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CENTRAL CHARGE AND TOPOLOGICAL INVARIANT OF CALABI-YAU
MANIFOLDS

F-theory, as a 12-dimensional theory that is a contender of the Theory of Everything,
should be compactified into elliptically fibered threefolds or fourfolds of Calabi-Yau. Such mani-
folds have an elliptic curve as a fiber, and their bases may have singularities. We considered
orbifold as simplest non-flat construction. Blow up modes of orbifold singularities can be consi-
dered as coordinates of complexified Kahler moduli space. Quiver diagrams are used for di-
scribing D-branes near orbifold point. In this case it is possible to calculate Euler character
defined through Ext’(A, B) groups and coherent sheaves A, B over projective space, which
are representations of orbifold space after blowing up procedure. These fractional sheaves are
characterized by D0, D2 and D4 Ramon-Ramon charges, which have special type, calculated
for C3/Z3 case. BPS central charge for C3/Z3 orbifold is calculated through Ramon-Ramon
charges and Picard-Fuchs periods.
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Introduction

Modern high energy theoretical physics is a unified theory of all particles and all interacti-
ons. It is Theory of Everything, because it gives a universal description of the processes occurring
on modern accelerators, and processes in the Universe.

Theory of everything (abbr. TOE) - hypothetical combined physical and mathematical
theory describing all known fundamental interactions. This theory unifies all four fundamental
interactions in nature. The main problem of building TOE is that quantum mechanics and
general theory of relativity have different applications. Quantum mechanics is mainly used to
describe the microword, and general relativity is applicable to the macro world. But it does not
mean that such theory cannot be constructed.

Modern physics requires from TOE the unification of four fundamental interactions:
gravitational interaction;
electromagnetic interaction;
strong nuclear interaction;
weak nuclear interaction.

The first step towards this was the unification of the electromagnetic and weak interactions
in the theory of electro-weak interaction created by in 1967 by Stephen Weinberg, Sheldon
Glashow and Abdus Salam. In 1973, the theory of strong interaction was proposed.

The main candidate as TOE is F-theory, which operates with a large number of dimensi-
ons. Thanks to the ideas of Kaluza and Klein it became possible to create theories operating
with large extra dimensions. The use of extra dimensions prompted the answer to the question
about why the effect of gravity appears much weaker than other types of interactions. The
generally accepted answer is that gravity exists in extra dimensions, therefore its effect on
observable measurements weakened.

o8



ISSN 1817-2237. Bicuuk JTouHY. Cep. A: Ilpupoauuui Hayku. - 2019.- Ne 1-2

F-theory is a string twelve-dimensional theory defined on energy scale of about 101? GeV
[1]. F-theory compactification leads to a new type of vacuum, so to study supersymmetry we
must compactify the F-theory on Calabi-Yau manifolds. Since there are many Calabi-Yau mani-
folds, we are dealing with a large number of new models implemented in low-energy approxi-
mation. Studying the singularities of Calabi manifold determines the physical characteristics of
topological solitonic states which plays the role of particles in high energy physics.

Compactification of F-theory on different Calabi-Yau manifolds allows to calculate
topological invariants.

Let us consider in more detail the compactification of F-theory on threefolds Calabi Yau.

1. Calabi-Yau threefold compactification
Twelve-dimensional space describing space-time and internal degrees of freedom, we
compactify as follows:
RS x X6 |
where RS - six-dimensional space-time, on which acts conformal group SO(4, 2), and X6 -
threefold, which is three-dimensional Calabi Yau complex manifold [2].

2. Toric representation of threefolds

Let’s consider weighted projective space defined as follows:

Pl o =P 2 % X Zyy

W1 ey,

where P? - four-dimensional projective space, Z,, - cyclic group of order w;. On weighted
projective space Pﬁl,...,ws is defined polynomial W (g1, ..., ps5), called superpotential which
satisfies the homogeneity condition

W (z“ o, ..., x%p5) = xdW(gpl, e P5)

5
where d = lel- , Q1,95 € Py The set of points p € PJ

Wi(p)=0 forms Calabi-Yau threefold Xa(wr, ..., ws) -
The simplest examples of toric varieties [3] are projective spaces. Let’s consider P? defined
as follows:

s satisfying the condition

_C?)0
- C/o’
where dividing by C'/0 means identification of points connected by equivalence relation
(z,y,2) ~ (Ax, \y, \z)
A e C)o,

x,y,z are homogeneous coordinates. Elliptic curve in P? is described by the Weierstrass
equation

P2

Yz = a4+ awz? + b2
In general Calabi-Yau manifold can be described by Weierstrass form
y' =2’ +af+yg,

which describes an elliptic fibration (parametrized by (y,x)) over the base, where f,g - functi-
ons defined on the base. In some divisors D; the layer are degenerated. Such divisors are zeros
of discriminant

A =4f% 4 27¢%.
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The singularities of Calabi-Yau manifold are singularities of its elliptic fibrations. These si-
ngularities are coded in polynomials f, g and their type determines the gauge group and matter

content of compactified F-theory.

The classification of singularities of elliptic fibrations was given by Kodaira and presented

table 1.

Table 1. Kodaira classification of singularities of elliptic fibrations

ord(A) | Type of fiber | Type of singularity

0 smooth no
n In An—l
2 17 no
3 111 Aq
4 1V Ay

n+6 [;Lk Dn+4
8 Iv* Es
9 117" E;
10 177 Eg

The classification of elliptic fibers is presented in Figure 1.
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Puc. 1: Fig.1. The classification of elliptic fibers.

3. Calculation of topological invariants
4. Ramon-Ramon charges

.]{__,,
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4

One of the most interesting problems of modern high-energy physics is the calculati-
on of topological invariants — analogs of high-energy observables in physics. In this aspect,
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symmetries and the use of the apparatus of algebraic geometry play an indispensable role. We
considered orbifold as simplest non-flat constructions. For D3-branes on such internal space
C™/T" the representations are characterized by gauge groups G = @;U(N;). In this case the
superpotential is of N=4 U(N) super Yang-Mills,

Wyog = tr X X2 X5,

where X? are chiral matter fields in production of fundamental representation V¢ = CVi of
the group U(LV;). Blow up modes of orbifold singularities can be considered as coordinates
of complexified Kahler moduli space. Quiver diagrams are used for discribing D-branes near
orbifold point.

VL
Puc. 2: Fig.2. The C®/Z3 quiver.

In this case it is possible to calculate Euler character defined as

X(A,B) =) (~1)'dimExt’(4, B),

%

where Ext’(A, B) = Hom(A, B) and A, B are coherent sheaves over projective space, PV
(general case), which are representations of orbifold space after blowing up procedure.

Since we will deal with orbifolds C3/Z5 in the future, it is necessary to emphasize the
following equivalence relation

(.1311’25(73) ~ (€2m/3371,62“r/3132,€2“r/3$3), e2'L7r/3 c 23

Orbifold is not a manifold, since it has singularities at a point (0,0,0). Blowing up the si-
ngularity of the orbifold C3/Z5, we obtain a sheave Op2(—3) with which we will work further.
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In particular, the Euler matrix for sheaves Op2, Op2(1), Op2(2) over projective space, P?
looks like

1 3 6
X(OpQ(l), OPQ(Q)) = 01 3
0 01
Transposed matrix has the form
1 3 6 100
013 |=13120
001 6 3 1

The rows of matrices are RR-charges characterizing the sheaves:

Op2(=3)=(631),0p2(=2) =(310),0p2(—1) = (1 00), (1)
Op2=(001),0p2(1) =(013),0p2(2) = (1 3 6), (2)
which can be written through large volume charges (Q4, Q2, Qo) :
nyL+n
Qi=1n1—2ns+n3, Qo=-—ng+ny Qy=— 5 2

included in the definition of the Chern character ch(ninans)
ch(ninanz) = Q4 + Qow + Qow?,

where w - Wu number. Then sheaves (1), (2) describe fractional branes [4]
9 4 1

Op(=3)=(1 =3 35).0p:(=2)=(1 =2 3).0,:(=1) =(1 =1 7),
Opr = (100),0ps(1) = (1 1 %),(’)Pz(2) — (12 g),

General formula for Chern character of bundle E':
1
Ch(E) =k -+ Cl(E) + §(C1(E)2 — 202<E)) + ... s

where ¢;(E) are the Chern classes of line bundle E. In our case of a line bundle Op2(k), only
the first Chern class is nonzero, and therefore the formula for the Chern character is following

ch(E) =k +ci(E) + %cf (3)

n

L+ c1(E) + ...+ c(B) = [J(1 +wy),

i=1

then ¢ (F) = w; = w and formula (3) can be rewritten
ch(ningng) = Qu + Qaw + Qow?, (4)
where Ramon-Ramon charges (ninons) characterize the bundle £, the rank of the line bundle

Q4 = 1,Q2 = ¢; by the fundamental cycle, Qy = % from a comparison of formulas (3) and

(4).
Thus fractional sheaves Opz2(k) are characterized by Qo, Q2,4 Ramon-Ramon charges,
which have special type, calculated for C3/Z3 case.
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5. BPS central charge
As we are interested in the moduli spaces, we give them a visual definition. Suppose we
have a cube curve with the parameter A

y'—a(@—1)(x—A) =0 (5)

As X - the variable value, then the equation (5) describes a continuous family of cubic curves.
The parameter spaces describing continuous families of manifolds are called moduli spaces.
We form df the form where y are determined from equation (5). It turns out that periods

m1(A), pig(A):

dr dz
M) = 2/ =D —ne W= / oz = 1)z = N7

0 1

satisfy Picard-Fuchs equation

1 dm; A%
Lok (21 — 1) i
2t ) F3e

Periods that satisfy equation (6) describe the moduli space of a cubic curves. For the moduli
space of a line bundle Op2(—3), Picard-Fuchs equation and its solutions are written as

3
d d d 1 d 2
<Z%) +27Z(Z’£> (ZE—Fg) (Z%—Fg)n—o

AN -DET g (6)

I, =1,
1
I, = —log z =t = wy,
2T
1 2
H2:t2—t—6:—§(wo—w1).

The BPS central charge [5] associated with the D-brane over C®/Z3 with Ramon-Ramon-charge
n = (ningng) and with the Picard-Fuchs period I = (IIoI1;1I5) is given by the formula

Z(n)=n-1II
The central charge associated with the sheave Opz2(k) is given by the formula
1 1 1 1 1
Z(Op2(k)) = —(k+ = - k24 k4= .
(Op2(k)) ( +3w0)+3w1+2 5kt

Conclusion

In the framework of F-theory we prsented the ideology of extra dimensional spaces. It
was stressed the exceptional role of topological invariants for Calabi-Yau manifolds. We have
considered the special type of the space of extra dimensions - orbifold C/Zs. Using blowing
up procedure of singularity we calculated special type of topological invariant - Ramon-Ramon
central charges of fractional sheaves, in which is encoded the information about the structure
of line bundles. Consideration of moduli space of orbifold leads us to the equation of Picard-
Fuchs periods, through which we calculated central charge for sheave Op2z(k). This topological
invariant is of importance because of information of stability of D-branes as bound states of
fractional branes or sheaves presented in this paper.

Obikhod T. V. 63



ISSN 1817-2237. Bicuuk JTouHY. Cep. A: Ilpupoauuui Hayku. - 2019.- Ne 1-2

References

[1] C. Vafa, Evidence for F-theory, arXiv: hep-th/9602022; D. R. Morrison and C. Vafa, Compacti-
fications of F-theory on Calabi-Yau threefolds (1), Nucl. Phys. B473 (1996) 74; D. R. Morrison
and C. Vafa, Compactifications of F-theory on Calabi- Yau threefolds (II), Nucl. Phys. B476 (1996)
437.

[2] S. Hosono , A. Klemm , S. Theisen , S.-T. Yau, Mirror symmetry, mirror map and applications
to complete intersection Calabi-Yau spaces, Nucl. Phys. B433 (1995) 501.

[3] V. V. Batyrev, Variations of the Mized Hodge Structure of Affine Hypersurfaces in Algebraic Tori,
Duke Math. J. 69, (1993), 349-409.

[4] D. Diaconescu and J. Gomis Fractional branes and boundary states in orbifold theories, JHEP
0010 (2000) 001, hep-th/9906242.

[5] A. Klemm , P. Mayr, C. Vafa, BPS states of exceptional non-critical strings, Harvard, 1996. — 29
p. — (Preprint, HUTP-96/A031).

IIEHTPAJILHUN 3APA/ I TOIMOJIOITYHUI IHBAPIAHT MHOTOBUY
KAJIABI- Y

Oobixon T. B.
cmapwuti Haykoeud cniepobimnuk, Inemumym adeprux docaioncens HAH Yxpainu

PE3IOME
F-teopiga, g9k nBaHaangTUBUMIpHA Teopisd, dKa € IpeTeHgaeHToM Ha Teopiio BChOTo, IOBHUHHA
OYTH KOMIAKTH(})IKOBAHOIO Ha €JIIITHYHO po3IIapoBanuii Tpudoa abo dpoypdon Kanabi-Ay.
Taxi MHOTOBHIM MAalOTh €IINTHYHY KPUBY K IIap i iX 6a3m MOXKYTbh MaTH OcoOIuBOCTI. Mu
posriisiaan opoidosil 9K HARNPOCTINTY HEIJIOCKY KOHCTPYKINIo. Po3ayTi Mogu cuHry/spHo-
creit opdihoy MOKYTH OyTH PO3IISHYTI 9K KOOPJAMHATH KOMILIEKCHU(DIKOBAHOTO HPOCTOPY
Moty Kenepa. /s onucy D-6pan mobim3y op6idhosiiy BHKOPUCTOBYIOTHCS JliarpaMu KBiBe-
pa. ¥ IbOMY BUIAJKY MOYKHa OOYUCIUTH XapakTepucTHKy Eilrepa, BU3Ha4YeHY depe3 rpynu
Ext‘(A, B) i xorepentni myukn A, B HaJ OPOCKTHBHUM NPOCTOPOM, AKi € MPeJCTABICHHIME
opbidosity micas upouemaypu posayrrd. [l apobdosi nyuku xapakrepusyiorbes D0, D2 i D4
Pamon-Pamon 3apsjamu, aKi MaloTh cleniaabHuii Tui, pospaxosanuit mis C®/Zs npocropy.
BPS nenrpabnuit 3apsan s C2/Zs opbidosay obuucieno depes sapsaiun Pavon-Pamona i
nepioan Ilikapa-®yxkca.

Kumaro4oBi ciioBa: aqazebpa cynepcumempii, uenmpasvrull 3apad, HEKOMNAKMHE MHO20-
sudu, mouku opbighordy, Kozepenmmui nyury, rapakmepucmura Eisepa.

O6buxoxn T. B.
cmapwutt Hayunsld compydnuk, Unemumym sdeproix uccaedosanuti HAH Yxpaunot

IIEHTPAJIBHBIN 3APA] 11 TOIIOJIOTUNYECKU NHBAPUAHT
MHOT'OOBPA3NA KAJTABU-41Y

PE3IOME
F-teopusi, kak nBeHaaAaTUMEDPHAS TEOPUS, SIBJISIONANACS HperenaenToM Ha Teopuio Bceero,
JIOJIZKHA, OBITH KOMIIAKTH(DUIIMPOBAHA Ha eJIMITHYECKH PACCIOeHHbIH Tpudoan win hoypdois
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Kanabu-£fy. Takue MHOr00OOpasusg UMEIOT JIUITHIECKYIO KPUBYIO B KAUeCTBE CJI0d H UX 0a3bl
MoOryT umMerh ocobennocTu. Mbl pacecmarpuBain opoudoJ] KaK ITPOCTEHINYIO HEIJIOCKYIO KOH-
cTpykiuio. PazmyTreie MoJbl cuHry isipaocTeil opoudosia MOryT ObITh PacCMOTPEHBI KaK KO-
OPJIMHATHI KOMILIEKCU(DHUIIMPOBAHOTO MpocTpancTBa Moay/eit Kanepa. /Ina onucanua D-Opan
0KOJ10 0opbudoJjia UCHONB3YIOTCA JUarpaMMbl KBUBepa. B 3TOM ciydyae MOXKHO BBIYHCJIHTD
XapaKTepUCTHKY Diiaepa, ompegenennyo depe3 rpynnsl Ext (A, B) u KOrepeHTHBIC IIydYKH
A, B HaI IPOEKTHBHBIM IPOCTPAHCTBOM, KOTOPBIE SBJISIOTCS MPEICTAaBICHHEM TPOCTPAHCTBA,
opbudosiga mocae Iponeaypbl pasayThHd. JTH APOOHBIE Mydkn xapakrepusyiorcs DO, D2 u
D4 Pamon-Pamon 3apsjiaMu, KOTOpble UMEIOT ClelUaJbHblil Tui, paccuutannbii ausa C3/7;
npocrpancTsa. BPS nenrpanbubiit sapan aua C3/Z; opbudosia BoUHCICH depe3 3apsibl
Pamon-Pamona n nepuonsl [Iukapa-®yxkca.

KarwoueBbie cjaoBa: an2ebpa cynepcumMmemputs, UeHmparohoil 3apad, HEKOMNAKMHbLE
MH02000pa3UA, MOUKU 0pOUPOAOaQ, KOZEPEHMHbIE NYUKY, ITAEPOBH TAPAKMEPUCTNUKA.
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