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Ðàññìîòðåíà çàäà÷à ïîñòðîåíèÿ ôóíêöèè Ëÿïóíîâà â ñëó÷àå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ÷à-
ñòè ïåðåìåíûõ. Â êà÷åñòâå ïðèìåðà ðàñìîòðåí ìàÿòíèê ïåðåìåííîé äëèíû ñ ïðèñîåäèíåííûì ê íåìó
äèíàìè÷åñêèì àáñîðáåðîì. Ïîêàçàíî, ÷òî â äàííîì ñëó÷àå èìååò ìåñòî ðàâíîìåðíàÿ àñèìïòîòè÷åñêàÿ
óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ.

Êëþ÷åâûå ñëîâà: óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ, ôóíêöèÿ Ëÿïóíîâà, ìàÿòíèê ïåðåìåí-
íîé äëèíû.

Ââåäåíèå
Çàäà÷è óñòîé÷èâîñòè è ñòàáèëèçàöèè äèíàìè÷åñêèõ ñèñòåì íå ïî âñåì, à ëèøü ïî îòíîøåíèþ ê

íåêîòîðîé ÷àñòè ïåðåìåííûõ åñòåñòâåííûì îáðàçîì âîçíèêàþò â ïðèëîæåíèÿõ, êàê èç òðåáîâàíèÿ íîð-
ìàëüíîãî ôóíêöèîíèðîâàíèÿ, òàê è ïðè îöåíêå âîçìîæíîñòåé ñèñòåìû. Áëàãîäàðÿ áîëüøîé ìàòåìàòè-
÷åñêîé îáùíîñòè ïîñòàíîâêè óêàçàííûå çàäà÷è ÿâëÿþòñÿ ìåæäèñöèïëèíàðíûìè è åñòåñòâåííûì îáðàçîì
âîçíèêàþò ïðè ìîäåëèðîâàíèè ìíîãèõ ÿâëåíèé è óïðàâëÿåìûõ ïðîöåññîâ â ñàìûõ ðàçíûõ ðàçäåëàõ íàóêè:
ìåõàíèêå, ôèçèêå, ýêîíîìèêå, áèîëîãèè, è äðóãèõ.

Âïåðâûå çàäà÷ó îá óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ ïîñòàâèë
À. Ì. Ëÿïóíîâ, ïîñêîëüêó òàêàÿ çàäà÷à ÿâëÿåòñÿ áîëåå îáùåé, è ïîçâîëÿåò ðàññìàòðèâàòü óñòîé÷èâîñòü
áîëåå ñëîæíûõ ñèñòåì. Îäíàêî, ñàì Ëÿïóíîâ åå íå ðàññìàòðèâàë. Ïåðâûå îáùèå òåîðåìû ñôîðìóëèðîâàë
È. Ã. Ìàëêèí â 1937 ãîäó.

Îáåñïå÷èòü óñòîé÷èâîñòü ïî ÷àñòè ïåðåìåííûõ ïðîùå, ÷åì ïî âñåì ïåðåìåííûì, è ïîýòîìó â òåîðèè
àâòîìàòè÷åñêîãî óïðàâëåíèÿ äàæå âûäåëèëîñü îòäåëüíîå íàó÷íîå íàïðàâëåíèå, ïîñâÿùåííîå èññëåäîâà-
íèþ è îáåñïå÷åíèþ óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ. Ñðåäè ìíîãî÷èñëåííûõ ïóáëèêàöèé ïî ýòîìó
íàïðàâëåíèþ îòìåòèì êíèãè Â.È. Çóáîâà [1], Í.Í. Êðàñîâñêîãî [2], Â.È. Âîðîòíèêîâà [3], À.ß. Ñàâ÷åíêî
è À.Î. Èãíàòüåâà [4].

Â äàííîì âîïðîñå áîëüøèõ ðåçóëüòàòîâ äîáèëñÿ Â. Â. Ðóìÿíöåâ [5, 6]. Îí äîêàçàë îñíîâíûå îáùèå
òåîðåìû, à ðåçóëüòàòû áûëè ïðèìåíåíû äëÿ èçó÷åíèÿ óñòîé÷èâîñòè êîñìè÷åñêèõ àïïàðàòîâ, ïðîâåäåíî
ñèñòåìàòè÷åñêîå èññëåäîâàíèå âîïðîñà.

Âåäóùèì ìåòîäîì èññëåäîâàíèÿ ïîäîáíûõ çàäà÷ ÿâëÿåòñÿ ìåòîä ôóíêöèé Ëÿïóíîâà, îêàçàâøèéñÿ
âåñüìà ýôôåêòèâíûì ïðè àíàëèçå êàê òåîðåòè÷åñêèõ, òàê è ïðèêëàäíûõ ïðîáëåì. Îäíàêî, õîòÿ âî ìíîãèõ
âàæíûõ ïðèêëàäíûõ çàäà÷àõ ìåòîä ôóíêöèé Ëÿïóíîâà è ïîçâîëÿåò ïîëó÷èòü ñòðîãèå óñëîâèÿ óñòîé÷èâî-
ñòè ïî ÷àñòè ïåðåìåííûõ, òåì íå ìåíåå, â öåëîì âîïðîñû êîíñòðóêòèâíîãî ïîñòðîåíèÿ ôóíêöèé Ëÿïóíîâà
îñòàþòñÿ ìàëîèçó÷åííûìè. Â òàêîé ñèòóàöèè çíà÷èòåëüíûé èíòåðåñ ïðåäñòàâëÿåò êàê äàëüíåéøåå ðàçâè-
òèå ìåòîäà â ïëàíå îñëàáëåíèÿ òðåáîâàíèé ê ôóíêöèÿì Ëÿïóíîâà è óêàçàíèÿ êîíñòðóêòèâíûõ ïóòåé èõ
ïîñòðîåíèÿ, òàê è ðàçâèòèå äðóãèõ ïîäõîäîâ ê çàäà÷àì óñòîé÷èâîñòè ïî îòíîøåíèþ ê ÷àñòè ïåðåìåííûõ.

Òåîðåòè÷åñêàÿ ÷àñòü
Ðàññìîòðèì ìåõàíè÷åñêóþ ñèñòåìó, óðàâíåíèÿ äâèæåíèÿ êîòîðîé îïèñûâàþòñÿ ñëåäóþùåé ñèñòå-

ìîé ÎÄÓ
ẋ = X(t,x,y), ẏ = Y (t,x,y), (1)

ãäå X,Y � íåïðåðûâíûå ôóíêöèè òàêèå, ÷òî X : I × Ω × Rm → Rn, Y : I × Ω × Rm → Rm,
ãäå I = [0;+∞), à Ω � îáëàñòü â Rn , ñîäåðæàùàÿ íà÷àëî êîîðäèíàò. Ïðåäïîëàãàåòñÿ, ÷òî
X(t, 0, 0) ≡ 0, Y (t, 0, 0) ≡ 0 äëÿ âñåõ t ∈ I è, êðîìå òîãî, ôóíêöèè X(t,x,y), Y (t,x,y) íåïðåðûâíû
â îáëàñòè I ×Ω×Rm , óäîâëåòâîðÿþò óñëîâèÿì, îáåñïå÷èâàþùèì åäèíñòâåííîñòü ðåøåíèÿ ñèñòåìû ÄÓ
(1).
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Ïðèâåäåì íåêîòîðûå îïðåäåëåíèÿ [4] è òåîðåìó [5], íåîáõîäèìûå äëÿ äàëüíåéøåãî.

Îçíà÷åííÿ 1. Ôóíêöèÿ V (t,x,y) : I×Ω×Rm → R äîïóñêàåò áåñêîíå÷íî ìàëûé âûñøèé ïðåäåë îòíî-
ñèòåëüíî x , åñëè äëÿ íåêîòîðîé ôóíêöèè b ∈ K âûïîëíÿåòñÿ íåðàâåíñòâî |V (t,x,y)| 6 b(||x||). Çäåñü
K � êëàññ ôóíêöèé Õàíà, || · || � åâêëèäîâà íîðìà: ||x|| =

√
x2
1 + . . .+ x2

n, ||y|| =

=
√
y21 + . . .+ y2m .

Îçíà÷åííÿ 2. Ðåøåíèå z = 0 ñèñòåìû (1) ðàâíîìåðíî óñòîé÷èâî ïî îòíîøåíèþ ê x , åñëè äëÿ çà-
äàííîãî ε > 0 íàéäåòñÿ δ = δ(ε) , òàêîå, ÷òî ||x(t, t0, z0)|| < ε äëÿ ëþáûõ t0,z0, t , óäîâëåòâîðÿþùèõ
óñëîâèÿì t0 ∈ I, ||z0|| < δ è t > t0 .

Îçíà÷åííÿ 3. Ðåøåíèå z = 0 ñèñòåìû (1) ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî ïî îòíîøåíèþ
ê x (ðàâíîìåðíî x -óñòîé÷èâî) è îáëàñòü Gδ ⊂ Rn+m ëåæèò â îáëàñòè x -ïðèòÿæåíèÿ, åñëè îíî
ðàâíîìåðíî óñòîé÷èâî ïî îòíîøåíèþ ê x , è âûïîëíÿþòñÿ óñëîâèÿ

x(t, t0, z0) ∈ Γ, t > t0, lim
t→∞

||x(t, t0,z0)|| = 0, (2)

ïðè÷åì ñîîòíîøåíèå (2) âûïîëíÿåòñÿ ðàâíîìåðíî ïî t0, z0 èç îáëàñòè t0 ∈ I, z0 ∈ Gδ , ò.å. äëÿ ëþáîãî
η > 0 íàéäåòñÿ T (η) > 0 , òàêîå, ÷òî èç t0 ∈ I, z0 ∈ Gδ ñëåäóåò ||x(t, t0, z0)|| < η äëÿ âñåõ t > t0 + T .
Çäåñü Γ � íåêîòîðàÿ îïðåäåëåííàÿ íàïåðåä çàäàííàÿ îáëàñòü, ëåæàùàÿ â îáëàñòè Ω .

Òåîðåìà 1. Åñëè äëÿ ÄÓ âîçìóùåííîãî äâèæåíèÿ (1) â îáëàñòè I × Γ × Rm ìîæíî ïîäîáðàòü
îïðåäåëåííî-ïîëîæèòåëüíóþ îòíîñèòåëüíî x ôóíêöèþ V (t, z) , äîïóñêàþùóþ áåñêîíå÷íî ìàëûé
âûñøèé ïðåäåë îòíîñèòåëüíî x è èìåþùóþ îïðåäåëåííî-îòðèöàòåëüíóþ îòíîñèòåëüíî x ïðîèçâî-
äíóþ dV/dt , òî ñóùåñòâóåò îáëàñòü Ωδ, (0 ∈ Ωδ ∈ Γ) , òàêàÿ, ÷òî íåâîçìóùåííîå äâèæåíèå
x = 0,y = 0 ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî îòíîñèòåëüíî x è îáëàñòü Ωδ × Rm ëåæèò
â îáëàñòè x -ïðèòÿæåíèÿ.

Ïîñòðîåíèå ôóíêöèè Ëÿïóíîâà äëÿ óñòîé÷èâîé êîìïîíåíòû
Äëÿ äåìîíñòðàöèè âû÷èñëèòåëüíîé ïðîöåäóðû îïèøåì ñëó÷àé x ∈ R4.
Ðàññìîòðèì ìåõàíè÷åñêóþ ñèñòåìó, óðàâíåíèÿ äâèæåíèÿ êîòîðîé îïèñûâàþòñÿ ñèñòåìîé ÎÄÓ âòî-

ðîãî ïîðÿäêà
Aẍ+Bẋ+Cx = 0, (3),

ãäå x ∈ R2, ìàòðèöû A, C � ñèììåòðè÷åñêèå è çíàêîîïðåäåëåííûå, detB > 0.
Äîìíîæèì ñëåâà óðàâíåíèå (3) íà îáðàòíóþ ìàòðèöó ê A . Òîãäà óðàâíåíèå (3) ïåðåïèøåòñÿ ñëå-

äóþùèì îáðàçîì
ẍ+ B̃ẋ+ C̃x = 0, (4),

ãäå B̃ = A−1B, C̃ = A−1C � ïîëîæèòåëüíî îïðåäåëåííûå íåäèàãîíàëüíûå (â îáùåì ñëó÷àå) ìàòðèöû,
êîòîðûå èìåþò âèä

B̃ =

(
b11 0
b12 0

)
, C̃ =

(
c11 c12
c12 c22

)
.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû (4) èìååò âèä

λ4 + b11λ
3 + (c11 + c22)λ

2 + (b11c22 − b21c12)λ+ c11c22 − c212 = 0. (5)

Ñëó÷àé ðàçëè÷íûõ êîðíåé
Áóäåì ïðåäïîëîãàòü, ÷òî óðàâíåíèå (5), èìååò ÷åòûðå êîìïëåêñíûõ êîðíÿ λ1 = σ1 + iω1, λ2 = λ1,

λ3 = σ2 + iω2, λ4 = λ3, σ1,2 < 0 . ×åðòà ñâåðõó îáîçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå. Ðàññìîòðèì çàäà÷ó
óñòîé÷èâîñòè ðåøåíèÿ ñèñòåìû (4).

Ïðèâåäåì ñèñòåìó âòîðîãî ïîðÿäêà, êîòîðàÿ îïèñûâàåòñÿ ÄÓ (4), ê êàíîíè÷åñêîìó âèäó. Äëÿ ýòîãî
ââåäåì çàìåíó

y = S1x+ S2ẋ, (6)

ãäå S1,S2 � èñêîìûå ìàòðèöû ïðåîáðàçîâàíèÿ. Òîãäà ñèñòåìà (2) ïåðåïèøåòñÿ â âèäå

ÿ + P ẏ +Qy = 0, (7)

ãäå

P =

(
2σ1 0
0 2σ2

)
, Q =

(
σ2
1 + ω2

1 0
0 σ2

2 + ω2
2

)
.
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Íàéäåì âûðàæåíèÿ äëÿ ýëåìåíòîâ ìàòðèö S1,S2 .

S1 =

(
s111 s112
s121 s122

)
, S2 =

(
s211 s212
s221 s222

)
.

Äëÿ ýòîãî ïîäñòàâèì çàìåíó (6) â (7). Ó÷èòûâàÿ, ÷òî

ẏ = S1ẋ+ S2ẍ, ÿ = S1ẍ+ S2x
(3),x(3) = −Bẍ−Cẋ,

ïîëó÷èì
(S1 − S2B + PS2)ẍ+ (PS1 − S2C +QS2)ẋ+QS1x = 0. (8)

Ïðèðàâíÿåì ìàòðèöû êîýôôèöèåíòîâ èç (4) è (8), ïðåäâàðèòåëüíî äîìíîæèâ (4) ñëåâà íà
S1 − S2B + PS2 . Ó÷èòûâàÿ ñâÿçü ìåæäó êîðíÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ è êîýôôèöèåíòàìè
ñàìîé ñèñòåìû, ïîëó÷àåì ñëåäóþùèå âûðàæåíèÿ äëÿ ýëåìåíòîâ ìàòðèö ïðåîáðàçîâàíèÿ

s112 =
s111c12
c11

, s121 = −s221(ω
2
1 + σ2

1 − c11)

2σ2
, s122 =

s221c12
2σ2

,

s211 =
s111(ω

2
2 + 4σ2

1 + 4σ1σ2 + σ2
2 − c11)

2c11σ1
, s212 = − s111c12

2c11σ1
, s222 = 0,

ãäå s111, s
2
21 � íåíóëåâûå ïîñòîÿííûå.

Ïîñêîëüêó äëÿ (7) èìåþò ìåñòî íîðìàëüíûå êîîðäèíàòû, òî ñèñòåìà ðàñïàäàåòñÿ íà äâà íåçàâèñè-

ìûõ ÄÓ âòîðîãî ïîðÿäêà. Âûïîëíèì ïåðåõîä ê êîìïëåêñíûì ïåðåìåííûì ïóòåì ââîäà çàìåíû y = S̃z ,
ãäå S̃ � ìàòðèöà ïåðåõîäà. Ïåðåïèøåì (7) â âèäå ñèñòåìû ÄÓ ïåðâîãî ïîðÿäêà

ẏ1 = y2, ẏ2 = −(σ2
1 + ω2

1)y1 − 2σ1y2, ẏ3 = y4, ẏ4 = −(σ2
2 + ω2

2)y3 − 2σ2y4. (9)

Íå òðóäíî âèäåòü, ÷òî äëÿ ïåðâîé è ïîñëåäíåé ïàð óðàâíåíèé ìàòðèöû ïåðåõîäà ê êîìïëåêñíûì ïåðåìåí-
íûì ïðèìóò ñëåäóþùèé âèä

S̃1 =

(
1 1

λ1 λ1

)
, S̃2 =

(
1 1

λ2 λ2

)
ñîîòâåòñòâåííî.

Äëÿ êîìïëåêñíûõ ïåðåìåííûõ îáùåèçâåñòíûé ôàêò çàêëþ÷àåòñÿ â òîì, ÷òî ôóíêöèþ Ëÿïóíîâà äëÿ
ñèñòåìû ìîæíî áðàòü â âèäå V =

∑
j αjzjzj , ãäå αj � ïðîèçâîëüíûå íåíóëåâûå ìíîæèòåëè [4]. Ôóí-

öêèÿ, âçÿòàÿ òàêèì îáðàçîì, áóäåò çíàêîîïðåäåëåííîé, à åå ïðîèçâîäíàÿ â ñèëó ëèíåéíîé ÷àñòè ñèñòåìû
óðàâíåíèé äâèæåíèÿ áóäåò èìåòü ïðîòèâîïîëîæíûé çíàê. Â íàøåì ñëó÷àå

V = α1z1z1 + α2z2z2. (10)

Ïîëîæèì α1 = −(λ1 − λ1)
2, α2 = −(λ2 − λ2)

2.
Âåðíåìñÿ ê âåùåñòâåííûì ïåðåìåííûì y = (y1, y2, y3, y4)

T , ãäå âåðõíèé èíäåêñ T îáîçíà÷àåò

òðàíñïîíèðîâàíèå. Äëÿ ýòîãî âûïîëíèì îáðàòíóþ çàìåíó z = S̃
−1

y , ãäå S̃ = diag(S̃1, S̃2), z = (z1, z1, z2, z2)
T .

Ôóíêöèÿ Ëÿïóíîâà è åå ïðîèçâîäíàÿ â ñèëó ëèíåéíîé ÷àñòè ñèñòåìû (9) ïðèìóò âèä

V = V1 + V2,

ãäå V1 = (ω2
1 + σ2

1)y
2
1 − 2σ1y1y2 + y22 , V2 = (ω2

2 + σ2
2)y

2
3 − 2σ2y3y4 + y24 ,

V̇ = 2σ1V1 + 2σ2V2

ñîîòâåòñòâåííî.
Äëÿ êâàäðàòè÷íîé ôîðìû V1 çàïèøåì êðèòåðèé Ñèëüâåñòðà. Ìàòðèöà êâàäðàòè÷íîé ôîðìû èìååò

âèä (
ω2
1 + σ2

1 σ2
1

σ2
1 1

)
,

∆1 = ω2
1 + σ2

1 > 0,∆2 = ω2
1 > 0.

Àíàëîãè÷íî èìååì äëÿ V2 . Ñëåäîâàòåëüíî, V ÿâëÿåòñÿ çíàêîïîëîæèòåëüíîé êâàäðàòè÷íîé ôîðìîé, à
V̇ � çíàêîîòðèöàòåëüíàÿ êâàäðàòè÷íàÿ ôîðìà ïåðåìåííûõ y1, y2, y3, y4 .

Íå òðóäíî âèäåòü, ÷òî âñå óñëîâèÿ òåîðåìû âûïîëíåíû. Ñëåäîâàòåëüíî, ðåøåíèå èñõîäíîé ñèñòåìû
ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî ïî ÷àñòè ïåðåìåííûõ.
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Ñëó÷àé êðàòíûõ êîðíåé
Áóäåì ïðåäïîëàãàòü, ÷òî óðàâíåíèå (5) èìååò êðàòíûå êîðíè

λ1,2 = σ + iω = λ, λ3,4 = λ1,2 = λ, σ < 0.

Ïåðåïèøåì ñèñòåìó (4) â âèäå ñèñòåìû ÄÓ ïåðâîãî ïîðÿäêà ẋ = Ax, ãäå

A =


0 0 1 0
0 0 0 1

−c11 −c12 −b11 0
−c12 −c22 −b21 0

 .

Âûïîëíèì ïåðåõîä ê êîìïëåêñíûì ïåðåìåííûì ïî ïðàâèëó x = Sz , ãäå S � ìàòðèöà ïåðåõîäà,
êîòîðàÿ ñîñòîèò èç äâóõ ñîáñòâåííûõ âåêòîðîâ a1,a2 ìàòðèöû A è äâóõ êîðíåâûõ âåêòîðîâ b1, b2 , à
z = (z1, z2, z1, z2)

T .
Ðåøàÿ ñèñòåìó (A− λE)a1 = 0, ãäå E � åäèíè÷íàÿ ìàòðèöà, èìååì

a1 =

(
p1,−

p1(b21λ+ c12)

λ2 + c22
, p1λ,−

p1λ(b21λ+ c12)

λ2 + c22

)T

,

ãäå p1 � ïðîèçâîëüíàÿ íåíóëåâàÿ ïîñòîÿííàÿ. Ñîáñòâåííûé âåêòîð a2 ïîëó÷àåòñÿ èç âåêòîðà a1 ïóòåì
êîìïëåêñíîãî ñîïðÿæåíèÿ.

Äëÿ íàõîæäåíèÿ êîðíåâîãî âåêòîðà b1 ðåøèì ñèñòåìó (A− λE)b1 = a1 . Îòñþäà èìååì

b1 =

(
− (b11 + 2λ)p1 + q2c12

b11λ+ λ2 + c11
, q2,−

[(b11 + 2λ)p1 + q2c12]λ

b11λ+ λ2 + c11
+ p1, λq2 −

(b21λ+ c12)p1
λ2 + c22

)T

,

ãäå q2 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Êîðíåâîé âåêòîð b2 ïîëó÷àåòñÿ èç âåêòîðà b1 ïóòåì êîìïëåêñíîãî
ñîïðÿæåíèÿ.

Òàêèì îáðàçîì ìàòðèöà ïåðåõîäà ïðèìåò âèä

S =


p1 − (b11+2λ)p1+q2c12

b11λ+λ2+c11
p1 − (b11+2λ)p1+q2c12

b11λ+λ
2
+c11

−p1(b21λ+c12)
λ2+c22

q2 −p1(b21λ+c12)

λ
2
+c22

q2

p1λ − [(b11+2λ)p1+q2c12]λ
b11λ+λ2+c11

+ p1 p1λ − [(b11+2λ)p1+q2c12]λ

b11λ+λ
2
+c11

+ p1

−p1λ(b21λ+c12)
λ2+c22

λq2 − (b21λ+c12)p1

λ2+c22
−p1λ(b21λ+c12)

λ
2
+c22

λq2 − (b21λ+c12)p1

λ
2
+c22

 .

Â êîìïëåêñíûõ ïåðåìåííûõ ñèñòåìà (4) ïåðåïèøåòñÿ ñëåäóþùèì îáðàçîì

ż = Jz, (11)

ãäå

J =


λ 1 0 0
0 λ 0 0

0 0 λ 1

0 0 0 λ

 .

Äëÿ íåå ôóíêöèÿ Ëÿïóíîâà ïðèìåò âèä

V = α1z1z1 + α2z2z2 + β(z1z2 + z1z2). (12)

À ïðîèçâîäíàÿ ôóíêöèè Ëÿïóíîâà â ñèëó ëèíåéíîé ÷àñòè ñèñòåìû (11)

V̇ = α1(λ+ λ)z1z1 + [β(λ+ λ) + α1](z1z2 + z1z2) + (α2(λ+ λ) + 2β)z2z2.

Äëÿ òîãî, ÷òîáû ïðèìåíèòü êðèòåðèé Ñèëüâåñòðà äëÿ äàííûõ êâàäðàòè÷íûõ ôîðì, ïåðåéäåì ê
âåùåñòâåííûì ïåðåìåííûì ïî ïðàâèëó z = x̂+ iŷ, z = x̂− iŷ, ãäå x̂ = (x̂1, x̂2)

T , ŷ = (ŷ1, ŷ2)
T . Èìååì

V = α1(x̂
2
1 + ŷ21) + α2(x̂

2
2 + ŷ22) + 2β(x̂1x̂2 + ŷ1ŷ2),

V̇ = α1(λ+ λ)(x̂2
1 + ŷ21) + 2[β(λ+ λ) + α1](x̂1x̂2 + ŷ1ŷ2) + [α2(λ+ λ) + 2β](x̂2

2 + ŷ22).
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Óñëîâèÿ êðèòåðèÿ Ñèëüâåñòðà äëÿ ôóíêöèè Ëÿïóíîâà çàïèøóòñÿ ñëåäóþùèì îáðàçîì ∆1 = α1,
∆2 = α1α2 − β2, ∆3 = α1(α1α2 − β2), ∆4 = (α1α2 − β2)2. Äëÿ òîãî, ÷òîáû V áûëà ïîëîæèòåëüíîîïðå-
äåëåííîé êâàäðàòè÷íîé ôîðìîé ïîëîæèì α1,2 > 0 è β <

√
α1α2.

Äëÿ V̇ èìååì

∆1 = α1(λ+ λ) < 0,∆2 = α2
1(λ+ λ)2 > 0,

∆3 = α1(λ+ λ)[(α1α2 − β2)(λ+ λ)2 − α2
1] < 0,

∆4 = [(α1α2 − β2)(λ+ λ)2 − α2
1]

2 > 0.

Òàêèì îáðàçîì, V ÿâëÿåòñÿ çíàêîïîëîæèòåëüíîé êâàäðàòè÷íîé ôîðìîé, à V̇ � çíàêîîòðèöàòåëü-
íàÿ êâàäðàòè÷íàÿ ôîðìà ñâîèõ ïåðåìåííûõ.

Íå òðóäíî âèäåòü, ÷òî âñå óñëîâèÿ òåîðåìû âûïîëíåíû. Ñëåäîâàòåëüíî, ðåøåíèå èñõîäíîé ñèñòåìû
ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî ïî ÷àñòè ïåðåìåííûõ.

Ïðèìåð. Ìàÿòíèê ïåðåìåííîé äëèíû.
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñëåäóþùóþ ìåõàíè÷åñêóþ ñèñòåìó. Îñíîâíàÿ ñèñòåìà ïðåäñòàâëÿåò

ñîáîé ìàÿòíèê ïåðåìåííîé äëèíû (ñì. Ðèñ.1). Ê ìàÿòíèêó ïðèñîåäèíåí äèíàìè÷åñêèé àáñîðáåð (ÄÀ).

Ðèñ. 1: Ìàÿòíèê ñ ÄÀ.

Æåñòêîñòè ïðóæèí ìàÿòíèêà è àáñîðáåðà ðàâíû ñîîòâåòñòâåííî k̃ è k̃a , l � ðàñòîÿíèå îò òî÷êè

ïîäâåñà äî öåíòðà ìàññ ìàÿòíèêà, êîýôôèöèåíò âÿçêîãî òðåíèÿ îáîçíà÷èì ÷åðåç h̃a . Â êà÷åñòâå îáîá-
ùåííûõ êîîðäèíàò âîçüìåì óãîë φ ìåæäó îñüþ ìàÿòíèêà è íàïðàâëåíèåì ñèëû òÿæåñòè è âåëè÷èíû η̃
è ũ . Ñâÿæåì ñ òî÷êîé O ïðÿìîóãîëüíóþ äåêàðòîâó ñèñòåìó êîîðäèíàò, îñü îðäèíàò êîòîðîé íàïðàâëåíà
â ñòîðîíó, ïðîòèâîïîëîæíóþ âåêòîðó ñèëû òÿæåñòè. Èìååì

r1 =

(
η̃ sinφ
−η̃ cosφ

)
, r2 =

(
l sinφ
−l cosφ

)
, r3 =

(
d̃ sinφ+ ũ cosφ

−d̃ cosφ+ ũ sinφ

)
,

à âåêòîðû ñêîðîñòåé

v1 =

(
˙̃η sinφ+ η̃φ̇ cosφ

− ˙̃η cosφ+ η̃φ̇ sinφ

)
, v2 =

(
lφ̇ cosφ
lφ̇ sinφ

)
,

v3 =

(
d̃φ̇ cosφ+ ˙̃u cosφ− ũφ̇ sinφ

d̃φ̇ sinφ+ ˙̃u sinφ+ ũφ̇ cosφ

)
.

Äëÿ êèíåòè÷åñêîé è ïîòåíöèàëüíîé ýíåðãèé ðàññìàòðèâàåìîé ìåõàíè÷åñêîé ñèñòåìû èìååì, ñîî-
òâåòñòâåííî

K =
1

2
(Ml2 + m̃η̃2 + m̃ad̃

2 + m̃aũ
2 + J̃)φ̇2 + m̃ad̃ ˙̃uφ̇+

1

2
m̃ ˙̃η

2
+

1

2
m̃a

˙̃u
2
,

Π = −(Ml + m̃η̃)g cosφ− m̃ag(d̃ cosφ− ũ sinφ) +
1

2
k̃aũ

2 +
1

2
k̃(η̃ − η̃0)

2.

Çäåñü g � óñêîðåíèå ñèëû òÿæåñòè, çíà÷åíèå η̃0 ñîîòâåòñòâóåò äëèíå ïðóæèíû â íåäåôîðìèðîâàííîì

ñîñòîÿíèè, J̃ � ìîìåíò èíåðöèè ìàÿòíèêà. Ôóíêöèÿ Ðåëåÿ èìååò âèä R = −h̃a
˙̃u
2
.

Ââåäåì áåçðàçìåðíûå ïàðàìåòðû è âðåìÿ ïî ôîðìóëàì

η =
η̃

l
, u =

ũ

l
, d =

d̃

l
, µ1 =

m̃a

M
,µ2 =

m̃

M
, ka =

k̃al

Mg
, k =

k̃l

Mg
,

ha =
h̃a

l
√
gl
, J =

J̃

Ml2
, τ =

√
g

l
t. (13)
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Ñ ó÷åòîì çàìåíû (13), çàïèøåì óðàâíåíèÿ äâèæåíèÿ ðàññìàòðèâàåìîé ñèñòåìû â ôîðìå Ëàãðàíæà
âòîðîãî ðîäà

d

dt

∂L

∂q̇j
− ∂L

∂qj
= Qj , j = 1, 3,

ãäå L � ôóíêöèÿ Ëàãðàíæà, L = K −Π.

2L = (µ1d
2 + η2µ2 + µ1u

2 + J + 1)φ′2 + µ2η
′2 + µ1u

′2 + 2µ1du
′φ′ + 2(µ1d+ ηµ2 + 1) cosφ−

−2µ1u sinφ− kau
2 − k(η − η0)

2.

Íàéäåì ïîëîæåíèÿ ðàâíîâåñèÿ. Ïðèðàâíèâàÿ íóëþ ãðàäèåíò ïîòåíöèàëüíîé ýíåðãèè, ïîëó÷àåì ñè-
ñòåìó óðàâíåíèé

(µ1d+ ηµ2 + 1) sinφ+ µ1u cosφ = 0,−µ2 cosφ+ k(η − η0) = 0,

µ1 sinφ+ kau = 0. (14)

Ïîñêîëüêó η > 0, u > 0 , òî èç ïåðâîãî ðàâåíñòâà (14) ïîëó÷àåì φ = 0, φ = π . Òîãäà íèæíåìó
ïîëîæåíèþ ðàâíîâåñèÿ ñîîòâåòñòâóåò çíà÷åíèå

η(0) =
kη0 + µ2

k
.

Èçó÷èì âîïðîñ îá óñòîé÷èâîñòè íèæíåãî ïîëîæåíèÿ ðàâíîâåñèÿ äàííîé ìåõàíè÷åñêîé ñèñòåìû, ò.å.
ðåøåíèÿ

φ = 0, η = η(0), u = 0, φ̇ = 0, η̇ = 0, u̇ = 0. (15)

Ïåðåõîäÿ ê âîçìóùåíèÿì φ = φ∗, η = η(0)+η∗, u = u∗ , çàïèøåì óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ
(âåðõíèé èíäåêñ �*� â öåëÿõ óäîáñòâà íèæå îïóñêàåì).

(µ1d
2 + η2µ2 + J + 1)φ′′ + µ1du

′′ + (µ1d+ 1)φ+ µ1u+ µ2φη + ... = 0,

µ2η
′′ + kη +

1

2
µ2φ

2 + ... = 0, (16)

µ1dφ
′′ + µ1u

′′ + hau
′ + kau+ µ1φ+ ... = 0.

Çäåñü ìíîãîòî÷èåì îáîçíà÷åíû ñîâîêóïíîñòè ñëàãàåìûõ, èìåþùèõ ïîðÿäîê ìàëîñòè âûøå âòîðîãî îòíî-
ñèòåëüíî âîçìóùåíèé è èõ ïðîèçâîäíûõ, øòðèõîì îáîçíà÷åíî äèôôåðåíöèðîâàíèå ïî âðåìåíè τ .

Ñèñòåìà óðàâíåíèé ïåðâîãî ïðèáëèæåíèÿ (16) ðàñïàäàåòñÿ íà äâå ïîäñèñòåìû. Èç âòîðîãî óðàâ-

íåíèÿ èìååì äâà ÷èñòî ìíèìûõ êîðíÿ ±i
√

k
µ2

, à äëÿ ïåðâîãî è òðåòüåãî ïîñòîðîèì õàðàêòåðèñòè÷åñêîå

óðàâíåíèå è ïðîâåðèì âûïîëíåíèå êðèòåðèÿ Ðàóñà-Ãóðâèöà.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

a =
µ1

η20µ2 + J + 1
, k =

ka
a(η20µ2 + J + 1)

, h =
ha

a(η20µ2 + J + 1)
, J̃ =

J

η20µ2 + J + 1
.

Â äàëüíåéøåì âîëíó ñâåðõó áóäåì îïóñêàòü. Çàïèøåì ïåðâîå è òðåòüå óðàâíåíèÿ ñèñòåìû (16), îòáðî-
ñèâ ñëàãàåìûå ïîðÿäêà ìàëîñòè âûøå ïåðâîãî îòíîñèòåëüíî âîçìóùåíèé îáîáùåííûõ êîîðäèíàò è èõ
ïðîèçâîäíûõ.

u′′ + h(ad2 + 1)u′ + (Jd− d+ 1)φ+ (ad2k − ad+ k)u = 0,

φ′′ − ahdu′ − (J − 1)φ− a(kd− 1)u = 0. (17)

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ ñèñòåìû (17) èìååò âèä

a0λ
4 + a1λ

3 + a2λ
2 + a3λ+ a4 = 0,

ãäå
a0 = 1, a1 = (ad2 + 1)h, a2 = ad2k − ad− J + k + 1,

a3 = (ad− J + 1)h, a4 = (ad− J + 1)k − a.

Âñå åãî êîýôôèöèåíòû ïîëîæèòåëüíû, ðàâíî êàê è îïðåäåëèòåëü Ãóðâèöà

a3(a1a2 − a0a3)− a4a
2
1 = ah2[(J − 1)d+ 1]2 > 0.
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Ïîýòîìó, ñîãëàñíî êðèòåðèþ Ëüåíàðà�Øèïàðà [7], âñå ÷åòûðå êîðíÿ èìåþò îòðèöàòåëüíûå âåùåñòâåííûå
÷àñòè. Òàêèì îáðàçîì, ïî ïåðåìåííîé η � êðèòè÷åñêèé (ïî Ëÿïóíîâó) ñëó÷àé ïàðû ÷èñòî ìíèìûõ êîðíåé.
Ïîêàæåì, ÷òî äëÿ ñèñòåìû (16) èìååò ìåñòî àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïî ïåðåìåííûì φ,φ′, u è u′ .

Ñîãëàñíî âûøåèçëîæåííîìó òåîðåòè÷åñêîìó ìàòåðèàëó, ìàòðèöû B̃ , C̃ äëÿ ñèñòåìû (17) ïðèìóò
âèä

B̃ =

(
h(ad2 + 1) 0

−ahd 0

)
, C̃ =

(
k(ad2 + 1)− ad (J − 1)d+ 1

a(1− kd) 1− J

)
.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ4 + h(ad2 + 1)λ3 + [k(ad2 + 1)− ad+ 1− J ]λ2 + [h(ad2 + 1)(1− J) + ahd([J − 1]d+ 1)]λ+

+[k(ad2 + 1)− ad](1− J)− [(J − 1)d+ 1]2 = 0.

Ðàññìîòðèì ñëó÷àé ðàçëè÷íûõ êîðíåé. Ïîñòðîèì ôóíêöèþ Ëÿïóíîâà ñîãëàñíî ôîðìóëå (10). Òîãäà
â èñõîäíûõ ïåðåìåííûõ ôóíêöèÿ Ëÿïóíîâà ïðèìåò âèä

V = (ω2
1 + σ2

1)(s
2
12φ

′ + s211u
′ + s112φ+ s111u)

2−

−2σ1(s
2
12φ

′ + s211u
′ + s112φ+ s111u)(s

2
22φ

′ + s221u
′ + s122φ+ s121u)+

+(s222φ
′ + s221u

′ + s122φ+ s121u)
2 + (ω2

2 + σ2
2)[(−b11s

2
11 − b21s

2
12 + s111)u

′ + s112φ
′−

−(c11s
2
11 + c12s

2
12)u− (c12s

2
11 + c22s

2
12)φ]

2 − 2σ2[(−b11s
2
11 − b21s

2
12 + s111)u

′ + s112φ
′−

−(c11s
2
11 + c12s

2
12)u− (c12s

2
11 + c22s

2
12)φ][(−b11s

2
21 − b21s

2
22 + s121)u

′ + s122φ
′−

−(c11s
2
21 + c12s

2
22)u− (c12s

2
21 + c22s

2
22)φ] + [(−b11s

2
21 − b21s

2
22 + s121)u

′ + s122φ
′−

−(c11s
2
21 + c12s

2
22)u− (c12s

2
21 + c22s

2
22)φ]

2.

Â ñèëó ãðîìîçäêîñòè äàëüíåéøèõ âûêëàäîê, ïåðåéäåì ê ÷èñëåííîìó ïðèìåðó. Ïîëîæèì h = 0.4,
a = 0.2, d = 0.2, k = 2.39, J = 0.3 Òîãäà σ1 = −0.0336, σ2 = −0.1679, ω1 = 0.5816, ω2 = 1.6367.

Ïóñòü s111 = 1, s221 = 2 . Ìàòðèöû ïåðåõîäà S1 è S2 ïðèìóò âèä

S1 =

(
1 0.3630

−12.0824 −5.1193

)
, S2 =

(
−2.2928 5.4003

2 0

)
.

Ôóíêöèÿ Ëÿïóíîâà çàïèøåòñÿ â âèäå

V = 168.3876u2 + 134.3264uφ+ 47.4084uφ′ + 76.2142uu′ + 38.9844φ2+

+16.4292φφ′ + 11.1129φu′ + 173.8353u′2 + 123.2068φ′u′ + 35.8379φ′2.

Ìàòðèöà äàííîé êâàäðàòè÷íîé ôîðìû
168.3876 67.1632 38.1071 23.7042
67.1632 38.9844 5.5565 8.2146
38.1071 5.5565 173.8353 61.6034
23.7042 8.2146 61.6034 35.8379

 .

Äëÿ íåå èìååì ∆1 = 168.3876,∆2 = 2053.5932,∆3 = 3.23 · 105,∆4 = 4.2 · 106. Î÷åâèäíî, ÷òî ñîãëàñíî
êðèòåðèþ Ñèëüâåñòðà, V ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé êâàäðàòè÷íîé ôîðìîé.

Ïðîèçâîäíàÿ ôóíêöèè Ëÿïóíîâà V̇ â ñèëó óðàâíåíèé äâèæåíèÿ:

V̇ = −17.4671u2 − 11.9887uφ− 16.1219uφ′ − 38.4774uu′ − 6.076φ2 − 5.6617φφ′−

−9.164φu′ − 56.9337u′2 − 43.4589φ′u′ − 9.3806φ′2 + ηW (2)(u, u′, φ, φ′),

ãäå W (2)(u, u′, φ, φ′) � êâàäðàòè÷íàÿ ôîðìà ïî ïåðåìåííûì u, u′, φ, φ′. Ïîñëåäíåå ñëàãàåìîå â ïðîèçâî-
äíîé ëèíåéíî ïî η è êâàäðàòè÷íî ïî u, u′, φ, φ′ , ñëåäîâàòåëüíî îíî èìååò ïîðÿäîê áîëåå âûñîêèé, ÷åì
êâàäðàòè÷íàÿ ÷àñòü, è íå ïîâëèÿåò íà çíàêîîòðèöàòåëüíîñòü ïðîèçâîäíîé.

Äëÿ ìàòðèöû êâàäðàòè÷íîé ôîðìû èìååì ñëåäóþùèå ñîîòíîøåíèÿ ∆1 = −17.4671, ∆2 = 70.1973,
∆3 = −2437.816, ∆4 = 2145.509. Òàêèì îáðàçîì, ñîãëàñíî êðèòåðèþ Ñèëüâåñòðà, V̇ ÿâëÿåòñÿ îòðèöà-
òåëüíî îïðåäåëåííîé êâàäðàòè÷íîé ôîðìîé.
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Ðèñ. 2: Ôàçîâûå òðàåêòîðèè ëèíåéíîé ñèñòåìû.

Ðèñ. 3: Ôàçîâûå òðàåêòîðèè íåëèíåéíîé ñèñòåìû.

Íå òðóäíî âèäåòü, ÷òî âñå óñëîâèÿ òåîðåìû âûïîëíåíû. Ñëåäîâàòåëüíî, ðåøåíèå èñõîäíîé ñèñòåìû
ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâî ïî ÷àñòè ïåðåìåííûõ.

Íà Ðèñ. 2, 3 ïðåäñòàâëåíû ðåçóëüòàòû ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèé äâèæåíèÿ èñõîäíîé
ñèñòåìû.

Ðàññìîòðèì ñëó÷àé êðàòíûõ êîðíåé. Ïîñòðîèì ôóíêöèþ Ëÿïóíîâà ñîãëàñíî ôîðìóëå (12). Òîãäà
â èñõîäíûõ ïåðåìåííûõ ôóíêöèÿ Ëÿïóíîâà ïðèìåò âèä

V = α1(ŝ14φ
′ + ŝ13u

′ + ŝ12φ+ ŝ11u)(ŝ34φ
′ + ŝ33u

′ + ŝ32φ+ ŝ31u)+

+α2(ŝ24φ
′ + ŝ23u

′ + ŝ22φ+ ŝ21u)(ŝ44φ
′ + ŝ43u

′ + ŝ42φ+ ŝ41u)+

+β[(ŝ14φ
′ + ŝ13u

′ + ŝ12φ+ ŝ11u)(ŝ44φ
′ + ŝ43u

′ + ŝ42φ+ ŝ41u)+

+(ŝ34φ
′ + ŝ33u

′ + ŝ32φ+ ŝ31u)(ŝ24φ
′ + ŝ23u

′ + ŝ22φ+ ŝ21u)],

ãäå ŝij � ýëåìåíòû îáðàòíîé ìàòðèöû ê S .
Ïîëîæèì a = 0.2, d = 0.2, J = 0.3, h = 2.0411, k = 1.8517. Òîãäà λ = −0.5143 + 0.6853i,

λ̄ = −0.5143− 0.6853i.
Ïóñòü p1 = 1, q2 = 2. Òîãäà ìàòðèöà ïåðåõîäà S ïðèìåò âèä

S =


1 −3.088 + 1.432i 1 −3.088− 1.432i

−0.655− 0.820i 2 −0.655 + 0.820i 2
−0.514 + 0.685i 1.607− 2.853i −0.514− 0.685i 1.607 + 2.853i
0.899− 0.027i −1.684 + 0.551i 0.899 + 0.027i −1.684− 0.551i

 .

Ïðèíèìàÿ α1 = 0.5, α2 = 0.8, β = 0.1325 <
√
α1α2 , ïîëó÷èì

V = 1.76092u2 + 1.8645uφ+ 1.4461uu′ − 2.4453φ′u+ 0.7223φ2 + 0.9383φu′−

−0.6745φφ′ + 0.3568u′2 − 0.7097165677φ′u′ + 1.3389φ′2.

Äëÿ ìàòðèöû äàííîé êâàäðàòè÷íîé ôîðìû èìååì ∆1 = 1.7609,∆2 = 0.4028, ∆3 = 0.011,∆4 = 0.0004.
Cîãëàñíî êðèòåðèþ Ñèëüâåñòðà, V ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé êâàäðàòè÷íîé ôîðìîé.

Ïðîèçâîäíàÿ ôóíêöèè Ëÿïóíîâà V̇ â ñèëó óðàâíåíèé äâèæåíèÿ çàïèøåòñÿ â âèäå

V̇ = −0.5382u2 − 0.6655uφ− 0.346uu′ + 0.8576uφ′ − 0.3348φ2 − 0.2379φu′+
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+0.1803φφ′ − 0.8007u′2 + 0.1716φ′u′ − 0.6744φ′2 + ηW (2)(u, u′, φ, φ′).

Ïî àíàëîãèè ñ âûøåèçëîæåííûì ñëó÷àåì èìååì ∆1 = −0.5382, ∆2 = 0.0694, ∆3 = −0.0016,
∆4 = 0.0001. Òàêèì îáðàçîì V̇ ÿâëÿåòñÿ îòðèöàòåëüíî îïðåäåëåííîé êâàäðàòè÷íîé ôîðìîé.

Ñëåäîâàòåëüíî, âñå óñëîâèÿ òåîðåìû âûïîëíåíû, à çíà÷èò ðåøåíèå èñõîäíîé ñèñòåìû ðàâíîìåðíî
àñèìïòîòè÷åñêè óñòîé÷èâî ïî ÷àñòè ïåðåìåííûõ.

Âûâîä
Â äàííîé ñòàòüå ðåøàåòñÿ âîïðîñ îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåíûõ ïóòåì

ïîñòðîåíèÿ ôóíêöèè Ëÿïóíîâà. Ðàññìîòðåí çàäà÷à ñòàáèëèçàöèè ïîëîæåíèÿ ðàâíîâåñèÿ ìàÿòíèêà ïå-
ðåìåííîé äëèíû ïîñðåäñòâîì äîáàâëåíèÿ ê íåìó äèíàìè÷åñêîãî àáñîðáåðà. Âûÿñíåíî, ÷òî äîáàâëåíèå
àáñîðáåðà â äàííîì ñëó÷àå âåäåò ê ðàâíîìåðíîé àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïî ÷àñòè ïåðåìåííûõ.
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STABILIZATION OF THE SITUATION OF THE LINE OF LOAD LENGTH

Puzirev V., Savchenko M., Kamynina E.
SUMMARY
The problem of constructing the Lyapunov function in the case of asymptotic stability on the part of

variables is considered. As an example, a variable-length pendulum with a dynamic absorber attached to it is
considered. In this case it is shown that there is a uniform asymptotic stability behind a part of the variables.

Keywords: stability with respect to some variables, Lyapunov function, variable length pendulum.

ÑÒÀÁIËIÇÀÖIß ÏÎËÎÆÅÍÍß ÐIÂÍÎÂÀÃÈ ÌÀßÒÍÈÊÀ ÇÌIÍÍÎ� ÄÎÂÆÈÍÈ

Ïóçèðüîâ Â.Å., Ñàâ÷åíêî H.Â., Êàìèíiíà Î.Â.
ÐÅÇÞÌÅ
Ðîçãëÿíóòî çàäà÷ó ïîáóäîâè ôóíêöi¨ Ëÿïóíîâà ó âèïàäêó àñèìïòîòè÷íî¨ ñòiéêîñòi çà ÷àñòèíîþ çìií-

íèõ. ßê ïðèêëàä, ðîçãëÿíóòî ìàÿòíèê çìiííî¨ äîâæèíè ç ïðè¹äíàíèì äî íüîãî äèíàìi÷íèì àáñîðáåðîì.
Ïîêàçàíî, ùî â äàíîìó âèïàäêó ìà¹ ìiñöå ðiâíîìiðíà àñèìïòîòè÷íà ñòiéêiñòü çà ÷àñòèíîþ çìiííèõ.

Êëþ÷îâi ñëîâà: ñòiéêiñòü çà ÷àñòèíîþ çìiííèõ, ôóíêöiÿ Ëÿïóíîâà, ìàÿòíèê çìiííî¨ äîâæèíè.
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