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THE TRUSS CONTAINING THE VARIETY OF COMMUTATIVE MEDIAL
QUASIGROUPS

The truss containing the variety of commutative medial quasigroups is under consideration. The identities
in four variables describing the varieties of left symmetric and right symmetric medial quasigroups are found.
Canonical decompositions of quasigroups of these varieties are given. Parastrophic symmetry of varieties is
described.
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Introduction

It is well known that the classes of all commutative, left symmetric and right symmetric quasigroups are
described by the identities

Ty = yx, TYy-y ==z, ToTYy=19 (1)

respectively. These identities are called commutativity, left symmetry and right symmetry. The last two identities
are also called Sade’s left “keys” law and Sade’s right “keys” law [10]. Two arbitrary identities from (1) define the
class of totally symmetric quasigroups. S.K. Stein [15] established parastrophic relationships among identities
(1) and described corresponding varieties, therefore these varieties belong to the same truss. T. Popovych [9]
and G.B. Belyavskaya [2] gave all sets of identities in two variables which are equivalent to each of the identities
(1).

We will restrict our attention to studying of medial quasigroups. Every medial quasigroup, that is a
quasigroup satisfying the identity

TY UV = TU - YU,

is isotopic to some Abelian group, therefore it can be constructed from this Abelian group (it is a well-known
Toyoda-Bruck theorem [1]). S.K. Stein [15] proved that all parastrophes of medial identity are primarily equi-
valent to mediality. It means that the variety of medial quasigroups is totally symmetric. M. Polonijo [8] found
identities which are equivalent to commutative mediality, that is they define the variety of commutative medial
quasigroups. A. Krapez [7] found canonical decomposition of such quasigroups.

F. Sokhatsky [13] described a symmetry concept for parastrophes of quasigroup varieties and their quasi-
groups. The notion of a truss introduced by F. Sokhatsky [14] as a set of all pairwise parastrophic varieties. If
one variety from a truss is investigated, then the symmetry concept allow to formulate a lot of properties for
the rest varieties of this truss without their separate investigation.

H. Krainichuk [3] established that according to symmetry concept, all group isotopes are distributed into
six classes: totally symmetric, semisymmetric, commutative (middle symmetric), left symmetric, right symmetric
and asymmetric. All listed classes form three totally symmetric trusses:

e the truss which is the variety of totally symmetric quasigroups;
e the truss which is the variety of semisymmetric quasigroups;
e the truss of asymmetric quasigroups which is not a variety

and one middle symmetric truss that consists of three parastrophic varieties of commutative, left symmetric
and right symmetric quasigroups.

According to Krainichuk’s classification [3], there are no semisymmetric and asymmetric trusses. But in the
asymmetric class, different types of trusses and varieties could be selected. In particular, semisymmetric truss of
semisymmetric varieties consisting of asymmetric quasigroups was selected in [4], [5] (however “skew symmetry”
instead of “semisymmetry” was used ). It is a solution of the problem formulated by F. Sokhatsky [12].

According to symmetry concept, medial quasigroups being Abelian group isotopes are distributed into six
mentioned above classes. Totally symmetric medial quasigroups have only the type z-y=—x+a—y.
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In [20], the author selected the variety of semisymmetry-like medial quasigroups from the class of
asymmetric quasigroups, where quasigroups have mutually inverse coefficients in their canonical decomposi-
tions. Also, its two subvarieties are selected. Identities in four variables defining these three varieties are found,
corresponding trusses of varieties are described.

The variety of semisymmetric medial quasigroups and corresponding identities are characterized in [6]. In
particular, this variety is semisymmetrically isotopic closure of Abelian group varieties.

The aim of the article is to describe the truss containing the variety of commutative medial quasigroups.
This truss is middle symmetric, that is it consists of three varieties: the variety ¢ of commutative medial
quasigroups, the variety ‘@ of left symmetric medial quasigroups and the variety "€ of right symmetric medial
quasigroups. Therefore, we give series of identities determining varieties of left symmetric medial quasigroups
(Proposition 4.) and right symmetric medial quasigroups (Proposition 5.). Canonical decompositions of quasi-
groups of these varieties are established (Theorem 7., 8.). The truss of varieties of commutative, left symmetric
and right symmetric medial quasigroups is characterized (Theorem 6.).

Preliminaries

An algebra with three operations (Q;-, (f, T) is a quasigroup [1], if the identities
@y y=v (@ y)y=z z'@y=y, v (2 y) =y (2)
hold, where (Z) and (%) are left and right divisions of (-). They are defined by:
x-yzz@xfz:y@zgy:x.

¢
Both inverse operations are also quasigroups. The operations (-), (-), (*) and their dual, which are defined by

s st 4 sr r
Toyi=yor, T-yi=y-r, T-y=y-a, (3)
are called parastrophes of (-) . The defining identities (2) and (3) are called primary. An arbitrary o -parastrophe
of (-) can be defined by
Tio H T20 = X30 & X1 T2 = T3,

where o € S35 :={¢,0,r,s,sl,sr}, £:=(13), r:=(23), s:= (12). It is easy to verify that

(7)=(7)
holds for all o,7 € S3.

1.2. On parastrophic symmetry of an arbitrary proposition.
r s st

¢
The relationships (3) imply that each identity of the signature (-, -, -, ©, ™, S~T) can be written in

the signature (-, -, Ij) . Nevertheless throughout the article, we consider identities on quasigroups of signature
£ r s st sr

(5, 50 T,
The number of different parastrophes of a quasigroup operation (-) depends from its group of parastrophic
symmetry Ps(-). Since Ps(+) is a subgroup of the symmetric group Ss, then there are six classes of quasigroups.
In particular, if Ps(-) D {¢, s}, then a quasigroup is called commutative (middle symmetric); if Ps(-) D {¢, ¢},
then a quasigroup is called right symmetric; if Ps(-) 2 {¢,r}, then a quasigroup is called left symmetric.
Let P be an arbitrary proposition in a class of quasigroups 2. The proposition °P is said to be a o -

—1
parastrophe of P, if for every 7 € S3 it can be obtained from P by replacing (‘) with (- ). Therefore,
72 denotes the class of all ¢ -parastrophes of quasigroups from 2 and Ps2l denotes its group of parastrophic
symmetry.

Theorem 1. [13] Let 2 be a class of quasigroups, then a proposition P is true in A if and only if P is
true in “A for all 0 € S5 .

Corollary 1. [15] Let P be true in a class of quasigroups 21, then °P s true in A for all o € Ps().
Corollary 2. [13] Let P be true in a totally symmetric class 2, then °P is true in 2 for all o € Ss3.
Corollary 3. [13] Groups of parastrophic symmetry of parastrophic varieties are conjugate, i.e.,

Ps(72l) = o(PsA)o .
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It is clear that the following proposition holds.

Proposition 1. If A is a variety of commutative quasigroups, then ‘A and ™A are varieties of left symmetric
and right symmetric quasigroups respectively.

Since S.K. Stein [15] showed that all parastrophes of mediality are primarily equivalent to mediality, then
the following theorem is evident.

Theorem 2. The variety of medial quasigroup is totally symmetric.

Let 2 be a variety of quasigroups, then 2 is a o -parastrophe of 2. If Ps(2l) = Ss, then a variety is
called totally symmetric; if Ps(A) = {¢, s}, i.e., A =75A, then A is middle symmetric; if Ps(A) = {, ¢}, i.e.,
2 =A, then A is right symmetric; if Ps(A) = {1, 7}, ie., A="A, then A is left symmetric.

A set of all pairwise parastrophic classes is called a truss [14]. A truss of varieties is uniquely defined by
one of its varieties. The number of different varieties being parastrophic to 2 is 6/|Ps?|, that is 1, 2, 3 or
6. A three-element truss is called middle symmetric.

Definition 1. Transformation of the identity 10 to the identity °i0 is called a parastrophic transformation

( o -parastrophic transformation), if id can be obtained by replacing the main operation in id with its o~ ! -

parastrophe.
Two identities are called
1. equivalent, if they define the same variety;

2. primarily equivalent, if one of them can be obtained from the other in a finite number of applications of
primary identities (2) — (3) (primary equivalent identities are equivalent);

3. o -parastrophic, if one of them can be obtained from the other by o -parastrophic transformation;

4. o -parastrophically equivalent, if they define o -parastrophic varieties;

5. o -parastrophically primary equivalent, if one of them can be obtained in a finite number of applications
of primary identities and o1 -, 02 -, ..., o) - parastrophic transformations such that oi02...0, =0

for some k € N.

In general case, o will be omitted. For example, two identities are called parastrophically equivalent, if
they are o -parastrophically equivalent for some o € S5 .

1.2. On group isotopes.

A groupoid (Q;-) is called an isotope of a groupoid (Q;+) if and only if there exists a triple of bijections
(0,v,7) , which is called an isotopism, such that the relation z -y := v(6~!'x + v~'y) holds. An isotope of a
group is called a group isotope.

Definition 2. [11] If (Q;-) is a group isotope and 0 is the neutral element of a group (Q;+) and
a0 = 50 =0, then the right part of the formula

r-y=ar+a+ Py (4)

is called a 0 -canonical decomposition. We will say that 0 defines the canonical decomposition, (Q;+) is its
decomposition group, o and B are its left and right coefficients, a is its free member.

Theorem 3. [11] An arbitrary element of a group isotope uniquely defines a canonical decomposition of this
1s0tope.

Proposition 2. A triple (o, 8,7) of permutations of a set Q is an autotopism of a commutative group (Q,+)
if and only if there exists an automorphism 0 of (Q,+) and elements b,c € Q such that

a=c+0x—b, PBxr=b+0xr, ~yr=c+ 0.

The following theorem, which is well-known as Toyoda-Bruck theorem, can be found in [1].
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Theorem 4. [1] A quasigroup (Q;-) satisfies the medial identity if and only if there exists an Abelian group,
its automorphisms o, B and an element a € QQ such that
Ty =ar+a+ Py, af = Ba.

It is easy to prove that parastrophes of an isotope of an Abelian group have the following forms

z{/yzax—ka—&—ﬁy; x‘?yzﬁx—&—a—kay;
viy=a"l(z—a—By); e " y=a"' Bz —a+y); ()
2Ty=f oz —a+ty); o7 y=p(r—a—ay).
The following corollary follows from the classification of isotopes of Abelian groups given by H. Kraini-
chuk [3].
Corollary 4. An isotope (Q;-) of an Abelian group with its canonical decomposition (4) is left symmetric if

and only if 8= —u and it is right symmetric if and only if a = —t¢.

Middle symmetry of the truss

In this section, we characterize the truss of varieties defined by the variety of commutative medial quasi-
groups. This result was announced in [18], [19]. Identities defining commutative medial quasigroups are found
by M. Polonijo [8], canonical decomposition of these quasigroups is established by A. Krapez [7].

Proposition 3. [§] The identities

xy - uwv = ux - yv, (i) 2y - uv = uy - vx, (iz)
xy-uw = zv-uy, (iz) xy - uv = yu - vx, (ig) (6)
xy - uww = yv-zu, (i) xy - uv =yv - ux, (ig)
zy - uww = uy - xv, (i7) xy-uv =vx-yu (is)
(

are equivalent and hold for a quasigroup operation (-) if and only if the quasigroup is both commutative and

medial.

Theorem 5. [7] Identities (6) are equivalent to commutative mediality and define the variety of commutative
T -quasigroups, i.e., a = 1in canonical decomposition of these quasigroups.

Theorem 6. The truss containing the variety of commutative medial quasigroups is middle symmetric.
Proof. Let € denote the variety being defined by (i1) from (6). Then according to Proposition 3., € is
the variety of commutative medial quasigroups. If (Q;-) is an arbitrary quasigroup from €, then Theorem 5.

implies that
r-y=ar+a+ay (7

is a canonical decomposition of (Q;-) . Since (Q;-) is commutative, then (Q;°) coincides with (Q;-) . Therefore,
¢ =°C and consequently

ZQ::Z(SQ) :ZSQ::er; TQ::r(th) :rsQ::sZQ:.

These equalities imply that the truss of the variety € contains not more than three different elements.
Furthermore, if two of them coincide, then all elements coincide. Indeed, if ‘¢ = &, then "¢ = *‘¢ = *(‘¢) = ¢.
Therefore, it is enough to show that ‘¢ # €. For this purpose, we give an example of a quasigroup from €
such that ¢-parastrophe of this quasigroup does not belong to €.

Let us define the operation (o) on Zj, where Zs is a ring modulo 5: x oy := 3z + 3y . The equalities

(5) imply
roy=3"Yx—3y) =20 —y=2x+4y.

Since 2 # 4, then by Theorem 5., (Z5;£) does not belong to €. Thus, the variety € defines three-element
truss, that is the truss is middle symmetric. a

Corollary 5. The varieties €, ‘€ and "C are middle symmetric, left symmetric and right symmetric respecti-
vely.

Proof. According to Theorem 6., Ps€ = {¢, s}, then Corollary 3. implies
Ps(‘®) = ¢(Ps€)l = {1, s} = {00, Lsl} = {1, 7},
Ps("€) = r(Ps®)r = r{¢, s}r = {rur,rsr} = {1, {}.
Thus, this corollary holds. O
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Subvarieties of the variety of medial quasigroups

In this section, we find identities defining the variety ‘@ of left symmetric medial quasigroups and the
variety "€ of right symmetric medial quasigroups. Also, canonical decompositions of quasigroups of these
varieties are given.

Proposition 4. The identities

xy - (acuz yv) = uw, (i9) x-(y-(ux-v))=uy-v, (i)
(z-(yu-v) - u=zy-v, (i11) zy - (zu- (y - wv)) = v, (i12) ®)
xy - (2u-v) =u-yv, (i13) x - (yu- (yx-v)) = uv, (i14)
(- ((zy-u)-v)) - u=yv, (i15) zy-(u-(y-(zu-v))) =v (i16)

are equivalent and define the variety of left symmetric medial quasigroups.

Proof. The variety € is defined by (i;) from (6), then according to Theorem 1., ‘€ is defined by /-
parastrophe of (1) .
¢ -parastrophe of (i1) is

@'y wi)=(u'a)(y o).

Replace x with zy and w with wv and use the first identity from (2):

xéu:(uvgxy)?(ygv).

Apply the definition of the left division on the right:

m)?zy: (z/u)(y/v)
Replace = with zu and y with yv, then by the first identity from (2), we have

w - (zu - yv) = zy.

According to the definition of the left division on the left, we obtain (ig) from (8), i.e., identities (1) and (ig)
are {-parastrophically primary equivalent. Since primary equivalent identities are equivalent, then (ig) defines
the variety ‘C.

In the same way, one can prove that each of the identities (8) is ¢ -parastrophically primary equivalent to
the corresponding identity from (6).

Thus, every identity from (8) define the same variety ‘€. That is why these identities are equivalent.

The variety € is a subvariety of the variety of commutative quasigroups, then by Proposition 1., ‘¢ is a
subvariety of the variety of left symmetric quasigroups. The variety of medial quasigroups is totally symmetric
(Theorem 2.). Therefore, ‘€ is the variety of left symmetric medial quasigroups as the intersection of varieties
of left symmetric and medial quasigroups. a

Theorem 7. The variety of all left symmelric medial group isotopes is defined by an arbitrary of the identities
(8) as well as by the following condition
voy=oaz+a—y, (9)

where (Q;+) is an Abelian group, « is its automorphism and a € Q .

Proof.  According to Proposition 4., the identities (8) are pairwise equivalent, then it is enough to prove
this theorem for one of them.

Let (Q;-) be a quasigroup satisfying the identity (i9) from (8). By Proposition 4., (Q;-) belongs to ‘€,
i.e., this quasigroup is left symmetric and medial. According to Theorem 4., mediality means that (Q;-) is an
isotope of an Abelian group (Q;+) and (4) is its canonical decomposition, where «, § are automorphisms of
(Q;+) . Since (Q;-) is left symmetric, then Corollary 4. implies that 8 = —¢ in its canonical decomposition,
i.e., (9) holds.

Visa versa, let (Q;-) be an isotope of an Abelian group (Q;+) and (9) be its canonical decomposition.
Then (9) satisfies the identity (ig) . Indeed,

xy~(xu-yv)@oz(oz$+afy)+a—(a(ax+a—u)+a7(ay+afv)).
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Because the group (Q;+) is Abelian and « is its automorphism, then

zy - (zu-yv) = o’z + aa — ay + a — o?

r—oaa+aoau—a+aoy+a—v=
:au+a—ay—a+v:au+a—(ay+a—v)@u-yv.
Thus, theorem has been proved. a

Proposition 5. The identities

—~

TY - u) - Yv = T - UL,

(i17)
(v " (x-wv)) - 0) = yu, (i)
: (i21)
(i23)

T yu) - vu = v -y,
.
((y

S xu) - v) =y - uv,
are equivalent and define the variety of right symmetric medial quasigroups.

—~ 8

8

Proof. By Theorem 1., the variety "€ is defined by r-parastrophe of (i1) from (6).
r -parastrophe of (i1) is the following identity

@ )" () = (" 2)" (s 0),
Replace y with zy and v with wv. By the third identity from (2), we have
y v=(u"z)" (zy" uw).
According to the definition of the right division on the right, we receive
zy uww=(u"z) (y"v).
Replace x with uz and v with yv and apply the third identity from (2):
(uz-y) - (u-yv) = zv.

Using the right division on the left and relabeling variables by the cycle (zyu), we obtain (i17) from (10). It
means that (i;) and (i17) are r-parastrophically primary equivalent. Therefore, (i;7) defines the variety ‘€.
Analogically, one can prove that every identity from (10) defines the variety "€ and consequently, these
identities are equivalent.
The variety of medial quasigroups is totally symmetric (by Theorem 2.) and Proposition 1. implies that "¢
is subvariety of the variety of right symmetric quasigroups. Thus, "€ is the variety of right symmetric medial
quasigroups as the intersection of varieties of right symmetric and medial quasigroups. a

Theorem 8. The variety of all right symmetric medial group isotopes is defined by an arbitrary of the identities
(10) as well as by the following condition

z-y=—x+a+ Py, (11)
where (Q;+) is an Abelian group, B is its automorphism and a € Q .

Proof. According to Proposition 5., the identities (10) are pairwise equivalent, i.e., is enough to prove this
theorem for one of them.

Let (Q;-) be a quasigroup satisfying the identity (i;7) from (10). By Proposition 5., (Q;-) is a right
symmetric medial quasigroup. In virtue of Theorem 4., this quasigroup is an isotope of an Abelian group (Q;+)
with its canonical decomposition (4), where a, 8 are automorphisms of (Q;+). (Q;-) is right symmetric,
then Corollary 4. implies that @ = —¢ in (4). It means that (11) holds for an arbitrary quasigroup satisfying
(i17) -

Visa versa, if (Q;-) is an isotope of an Abelian group (Q;+) with its canonical decomposition (11), then
(11) satisfies the identity (i17). Indeed,

(zy-u)-yo 2 —(~(—w+a+ By) +a+ fu) +a+ Bl—y+a+ Bv).
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Since the group (Q;+) is Abelian and § is its automorphism, then

(vy-u)-yv=—x+a+pPy—a—Pu+a—Py+ Pa+ B?v=

=-x+a—Pu+Ba+p*=—z+a+ B(—u+a+pv) W .

Thus, theorem has been proved. g

Results of Theorems 7., 8. were announced by author in [16] and [17].

Conclusions. The truss containing the variety of commutative medial quasigroups is middle symmetric
and it contains also varieties of left symmetric and right symmetric medial quasigroups. Identities defining these
varieties are given.

The goal of further research is to find all trusses of subvarieties of the variety of medial quasigroups and
to describe relationships among them.
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IMYY0K, SKNI MICTUTh MHOTOBIJI KOMYTATUBHIUX MEIIAJIbHUX
KBAIITPVYII

Tapkoscbka 0.0

PE3IOME

Posrnsgaerscss mydok, kWil MICTUTb MHOTOBHJ, KOMYTATHBHUX MEIIAJBHUX KBAa3irpym. 3HAHIEHO TOTO-
2KHOCTI BiJT YOTUPBOX 3MIHHUX, 110 OMUCYIOTh MHOTOBU/IY JIIBO CUMETPUYHUX i TPABO CUMETPUYHUX MeTiaTbHUX
kBasirpyn. [lomano kanonivHi po3kIaaM KBa3irpym 1ux MHOTOBHIB. Onucano napacrpodHy CHMETPiro MHOTO-
BH/IiB.

Kaowo06i crosa: epyna, £6a3izpyna, momontcHicms, MH02068U0, NaApacmpod, i30mon, Mediasvrutl, KoMmy-
MAMUSHUT, A160-CUMEMPUYHUT, NPABO-CUMEMPULHUT.

IIYYO0K, COAEP2KAIINIT MHOTOOBPA3SUE KOMMYTATUBHBIX MEINAJIbBHBIX
KBA3UI'PVYIIII

TapkoBcka E.A.

PE3IOME

Paccmarpupaerca myvok, comepRaiiuii MHOrooOpasme KOMMYTATUBHBIX MeIHAJbHBIX KBaszurpytm. Haiige-
HBI TOXKJECTBA, OT YEeThIPEX MMEPEMEHHBIX, KOTOPhIE OIMUCHIBAIOT MHOTOOODPA3US JIEBO CUMMETPUYIECKUX W ITPABO
CHMMETPUYECKIX MeIUATbHBIX KBA3UTPYTII. JaHbl KAHOHUYECKHE PAIOKEHNA KBAZUTPYIII ITUX MHOTO0Opa3nii.
Onucano mapacTpodHyO CHMMETPHIO MHOTOOOpa3uil.

Karoueenie caosa: epynna, K6a3uzpynna, mosciecmeso, mnozoobpasue, napacmpod, uzomon, meduaivroil,
KOMMYMAMUEHDLT, AE60 CUMMEMPUMECKUT, NP0 CUMMEMPULECKUT.
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