) if and only if the quasigroup is both commutative and
medial.

Theorem 5. [7] Identities (6) are equivalent to commutative mediality and de�ne the variety of commutative
T -quasigroups, i.e., α = β in canonical decomposition of these quasigroups.

Theorem 6. The truss containing the variety of commutative medial quasigroups is middle symmetric.

Proof. Let C denote the variety being de�ned by (i1) from (6). Then according to Proposition 3., C is
the variety of commutative medial quasigroups. If (Q; ·) is an arbitrary quasigroup from C , then Theorem 5.
implies that

x · y = αx+ a+ αy (7)

is a canonical decomposition of (Q; ·) . Since (Q; ·) is commutative, then (Q;
s·) coincides with (Q; ·) . Therefore,

C = sC and consequently

ℓC = ℓ(sC) = ℓsC = srC, rC = r(sC) = rsC = sℓC.

These equalities imply that the truss of the variety C contains not more than three di�erent elements.
Furthermore, if two of them coincide, then all elements coincide. Indeed, if ℓC = C , then rC = sℓC = s(ℓC) = C .
Therefore, it is enough to show that ℓC ̸= C . For this purpose, we give an example of a quasigroup from C
such that ℓ -parastrophe of this quasigroup does not belong to C .

Let us de�ne the operation (◦) on Z5 , where Z5 is a ring modulo 5 : x ◦ y := 3x + 3y . The equalities
(5) imply

x
ℓ◦ y = 3−1(x− 3y) = 2x− y = 2x+ 4y.

Since 2 ̸= 4 , then by Theorem 5., (Z5;
ℓ◦) does not belong to C . Thus, the variety C de�nes three-element

truss, that is the truss is middle symmetric. 2

Corollary 5. The varieties C , ℓC and rC are middle symmetric, left symmetric and right symmetric respecti-
vely.

Proof. According to Theorem 6., PsC = {ι, s} , then Corollary 3. implies

Ps(ℓC) = ℓ(PsC)ℓ = ℓ{ι, s}ℓ = {ℓιℓ, ℓsℓ} = {ι, r},

Ps(rC) = r(PsC)r = r{ι, s}r = {rιr, rsr} = {ι, ℓ}.
Thus, this corollary holds. 2
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Subvarieties of the variety of medial quasigroups
In this section, we �nd identities de�ning the variety ℓC of left symmetric medial quasigroups and the

variety rC of right symmetric medial quasigroups. Also, canonical decompositions of quasigroups of these
varieties are given.

Proposition 4. The identities

xy · (xu · yv) = uv, (i9) x · (y · (ux · v)) = uy · v, (i10)

(x · (yu ℓ· v)) · u = xy · v, (i11) xy · (xu · (y · uv)) = v, (i12)
xy · (xu · v) = u · yv, (i13) x · (yu · (yx · v)) = uv, (i14)(
x · ((xy · u) · v)

)
· u = yv, (i15) xy ·

(
u · (y · (xu · v))

)
= v (i16)

(8)

are equivalent and de�ne the variety of left symmetric medial quasigroups.

Proof. The variety C is de�ned by (i1) from (6), then according to Theorem 1., ℓC is de�ned by ℓ -
parastrophe of (i1) .

ℓ -parastrophe of (i1) is

(x
ℓ· y) ℓ· (u ℓ· v) = (u

ℓ· x) ℓ· (y ℓ· v).

Replace x with xy and u with uv and use the �rst identity from (2):

x
ℓ· u = (uv

ℓ· xy) ℓ· (y ℓ· v).

Apply the de�nition of the left division on the right:

uv
ℓ· xy = (x

ℓ· u) · (y ℓ· v).

Replace x with xu and y with yv , then by the �rst identity from (2), we have

uv
ℓ· (xu · yv) = xy.

According to the de�nition of the left division on the left, we obtain (i9) from (8), i.e., identities (i1) and (i9)
are ℓ -parastrophically primary equivalent. Since primary equivalent identities are equivalent, then (i9) de�nes
the variety ℓC .

In the same way, one can prove that each of the identities (8) is ℓ -parastrophically primary equivalent to
the corresponding identity from (6).

Thus, every identity from (8) de�ne the same variety ℓC . That is why these identities are equivalent.
The variety C is a subvariety of the variety of commutative quasigroups, then by Proposition 1., ℓC is a

subvariety of the variety of left symmetric quasigroups. The variety of medial quasigroups is totally symmetric
(Theorem 2.). Therefore, ℓC is the variety of left symmetric medial quasigroups as the intersection of varieties
of left symmetric and medial quasigroups. 2

Theorem 7. The variety of all left symmetric medial group isotopes is de�ned by an arbitrary of the identities
(8) as well as by the following condition

x · y = αx+ a− y, (9)

where (Q; +) is an Abelian group, α is its automorphism and a ∈ Q .

Proof. According to Proposition 4., the identities (8) are pairwise equivalent, then it is enough to prove
this theorem for one of them.

Let (Q; ·) be a quasigroup satisfying the identity (i9) from (8). By Proposition 4., (Q; ·) belongs to ℓC ,
i.e., this quasigroup is left symmetric and medial. According to Theorem 4., mediality means that (Q; ·) is an
isotope of an Abelian group (Q; +) and (4) is its canonical decomposition, where α , β are automorphisms of
(Q; +) . Since (Q; ·) is left symmetric, then Corollary 4. implies that β = −ι in its canonical decomposition,
i.e., (9) holds.

Visa versa, let (Q; ·) be an isotope of an Abelian group (Q; +) and (9) be its canonical decomposition.
Then (9) satis�es the identity (i9) . Indeed,

xy · (xu · yv) (9)
= α(αx+ a− y) + a− (α(αx+ a− u) + a− (αy + a− v)).
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Because the group (Q; +) is Abelian and α is its automorphism, then

xy · (xu · yv) = α2x+ αa− αy + a− α2x− αa+ αu− a+ αy + a− v =

= αu+ a− αy − a+ v = αu+ a− (αy + a− v)
(9)
= u · yv.

Thus, theorem has been proved. 2

Proposition 5. The identities

(xy · u) · yv = x · uv, (i17) ((x · yu) · vu) · y = xv, (i18)

x ·
(
(y

r· (x · uv)) · v
)
= yu, (i19) ((xy · u) · yv) · uv = x, (i20)

(x · yu) · vu = xv · y, (i21) ((x · yu) · v) · y = x · vu, (i22)

x · ((y r· xu) · v) = y · uv, (i23)
(
((x · yu) · v) · y

)
· vu = x. (i24)

(10)

are equivalent and de�ne the variety of right symmetric medial quasigroups.

Proof. By Theorem 1., the variety rC is de�ned by r -parastrophe of (i1) from (6).
r -parastrophe of (i1) is the following identity

(x
r· y) r· (u r· v) = (u

r· x) r· (y r· v).

Replace y with xy and v with uv . By the third identity from (2), we have

y
r· v = (u

r· x) r· (xy r· uv).

According to the de�nition of the right division on the right, we receive

xy
r· uv = (u

r· x) · (y r· v).

Replace x with ux and v with yv and apply the third identity from (2):

(ux · y) r· (u · yv) = xv.

Using the right division on the left and relabeling variables by the cycle (xyu) , we obtain (i17) from (10). It
means that (i1) and (i17) are r -parastrophically primary equivalent. Therefore, (i17) de�nes the variety ℓC .

Analogically, one can prove that every identity from (10) de�nes the variety rC and consequently, these
identities are equivalent.

The variety of medial quasigroups is totally symmetric (by Theorem 2.) and Proposition 1. implies that rC
is subvariety of the variety of right symmetric quasigroups. Thus, rC is the variety of right symmetric medial
quasigroups as the intersection of varieties of right symmetric and medial quasigroups. 2

Theorem 8. The variety of all right symmetric medial group isotopes is de�ned by an arbitrary of the identities
(10) as well as by the following condition

x · y = −x+ a+ βy, (11)

where (Q; +) is an Abelian group, β is its automorphism and a ∈ Q .

Proof. According to Proposition 5., the identities (10) are pairwise equivalent, i.e., is enough to prove this
theorem for one of them.

Let (Q; ·) be a quasigroup satisfying the identity (i17) from (10). By Proposition 5., (Q; ·) is a right
symmetric medial quasigroup. In virtue of Theorem 4., this quasigroup is an isotope of an Abelian group (Q; +)
with its canonical decomposition (4), where α , β are automorphisms of (Q; +) . (Q; ·) is right symmetric,
then Corollary 4. implies that α = −ι in (4). It means that (11) holds for an arbitrary quasigroup satisfying
(i17) .

Visa versa, if (Q; ·) is an isotope of an Abelian group (Q; +) with its canonical decomposition (11), then
(11) satis�es the identity (i17) . Indeed,

(xy · u) · yv (11)
= −(−(−x+ a+ βy) + a+ βu) + a+ β(−y + a+ βv).
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Since the group (Q; +) is Abelian and β is its automorphism, then

(xy · u) · yv = −x+ a+ βy − a− βu+ a− βy + βa+ β2v =

= −x+ a− βu+ βa+ β2v = −x+ a+ β(−u+ a+ βv)
(11)
= x · uv.

Thus, theorem has been proved. 2

Results of Theorems 7., 8. were announced by author in [16] and [17].
Conclusions. The truss containing the variety of commutative medial quasigroups is middle symmetric

and it contains also varieties of left symmetric and right symmetric medial quasigroups. Identities de�ning these
varieties are given.

The goal of further research is to �nd all trusses of subvarieties of the variety of medial quasigroups and
to describe relationships among them.
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Ðîçãëÿäà¹òüñÿ ïó÷îê, ÿêèé ìiñòèòü ìíîãîâèä êîìóòàòèâíèõ ìåäiàëüíèõ êâàçiãðóï. Çíàéäåíî òîòî-

æíîñòi âiä ÷îòèðüîõ çìiííèõ, ùî îïèñóþòü ìíîãîâèäè ëiâî ñèìåòðè÷íèõ i ïðàâî ñèìåòðè÷íèõ ìåäiàëüíèõ
êâàçiãðóï. Ïîäàíî êàíîíi÷íi ðîçêëàäè êâàçiãðóï öèõ ìíîãîâèäiâ. Îïèñàíî ïàðàñòðîôíó ñèìåòðiþ ìíîãî-
âèäiâ.
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Ðàññìàòðèâàåòñÿ ïó÷îê, ñîäåðæàùèé ìíîãîîáðàçèå êîììóòàòèâíûõ ìåäèàëüíûõ êâàçèãðóïï. Íàéäå-

íû òîæäåñòâà îò ÷åòûðåõ ïåðåìåííûõ, êîòîðûå îïèñûâàþò ìíîãîîáðàçèÿ ëåâî ñèììåòðè÷åñêèõ è ïðàâî
ñèììåòðè÷åñêèõ ìåäèàëüíûõ êâàçèãðóïï. Äàíû êàíîíè÷åñêèå ðàçëîæåíèÿ êâàçèãðóïï ýòèõ ìíîãîîáðàçèé.
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