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CLASSIFICATION OF TERNARY QUASIGROUPS ACCORDING TO THEIR
PARASTROPHIC SYMMETRY GROUPS, II

The main purpose of this article as well as the previous one [14] is classification of ternary
quasigroups according to their parastrophic symmetry groups. Since each of these groups is a
subgroup of the symmetric group of degree 4, i.e. Sy, and parastrophic symmetry groups of
parastrophic quasigroups are conjugate, then quasigroups whose parastrophic symmetry groups
are not pairwise conjugated are considered in these articles. The list of all different parastrophes,
sets of identities which define the corresponding varieties, canonical decompositions of ternary
group isotopes belonging to these varieties is given.
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Introduction

One can find all notions and results in [14]. Here we give necessary information for reading
only this article.

In [14], it is proved that a class of quasigroups whose parastrophic symmetry groups
contain the given subgroup of the group S; forms a variety. For example, the trivial
subgroup E := {.} defines the variety of all ternary quasigroups. The quasigroup varieties
are parastrophic if and only if the corresponding subgroups are conjugate.

The set Sub(S,) of all subgroups of the symmetric group S; has 30 elements. The
mapping H — T7H7™! is an action of Sy on Sub(S;). A full set of representatives of the
corresponding orbits on Sub(S,) is selected. The list contains 11 elements: E, Sy, Sy, Az,
Z4, K4, 04, Sg, Dg, A4, 84.

In [14], sets of identities defining such varieties are deduced for all subgroups As, Ds,
Ss, Ay, Sy. The necessary and sufficient conditions for a ternary group isotope to belong to
each of these varieties are described. The list of different parastrophes is found for quasigroups
whose parastrophic symmetry group is equal to the given subgroup of S;.

In the current article, these results are obtained for the rest of subgroups: Sy, So, Zg4,

K4 3 04 .
Preliminaries

A ternary operation f is called invertible if there exist three operations (4f  GVf G4f
called inverses or divisions such that the identities

FOYf (2, y,2),y,2) ==, (1) WE(f(x,y,2),y,2) =z, (4)
Fla, BV (x,y,2),2) =y, (2) COf (2, f(2,y,2),2) =y, (5)
fla,y, @V (2,y,2)) = 2, (3) BOf (,y, f(z,y,2)) = 2 (6)

hold. In this case, the algebra (Q; f, Mf, COf GYf) (in brief, (Q; f)) is called a ternary quasi-
group [2]. Tt is easy to verify that all divisions of an invertible operation are also invertible and
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so are their divisions. All of these operations having such connections with the main operation
f are called parastrophes of f. Namely, a o -parastrophe of an invertible operation f is called
an operation 7f defined by f(z1s, o0, T35) = T4y <= f(T1,22,23) =24, 0o €Sy, where
S, denotes the group of all bijections of the set {0,1,2,3}. Therefore in general, every inverti-
ble operation has 24 parastrophes. Some of them can coincide. Sometimes it is convenient to
use an equivalent form of the formula:

Uf(‘/rla x27$3) = Xy = f(xlofl)xQO'*l?x&T*l) = Tyo-1, (S S4' (7)

If 40 = 4, the parastrophe is called principal and can be found by

Uf(xla X2, IS) = f(xIO'*l’xQO'*la xSa’*l)u S 5'3' (8)
Since for every invertible operation f and for every permutation o € Sy the relations
TfH="f and *f=Ff (9)

hold, then the symmetric group S; defines an action on the set Az of all ternary invertible
operations defined on the same carrier. In particular, the fact implies that the number of
different parastrophes of an invertible operation is a factor of 24. More precisely, it is equal to
24/|Ps(f)|, where Ps(f) denotes a stabilizer group of f under the action called parastrophic
symmetry group of the operation f.

Symmetric group S;. Let S, denote the symmetric group of degree n, i.e., the group of
all bijections from the set {1,...,n} onto itself. Therefore, Sy has 24 members:

Sy ={0,(04)0, (14)0, (24)0, (34)0 | 0 € S3} = {0,0(04),0(14),0(24),0(34) | 0 € S5}.  (10)

The equalities (4) and (10) imply that every parastrophe of an invertible operation f is a
principal parastrophe of a division of f and equals a division of a principal parastrophe of f.

The set Sub(S;) of all subgroups of the symmetric group S; has 30 elements. The
mapping H — 7H7™! is an action of Sy on Sub(S;). A full set of representatives of the
corresponding orbits on Sub(Sy) is the following and it contains 11 elements:

S, E:={}, Sy:={n,(12)}, Sw:={n(12)(34)}, As:= {1, (123),(132)},
Zy = {1, (12)(34), (1423), (1324)}, Ky := {1, (12)(34), (13)(24), (14)(23)},
Cy={1,(12),(34), (12)(34)}, S = {1, (12),(13),(23), (123), (132)},

Dy = {1, (12),(34), (12)(34), (13)(24), (14)(23), (1324), (1423)},
Ay = {1, (123), (132), (134)(143), (124), (142), (234), (243), (13)(24), (12)(34), (14)(23)}.

An operation f is called:

e symmetric, if some of its parastrophes coincide, i.e. Ps(f) # {¢};

e asymmetric, if all its parastrophes are pairwise different, i.e. Ps(f) = {¢};

e totally symmetric, if all its parastrophes coincide, i.e. Ps(f) = S,11;

e commutative, if all its principal parastrophes coincide, i.e. Ps(f) 2 S,;

o semisymmetric, if f has at most two different parastrophes, i.e. Ps(f) 2 A,41.

o dihedrally symmetric (n = 3), if f has at most three different parastrophes, i.e.
Ps(f) D Dsg.
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1. Group isotopes
A ternary groupoid (Q; f) is called a group isotope, if there exists a group (G;-) and
bijections «a, B, v, 6 from @ to G such that

fla,y,2) =0 (az - By 72)

forall z, y, z in Q.

Definition 1. Let (Q; f) be a ternary group isotope and let (Q;+,0) be a group, oy, az, as
be its bijections with 10 = a0 =a30 =0 and a € Q. If

f(z1, 22, 23) = a1 + Qoxs + azxs + a, (11)

then the tuple (4,1, as,as3,a) is called a O-canonical decomposition of (Q; f); (Q;+) the
canonical decomposition group; a1, as, asg its coefficients; a is called a free member.

Theorem 1. [3] An arbitrary element of a ternary group isotope uniquely defines its canonical
decomposition.

Lemma 1. /3] Let (Q; f) be an arbitrary ternary group isotope and let (1) be its canonical
decomposition. Then its divistons and principal parastrophes are

(14}0(%, Ty, T3) = 041_1(901 — a4 — a3T3 — alla),
(24}‘"@1, To, X3) = a;l(—alxl + xo — a — azrs), 12)
12

(34}‘(@, Ty, X3) = 0451(—042@ — T + 23 — a),

F (21, T2, 73) = A1T15-1 + QpTo5-1 + Q3173 +a, 0 € Ss.

A pair (Q;Q) is called a quasigroup algebra, if @ is a set and € is a set of invertible
operations defined on (). A variable is called quadratic in an equality, if it has exactly two
appearances in it. Let w be a term, then w(z) means that = has an appearance in w.

Lemma 2. [/, Theorem 3] Let (Q;-,2) be a quasigroup algebra, additionally, (Q;-) is a group
wsotope. If the algebra satisfies an identity

wi () - wa(y) = ws(y) - walz),

where the variables x and y are quadratic, then an arbitrary group being isotopic to (Q;-) is
commautative.

Lemma 3. [/, Theorem 3] Let (Q;+,)) be a quasigroup algebra, additionally, (Q;+,0) is a
group, o € 0 and a0 = 0. If the algebra satisfies an identity

a(wi(z) + wa(y)) = ws(z) + wa(u),

then « s either an automorphism of (Q,+), if z = x, u = y or anti-automorphism of
<Q7+)7Zf’z:y7u:x'
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2. Quasigroups with a fixed parastrophic symmetry group

Let ‘Bo(H) and Psy(H) denote the sets of all ternary invertible operations defined on a
set () whose parastrophic symmetry group respectively contains the group H € S, and equals
the group H. Let B(H) and Ps(H) denote the class of all quasigroups whose parastrophic
symmetry group includes the group H € S; and equals the group H respectively. It is easy
to see that

e a ternary quasigroup (Q;f) belongs to the class P(H) if and only if °f = f for all o
from a set of generators of the group H therefore, the class of quasigroups P(H) is a
variety;

o the set {Psy(H) | H is a subgroup of Sy} is a partition of the set Az(Q) of all ternary
invertible operations defined on (@ .

Lemma 4. If a non-trivial principal parastrophe of a ternary group isotope [ coincides with
f, then its canonical decomposition group is commutative.

3. The group 955.
One of generator sets of the group Sso is {(12)(34)}. Therefore, the variety B (Ss2) is
defined by the identity

12 = 5 (13)
The equality means that for all z1, xo, 23
(12)(34)f(5€1, Ty, w3) = f(21, 22, 23).

Since (2Gf — (2(GF) | then

a1, 23) = Fa1, 70, 75) (1)

Therefrom,
f(fL’z,UUl, f(l’bﬂ?z, 333)) = 3.

Thus, the following assertion is true.

Proposition 1. A ternary quasigroup (Q; f) belongs to the variety B(Sa2) if and only if

fly,x, f(x,y,2)) = = (15)

Pr0p051t10n 2. Let (Q;f) be a temary quasigroup. If Pb(f) = Sy, then f, 02f (B)f
14)f; f; 23f (123f; 132f; 124)f 142f; (1324)f (13) 24f are all dzﬁerent pamstmph@s Of

the operation f .
Proof. One can verify that
Sy/ S22 = { Saa,(12)Sa2, (13)Sa2, (14) S22, (24) S22, (23)Saa, (123)Ss2, (132) S22,
(124)Sa2, (142) S0, (1324) S22, (13)(24) S92}

then ¢, (12), (13), (14), (24), (23), (123), (132), (124), (142), (1324), (13)(24) are all
representatives from S;/Ss; . It remains to apply Theorem 3 [14]. O
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Theorem 2. A ternary group isotope (Q, f) belongs to P(Ss2) if and only if there exists a
group (Q,+,0), its automorphism 3, a bijection o and an element a € Q such that (% =1,
ad=0, —fa=a and

f(zq, 29, 23) = axy — Paxs + s + a. (16)

Proof. Let
f(z1, 20, 23) = 121 + Qe + 33 + a

be a 0-canonical decomposition of f. Using (12), the identity (14) can be written as follows:
azt(—anr) — a1y + 13 — @) = a7y + apTy + azTs + a. (17)

Let 8 := a3 and « := a;, then Lemma 3. implies that § is an automorphism of the group
(Q;+,0) and

—B gy — B raxs + 2 — Bl a = axy + auxs + Bas + a.

Taking into account the uniqueness of a canonical decomposition, we obtain the identity equi-
valent to

_5_10-/2 = Q, —5_104 = Qa, ﬁ_l = B) —/8_1CL = a.
The first and the second equality imply —Ba = —3 ' that is, § = 87! therefore, 32 = .
But the third equality means that 3% = . Consequently, the identity (17) is equivalent to

BQZLv OZQZ_BO{’ BCL:CL.

4. The symmetry group contains Z,.
At first, we find an identity which describes the variety B(Z,).

Proposition 3. A ternary quasigroup (Q, f) belongs to P(Z4) if and only if it satisfies the
wdentity
fl, fly, 2, x), 2) = . (18)

Proof. Since (1423) generates the subgroup Z4 of the symmetric group Sy, then Z,
is a subgroup of the symmetry group of a ternary quasigroup (@, f) if and only if the identity

ey g (19

holds in (@, f). Because (1423) = (123)(24) and (123)~! = (132), then

(42)p _ (123)(24) _ (123) (24
Taking into account (2) and (123)~! = (132), we get

(1423)f(9317$2,$3) = (123)((24)f) (21,12, 73) = (24)f(933,$1,$2)-

Then the equality (19) can be written as

COf (24,21, 20) = f(21, To, T3). (20)
Using the definition of (24)-division, we have

fxs, f(z1, 22, 23), 22) = 1.
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Proposition 4. Let (Q; f) be a ternary quasigroup. If Ps(f) = Zy, then f, 02f 03f,
@) D COf gre gll different parastrophes of the operation f .

Proof. Since
Sy =2Z,U(12)Z, U (13)Z4 1 (23)Z, U (14) Z4 U (24) Z4,
then ¢, (12), (13), (23), (14), (24) are all representatives from S,/Z, . O

Theorem 3. A ternary group isotope (Q,f) belongs to P(Zy) if and only if there exists

an abelian group (Q,+,0), its automorphism « and an element a € Q such that o* = 1,

oda=—a and

f(x1, 29, 23) = axy + &’y — o*w3 + a. (21)

Proof. Let (@, f) be a ternary group isotope and (1) be its O-decomposition. As it was
shown above, the quasigroup (@, f) belongs to the variety B(Z4) if and only if (20) holds.
Lemma 1. implies that the identity can be written as

1
ay (—oqzs + 1 — a — azry) = a1 + aexs + agrs + a.

Fixing z3 and z, one by one in turn and applying Lemma 3., we obtain a,' which is both
an automorphism and anti-automorphism. Consequently, the group (Q,+) is commutative.
Apply «s to both sides of the identity:

T] — 3Ty — QT3 — G = Qo1 T1 + 3Ty + Ap03T3 + Qaa.

The left and the right sides of the equality are 0-canonical decomposition of the same operation.
Therefore according to Theorem 1., the corresponding coefficients and the free members are
equal.

L= apay, —Q3=0Q3, —Q] =003, —0= Q.

These equalities are equivalent to the equalities
—1 —2 1 -2
Qo = O+, a3 = —0q -, —0 = —0q O, o = —a.

Let a := a;. Use the first and the second equalities to form the third one:

=o' = 043, a3 = —a? = —a2, at = Ly ada = —a.

The theorem has been proved. O

5. The symmetry group contains Kj.

Proposition 5. A ternary quasigroup (Q, f) belongs to P(Ky) if and only if it satisfies the
identities

fly e, fe,y,2) =2, [z f(@,,2),2) =y, (22)

Proof. Since the permutations (12)(34), (13)(24) generate the subgroup K, of the
symmetric group Sy, then K, is a subgroup of the symmetry group of a ternary quasigroup

(@, f) if and only if the equalities
(12)(34)f =f (13)(24)f = f (23)
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hold in (Q, f). Applying the formula (2), we get

(12)(34)f($17 T2, 33’3) = (34)f($2, L1, $3)7 ((13)(24)f(9€17 T2, 373) = (24)f(5173, L2, 951)-
Therefore, the equalities (23) can be written as identities in the quasigroup (Q, f):
(34)f(962, Ty, 363) = f($17372, 553), (24)f(~’173, L2, 901) = f(fCh L2, $3)~ (24)

Applying the definition of the divisions, we obtain

f(xa, 1, f(21, 22, 23)) = X3, f(as, f(x1, 22, 23), 1) = 2.

O

Proposition 6. Let (Q;f) be a ternary quasigroup. If Ps(f) = Ky, then f, 02f, 03f,
ADf Q32 OB gre all different parastrophes of the operation f .

Proof. Since
then ¢, (12), (13), (14), (132), (123) are all representatives from S,/Z,. O

Theorem 4. A ternary group isotope (Q, f) belongs to P(Ky) if and only if there exists
a group (Q,+,0), its involuting automorphisms o, [ and an element a € @ such that
aa = Pa=—a, Pa=I1,ab and

f(z,y,2) = —fax + ay + fz + a. (25)

Proof. Let (@, f) be a ternary group isotope and (1) be its O-decomposition. As it was
shown above, the quasigroup (@, f) belongs to the variety B(Z4) if and only if (24) holds.
Lemma 1. implies that these identities can be written as

-1
az (—apr) — aqxs + o3 — a) = a1y + Qexe + azrs + a,

-1
ay (—onzs + 19 — a — a3xy) = ATy + Qexe + azrs + a.

ag is an automorphism and ay is an anti-automorphism of the group (Q,+) as the result of
fixing x3 and applying Lemma 3. Apply a3 to the first identity and «s to the second one:

— Qo] — 1 To + Ty — @ = Q301 T] + Q30079 + A3T3 + Qza,

—1T3 + Ty — @ — Q3T] = ol + Q0373 + Q5T + Qo T1.
Denote I, .= —c+x+c:

—QoT] — 1 Te + Ty — @ = Q31 T] + Q30079 + A3T3 + Qza,

—onxs + o + Lo(—a31) — a = I(_aya) 020323 4+ I(_ay0)05T2 + I(—a,0) 020071 + Q2a.

The left and the right sides of these equalities are 0O-canonical decompositions of the same
operations. By Theorem 1. their coefficients and free members are equal:

_ _ _ 2 _
—Qy = 3¢y, —Q1] = (39, L= O3, —a = (3a,
_ _ 2 _ _
—on = l(caya)0203, 0= 1l(caya)0y,  La(—03) = [cay2n,  —a = aa.
Denote a:=ay, B :=as:

O[:_/Bah 041:—504, L:627 BCL:—CL7

ap = —1,a0, a? =171 —fB = aaq, aa = —a.

a

O
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6. The symmetry group contains Cj.

Since S4 = 04 L (13)04 L (23)04 L (14)04 L (24)04 U (13)(24)04, then all different

parastrophes of an invertible operation f with Bs(f) = Cy are f, 3f @)f (g CHf
(13)24)f

Proposition 7. A ternary quasigroup (Q, f) belongs to P(Cy) if and only if it satisfies the
identities

Proof. Since (12) and (34) generate the subgroup C; of the symmetric group Sy,
then Cj is a subgroup of the symmetry group of a ternary quasigroup (@, f) if and only if the
identity

oy Gy
holds in (@, f). These equalities could be written as identities in the quasigroup (@, f):

(12)f($17 Za, 953) = f(xh X2, $3), (34)f($1, T2, lES) = f(xh Ta, 953)- (27)

Using the definition of parastrophes, we have

f([L‘Q,l’l,fL’g) = f(ZEhI'Q,SCg), f((l,’l,l‘g, f(l’l,.%'g,xg)) = T3.

As a result, we obtain the identities (26). O

Theorem 5. A ternary group isotope (Q, f) belongs to B(Cy4) if and only if there exists an
abelian group (Q,+,0), its permutation o and an element a € Q such that a0 =0 and

fx,y,2) =ar+ay —z +a. (28)

Proof. Let (@, f) be a ternary group isotope and (1) be its O-decomposition. As it was
shown above, the quasigroup (Q, f) belongs to the variety B(Cy) if and only if (26) holds.
Lemma 1. implies that these identities can be written as

a1T9 + X + 3T3 + a = a1 T + Qexy + 33 + a,

—1
az (—agry — aqzy + o3 — a) = a1y + Qexs + azrs + a.

In obedience to Lemma 2. and Theorem 1., the first identity means that the group (Q;+) is
commutative and a; = ay := «. Therefore, in accordance with Lemma 3., the second identity
means that §:= ag is an automorphism of (Q;+),

—ozg_loz = q, —ozgloz = q, a3—1 = s, —ozg_la = a.

le, ag = —t. O
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7. The symmetry group contains 95;.

Since
Sy =4 Sy (13)Ss U (23)S55 LI (14)Sy LI (24)S5 LU (34)S, L (134)S,U
L1(143)Sy L (234)S2 L (243)Sy LI (1324)S, LI (1423)S,},

then all different parastrophes of an invertible operation f with Bs(f) = Sy are f, (13f
@)f (0f @OF GOf (30f (M3)f (@3 (243)p  (1320)f  (1423)f

Proposition 8. A ternary quasigroup (Q,f) belongs to P(Ss) if and only if it satisfies the
identily
[y, @,2) = f(z,y,2). (29)

Proof. Evidently. a

Theorem 6. A ternary group isotope (Q,f) belongs to PB(Ss) if and only if there exists a
group (Q,+,0), its permutation « and an element a € Q such that o0 =0 and

flz,y,2) = ax + ay + Bz + a. (30)

Proof. Let (Q,f) be a ternary group isotope and (1) be its 0-decomposition. By
Theorem 1., the identity means that the group (Q;+) is commutative and o; = ay = «.
Let (3 := ag be an automorphism of (Q;+).

O

8. Conclusion

A class of quasigroups having the same non-trivial parastrophic symmetry group is a
variety. There are ten trusses of these varieties. Ten pairwise non-parastrophic varieties are
selected for our researh. The respective defining systems of identities in propositions 1, 2, 3, 5,
7 in [14] and propositions 1., 3., 5., 7., 8. in this article are found. In each of these varieties, a
group isotope of sub-varieties is described.
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KJTACU®IKAIIISA TEPHAPHNX KBA3ITPVII 3A IX TAPACTPO®HUMU
I'PYIIAMU CUMETPIN, 11

€sreu Ilipyc

HAUAALHUK 6500141 IHPOPMAUTTHUT MeTHOA021T,
Jloneuvrul pe2ionarbnull YeHmp OUIHIOBAHHA AKOCTT 0C8IMU

PE3IOME
Mera i€l Ta monepeauboi crarti [14] € kmacudikarnis TepHapHEX KBa3irpynm 3a rpynamu ix
napactpoduoi cumeTpii. OCKiTbKE KOYKHA TaKa IPYTa € MiArPYIO CHMETPUYIHOT TPYIIH CTEIeHsI
4, TobTo Sy, a mapacTpodHi KBa3irpynu MalTh CIpsizKeHI Ipynu mapacTpodrol cumerpii, To
B JAHUX IpalsgxX aHAJI3VIOTbCd KBa3irpyld, IPYNH HAapacTpoHUX CHMETPii SKHUX IIOMapHO
HecpsizKeHi B Sy . A caMme, 3HAXOIATHCSA TOTOXKHOCTI, sIKi OMMCYIOTH KJIaC KBa3irpyI, rpyia
napacTpodHUX CUMeTPiil IKMX MICTUTH JaHy MiArpyny rpynu Sy ; HABOJAUTHCS CHHUCOK PI3HUX
napacTpodiB Ta 3HAXOAATHCHA KAHOHIYHI PO3KJIaU Oleparliii TPymoBUX i30TOMIB, IKi MiCTATHCS
B JITAHOMY MHOTOBH/II.

Key words: mepnaphra keasiepyna, mno208ud 2pynu, napacmpopui xK6a3iepyniu, napa-
CMPoPHa cumempia, napacmpopui MHo208udu, Napacmpopmi 2pynu cuMempii

Esrennii Ilupyc

HAYAADHUK 0MIEAd UHPOPMAUUOHHBLT TeTHO0N02UT,
Joneurutl pecuonasvHbl YEHMD OUEHUBAHUSL KAYECMEE 00pa306aHUA

KJIACCUDPNKAININA TEPHAPHBIX KBASUT'PVYIIII B COOTBECTBHUU C UX
IMAPACTPO®HBIMU I'PYIIIIAMU CUMMETPUMN, 11

PE3IOME

Lesbio 910it 1 npeaplymeii crareii [14] ecrs kraccudukanms TepHapHBIX KBA3UIPYIIT B
COOTBETCTBHUU C UX HapacTpoHLIMU IpynnamMu cuMMeTpuii. Tak Kak KazKjaas Takas I'pDyIia
SIBJITETCS] TOJATPYIITION CUMMETPHYECKOH TPYHIbl CUMMeTpuil mopsiika 4, T.e. Sy, a mapactpo-
dHBIE KBa3UTPYIIBI UMEOT CONpPIKeHHbIEe IPYIITHl MapacTpodHON CAMMETPHUN, TO B ITHX pa-
60TaxX aHAJIM3UPYIOTCI KBA3UTPYTIBI, IPYHIB MapacTPOMHBIX CHMMETPUN KOTOPBIX TOMAPHO
HeconpsizKeHbl B Sy . Takum oOpazoM, HallIeHbI TOXKIECTBA, KOTOPBIE OMUCHLIBAIOT KJIACC KBA3W-
I'PYIIIL, TPYIIa CAMMETPH KOTOPBIX COMEPKUT JAHHYIO HOATPYIILY IPYIIILl Sy . YKa3aH CIIHCOK
Pa3HbBIX MapacTpod U HaliieHbl KAHOHUYECKUE MPEJICTABICHUS OlePaIlii TPYIIIOBLIX H30TOIIOB,
KOTOpBIe COAEPZKaTCd B JAHHOM MHOIOBHJE.

Key words: mepnapraa keazuzpynna, mHo206ud 2pynnoi, napacmpopHvle K6a3u2pynnot,
napacmpoPras CUMMEMPUL, NaAPacMpoProve MHO208UIbL, NAPACTPOPHBLE 2DYNNBL CUMMEMPUTL
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