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ABOUT ORTHOGONALITY OF MULTIARY OPERATIONS

In this article orthogonality of multiary operations and hypercubes are under consideration. In
particular, criteria of orthogonality of m-ary operations are systematized and a criterion for
a operation in a set of orthogonal operations to be invertible is found. Corollaries for ternary
case are given.
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Introduction

Orthogonality of multiary operations and quasigroups, hypercubes and Latin hypercubes
(i.e., permutation cubes) are well-known and applicable in various areas including orthogonal
and projective geometries, cryptology, functional equations. In this article, we continue their
investigation (see [1]-]9]).

1. Preliminaries

Let Q be an arbitrary set — finite or infinite. An n -ary operation f defined on the carrier
@ is a mapping f: Q" — Q. An n-ary operation f is called invertible if there are inverses
lf of f forevery i=1,...,n:

mf(xl, PN ,.I‘n) = Tp+1 = f(ﬂfl, ey Li 1, Tp1, Lt 1y - - - ,Ilfn) = Ty, (1)
t=20,...,n— 1. This is a partial case of a parastrophe °f of an invertible operation f:
gf<xla oo 7xn) = Tpy1 = f(xlav cee 73:(71)(7) = T(n+1)o> (2)

for all o € S,,; permutation of the set {0,...,n}. The algebra (Q; f,!1f,...,"f) is called a
quasigroup.

2. Equivalent definitions of orthogonality

A mapping o from a set A to a set B is called complete, if all preimages have the same
cardinality.

A E-tuple of n-ary operations defined on a finite set @ (m :=|Q)]) is called orthogonal,
if for all ay, ..., a; in @ the system

s (3)

has exactly m"~* solutions.

A k-tuple (f1,..., fr) of operations is called embeddable into an m-tuple (g1,...,gm) of
operations, if each of the operations fi, ..., fx isanentry in (g1,...,9m), 1€, g, = f1, .-+,
Gi, = fi, for some 4y, ... 49, € {1,...,m}.
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Let @Q be a set. A mapping f from Q" in Q" is called a multioperation of the arity n
and the rank k or (n,k)-multioperation. Every (n,k)-multiopertion f uniquely defines and
is uniquely defined by a k-tuple (fi,..., fx) of n-ary operation:

flzr, .o xn) = (fi(xer, o), o (T, o x)).

For briefly, f = (fi,..., fx). The tuple is called coordinates of the multioperation. Therefore,

flrr, .o sxn) = (fr, o fo) (@, ) = (e, ), fr(@n, o 2)).

In other words, the set €, of (n,k)-multioperations is a k-th power of the set of n-ary
operations:

Qs = Q= 2 x Qp X Q.

S/

¢ X

Some multioperations are complete. For example, the multioperation

L1,k = (le cey Lk)) Ll,...,k(xla s ,l’n) = (xlv s 7$k)
is complete because preimage of each tuple (aq,...,ax) is
Ll_ﬁ',k(al, conag) =(at, ok Traay - Th) | Tpr, T € QF

and it has m"* elements.

Theorem 1. Let f = (fi,...,fx) be an (n,k)-multioperation defined on a finite set Q
(m:=1Q| ) and let k < n, then the following assertions are equivalent:

1. the multioperation f is complete;

2. each preimage under f has m"* elements;

3. the tuple (fi1,...,fx) of n-ary operations are orthogonal;
4. there exists a bijection 0 : Q" — Q" such that f =11 x0;

5. the tuple (fi,...,fr) of n-ary operations is embeddable into an orthogonal n -tuple of
n -ary operations.

Proof. (1)=(2). Since f is a mapping from Q" to Q¥ then the sets Q"/f and Q* have the
same cardinal, therefore Q"/f has m* elements. Completeness of f means that all members

in the set @Q"/f have the same cardinal. Thus for arbitrary a;, ..., ax, we have
- Q"] m" —k
If N ay, ..., a)| = =—=m"
jQr/fI mk

(2) = (3). The implication is true because for arbitrary a;, ..., ax the set of all solutions
of the system (3) is equal to preimage of the tuple (ay,...,a;) under f.

(3) = (1). Orthogonality of the operations fi, ..., fr means that the preimage of every
k-tuple (ay,...,a;) has m" " elements, so, f is complete.
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(1) = (4). The multioperation ¢ is complete according to the definition and the multi-
operation f is complete according to the assumption. The item (2) implies that all prei-
mages under both f and ¢ consists of m"* elements. Consequently, for every k-tuple
(a,...,ar) € Q" there exists a bijection

-1

Qaypan & L. plar, ... a) — f_l(al,...,ak).

gooey

Because all domains of the mappings form a partition of " and the all codomains do, their

union
= U Qay,.ap
al,...,a€Q
is a bijection of Q™. Moreover, for each (z1,...,2,) € Q"
(fa)(xy,...,xn) = fla(zr, ... 20)) = fOwya (@1, 20)) = (21, .o Tk).
As agya (X1, ) € (2, 1),
(fa)(z1,...,xn) = (21, .., k) = 11, k(T1, ..., T0).

Hence, fa =1, 1. Therefrom f =1y ja™t.
(4) = (5). Since the bijection € is a mapping from Q" to Q™, then there is a n-tuple

(g1,--.,9n) of n-ary operations defined on @ such that 6 = (g1,...,9,). Thence,

( 1y« - -,fk) =f= L1,...,k9 = L1,.‘.,k(917 . 7gn) = (91, .. 791@);

so, the k-tuple (fi,..., fx) is embeddable into the n-tuple (g1,...,g,). Since 6 is a bijection,
the preimage of every n-tuple (ay,...,a,) is a singleton and so the system (3) has a unique
solution, i.e. the operations ¢;, ..., g, are orthogonal. Thus, the k-tuple (fi,...,fx) of
operations is embeddable into an orthogonal n-tuple of operations.

(5)=(3). Let a k-tuple (fi,..., fr) of n-ary operations is embeddable into an orthogonal

n-tuple (fi1,...,fn) of orthogonal n-ary operations. It means that for every n-tuple
(ay,...,a,) of elements of the set @ the system
( fl(ajla axn)_ala
fr(x, ... ) = ay, (4)
S (@1, m0) = agya,
fa@1, . mn) = ay
has a unique solution. Let (aq,...,ax) be an arbitrary fixed k-tuple of elements in ) and X

be the set of all solutions of the system (3). Let define a mapping

A QP X
as follows: A(aki1,...,a,) = (21,...,x,) means that (zq,...,x,) is a solution of the system
(4). Since A is a bijection and Q"% has m"* elements, the set X also has m"* elements.
Inasmuch as ay, ..., a; are arbitrary elements, the k-tuple (fi,..., fx) of n-ary operations
is orthogonal. a

Let k > n, then the set of n-ary operations f := {fi,..., fx} is called orthogonal if each
n operations from the set is orthogonal.
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3. About orthogonality of hypercubes

A table of the dimension m”" is a set containing m™ cells. The number n is called an arity
and the number m is an order of the table. Let ) be an m-element set. Since Q" has m”"
elements, we can bijectively label all cells of the table by elements of Q™. If a cell is labelled
by a:=(a,...,a,) then the tuple a is called coordinates of the cell. In this case, we will say
that the table is defined over the set (). The following set of cells

Lia:={(a,....,q;-1,2,0i11,...,a,) | x € 0,m — 1},

is called an i-th line defined by @ and the number ¢ is a direction of the line.

A hypercube or cube of dimension m"™ over a set Q (|Q] =m) is a table of the dimension
m™ whose each cell contains an element from () called an entry.

A table of results (i.e., Cayley table) of an n-ary operation f defined on @ is a cube
of the dimension m” with entries from the set (). The cube is called Latin if all entries in
each line are pairwise different. Cayley table of a function is Latin if and only if the function is
invertible.

Let Ci, ..., C, be n-ary cubs defined over the same set (). Let us superimpose all
of them. As a result, we obtain a cube C;__, such that each its cell contains one n-tuple
of elements from @ . If all the tuples are pairwise different, the cubs Cy, ..., C, are called
orthogonal. It is easy to verify that cubes are orthogonal iff the corresponding functions are
orthogonal.

The following question is natural: When one of orthogonal cubes is Latin?

The set of all cells taken exactly one from each line of an n-ary table is called its (n—1) -ary
diagonal.

Lemma 1. A set d of cells of an n-ary table is its diagonal if and only if there exist an
(n — 1) -ary invertible operation g such that

d={(x1, . T, 9(x1, T ) | T1re 101 € Q). (5)
Proof. Let d be a set of cells and let = := (x1,...,x,), where x1, ..., x, are variables. d
is an (n — 1)-ary diagonal means that d has exactly one cell in each of the following lines
Ll,f? LQ,iv ) Ln@'

It is equivalent to “in the belonging
(x1,...,m,) €d

arbitrary values of arbitrary n — 1 variables uniquely define the value of n-th variable”. It the
same that “the relationship

g(T1,. . Tp1) = Tp e (T1,...,2,) €d

defines an invertible (n —1)-ary operation g on @”. This relationship can be rewritten as (5).
(I

Let d be an (n—1)-ary diagonal of the table of the dimension m™ and let ¢ be an arbitrary
direction. Each i-line has n — 1 parameters which takes their values in (). Therefore, there
are m" ! different i-lines. d has exactly one cell in each line and so d has m™ ! different
cells. Thus, d is a sub-table of the dimension m"~!.

A diagonal partition of a table is its partition whose blocks are diagonals of the table. A
natural partition of a cube is its partition whose blocks are sets of cells containing the same
element. It is easy to see the validity of the following proposition.
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Proposition 1. A natural partition of a cube is diagonal iff the cube is Latin.

An (n—1)-ary diagonal d of n-ary cubes C, ..., C,_; is said to be their transversal, if
sub-cubes of these cubes defined by d are orthogonal. A transversal partition of n —1 n-ary
cubes of the same order is their diagonal partition, if each block is a transversal of the cubes.

Theorem 2. n-ary cubes Cy, ..., C,_1 of the same dimension have a Latin compliment iff
they have a transversal partition.

Proof. Let C7, ..., C, be orthogonal cubes of the dimension m”" and let C,, be Latin. All
tuples in cells of the cube () _, obtained by superimposition of the given cubes are different.
Since (), is Latin, then its natural partition is diagonal, i.e., all its blocks are diagonals of the
m™-dimension table. Since the partition is natural in the cube C),, then an arbitrary block B,
in the cube C; __, consists of cells which contains n-tuples (zi,...,2,-1,a) for some fixed
element a. Because the cubes C, ..., (), are orthogonal, all tuples in cells of the cube C;
are pairwise different. Therefore, all tuples in B, are also different. The n-th coordinate in
all tuple from B, are the same element a, so the sequences of other n — 1 coordinates are
pairwise different. Therefore, the (n— 1)-ary sub-cubes (which are diagonals) of the cubes C,
.., Ch_1 defined by the B, are orthogonal.

Vise versa, let n-ary cubes Ci, ..., C,_; of the dimension m™ have a transversal parti-
tion. It means that there is a partition of the table of dimension m"™ such that each block B
is a (n — 1)-ary diagonal and so it is sub-table of the arity m» — 1 but the same order m.
Therefore, the block B has m™! cells. In each cubes C, ..., C,_; the block B defines
a sub-cube: B;, ..., B, ;. According to assumption, the sub-cubes are orthogonal, i.e., the
cube Bj__ ,-1 has a (n — 1)-tuple of elements from @ . All the tuples are pairwise different
because the sub-cubes are orthogonal. Note, that there are m blocks of the partition, so, we
can bijectively label all the blocks with the elements of the set (). We define a cube C,, by
the following way: we put an element a in a cell, if the cell belong to the block labeled by a.
Since each block is a diagonal, then the same element appears in pairwise differen lines. That
is why the constructed cube is Latin. Consider the cube C; _, . If two its cells belong to the
different blocks, the they are different because they labeled by different elements from ) and
so the tuple in the cells differ the n-th coordinates. If the celles belong to the same block, then
they are different because the sequences of fist n — 1 coordinates are different which follows
from orthogonality of sub-cubes. O

4. Ternary case

This subsection contains corollaries from the obtained results for the ternary case.

Corollary 1. Let [ = (f1,/f2) be an (3,2)-multioperation defined on a finite set Q
(m :=Q)| ), then the following assertions are equivalent:

~

the multioperation f is complete;
each preimage under f has m elements;
the tuple (f1, f2) of ternary operations is orthogonal;

there exists a bijection 0 : Q> — Q* such that f = 1120 ;

the tuple (f1, f2) of ternary operations is embeddable into an orthogonal triplet of ternary
operations.

Fedir Sokhatsky 53



ISSN 1817-2237. Bicuuk JTouHY. Cep. A: Ilpupoguuui Hayku. - 2018.- Ne 1-2

Corollary 2. Let f = (f1, f2, f3) be an (3,3) -multioperation defined on a finite set @Q
(m := Q)| ), then the following assertions are equivalent:

1. the multioperation f is a permutation of Q3 ;
each preimage under f has one element;

the tuple (f1, f2, f3) of ternary operations is orthogonal;

e

there exists a bijection 0 : Q> — Q° such that f0 =113 .

The set of all cells taken exactly one from each line of a ternary table will be called its
binary diagonal or spacial square.

Lemma 2. A set d of cells of a ternary table is its diagonal if and only if there exists a binary
invertible operation g such that d = {(x,y,9(z,y)) | z,y € Q}.

Let d be a binary diagonal of the table of the dimension m? and let i be an arbitrary
direction. Each i-line has two parameters which take their values in Q. Therefore, there are
m? different i-lines. d has exactly one cell in each line and so d has m? different cells. Thus,
d is a sub-table of the dimension m?2.

A diagonal partition of a table is the partition whose blocks are diagonals of the table. A
natural partition of a cube is its partition whose blocks are sets of cells containing the same

element. It is easy to see the validity of the following proposition.
Proposition 2. A natural partition of a cube is diagonal iff the cube is Latin.

An binary diagonal d of ternary cubes Cy, Cy will be their transversal, if sub-cubes of
these cubes defined by d are orthogonal. A transversal partition of two binary cubes of the
same order is their diagonal partition, if each block is a transversal of the cubes.

Theorem 3. Ternary cubes Cy, Cy of the same dimension have a Latin compliment iff they
have a transversal partition.

Conclusion

The obtained results permits to defined all diagonals of an n-ary table: diagonal of a
diagonal also is a diagonal of the given n-ary table. Consequently, it is possible to establish
their connection with orthogonality of multi-ary cubes.
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Deqnip Coxanpkumii

oxmop $izuro-mamemamusnur nayk, npopecop xadeopu MamemamuuHo2o aHa3Yy ma
JuepenuianvHuUT PreHAHL
Joneuvruti naytonarvrul yrisepcumem imeni Bacuasa Cmyca

ITPO OPTOT'OHAJIBHICTh BATATOMICHUX OITIEPAIIIN

PE3IOME
B miit cTtarTi po3risgmaeThest OPTOrOHAIBHICTh HaraToMIHMX omepalliif Ta rinepkyo6iB. 30Kpema,
CUCTEMATU30BAHO KPUTEPIl OPTOrOHAJILHOCTI DaraTroMiCHUX oOlepaliiil Ta 3HalijIeHO YMOBH 3a
AKUX KyO i3 OpTOroHa AbHOI cucTeMu KyOiB € JIaTuHChKUM. HaBeaeno Hac/IiiKu JJ1s TePHAPHOTO
BUIIAIKY.

Key words: n-aphna xeasiepyna, Aamuncokutl 2inepryd, 0pmoz0HasvH K6a3t2pyni, op-
MO20HAADHE T -GPHL ONEPALLL.

DPenop Coxarkmii

oxmop dusuro-mamemamuneckus Hayk, npodecop Kadeopvr Mamemamuieckoz2o0 aHaIUu3a U
Jupdepenyuarvrus ypasHeHud,
Jloneurutl Hayuonarvhold yrusepcumem umeny Bacuas Cmyca

OB OPTOI'OHAJIbHOCTU MHOI'OMECTHBIX OIIEPAIIIL

PE3IOME
B sT10it cTaThe n3ydeTcsd opTOroHAILHOCTH MHOTOMECTHBHIX onepanuii. B qacTHOCTH, cucTemMaTn-
3UPOBAHBLI KPUTEPHUHU OPTOTOHAJIBHOCTU MHOTOMECTHBIX Ollepaliuii M HAlIeHO YCJIOBUE TPU KOTO-
POM OIlepalins U3 CHCTEMbI OPTOTOHAJIBHBIX KyOOB AK/sieTcs JJaTuHCKUM. [[puBejiero cienacrpus
JIIS TEPHAPHOTO Cydas.

KirroueBbie ciaoBa: n -apHas K6a3uzpynna, AGMUHCKUT 2unepryd, opmo2oHaibHble KEa-
3UPYNNDL, OPMOZOHAALHBLE T -GPHBLE ONEPAUUY.
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