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THE BUNCH OF VARIETIES OF INVERSE PROPERTY QUASIGROUPS

In this article, the analysis of the fundamentals of the theory of quasigroups in view of
the introduction of the parastrophic symmetry [14] is continued. Parastrophic classes of inverse
property quasigroups are considered. The concept of middle I P -quasigroups is introduced. The
existence of three different pairwise parastrophic varieties of one-sided-quasigroups: left, right
and middle has been proved. Also, it has been proved: if a quasigroup has a j-invertibility
property, then its o -parastrophe has jo~!-invertibility property with an invertibility function.
An example of a groupoid being a left, right and middle [P -quasigroup simultaneously is given.
The group isotopes in each of varieties of the inverse property quasigroups are also described.
The trusses containing the varieties of one-sided [P -quasigroups, two-sided [P -quasigroups
and three-sided [P -quasigroups are under consideration. These trusses form a bunch.
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Introduction

The class of inverse property quasigroups has properties similar to groups, at the same
time it contains known subclasses such as the class of groups, the class of Moufang loop. In this
paper, the analysis of the fundamentals of the theory of quasigroups, namely, inverse property
quasigroups is presented. Properties of I P -quasigroups were studied by Belousov V. [1], Bruck
R. [7], Pflugfelder H. [6] and Shcherbacov V. [8]. In particular, they considered the elementary
relations in the [P -quasigroups.

Here, the class of inverse property quasigroups in view of the concept of parastrophe
symmetry introduced in |14] has been analyzed. Namely, all possible parastrophes of the concept
of IP-quasigroups are considered, the relations between the corresponding varieties of quasi-
groups are established. In each of the seven varieties of inverse property quasigroups, the group
isotopes are described. In other words, a complete classification of group isotopes for the defi-
ning property of I P -quasigroups is given. In this paper the concept of middle IP -quasigroups
is introduced, and the isotopes of groups that are left, right, and middle [P -quasigroups are
described. The concept of j-invertibility property is introduced. It has been proved: if a quasi-
group has a j-invertibility property, then its o-parastrophe has jo~!-invertibility property
with some invertibility function. The varieties of inverse property quasigroups with a one-sided
inverse property are different and belong to one truss of varieties. It is shown that quasigroups
with a two-sided inverse property also belong to one truss and quasigroups with a three-sided
inverse property are totally symmetric. These trusses form a bunch. A bunch of the class 2 is
said to be a set of all parastrophes of 2 and all their finite intersections [14].

1. Preliminaries
An algebra (Q; ~;€;T) with identities
V4 V4 r r
(x-y)-y=2z (v-y)y=2z z-(z-y=y z-(x-y=y (1)
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is called a quasigroup; the operation () is called main, (?), (T) are called left and right

divisions. They are also called left and right inverses of (-) because they are inverses of (-)

in the semigroups (Os, @) and (Os, ®) respectively, where Oy denotes the set of all binary
0 r

operations defined on () and
(f@9)(.y) = Fflolwy)y),  (f@9)=flg(zy)

The set of all invertible binary operations defined on () is denoted by A,. Each inverse of an
invertible operation () is also invertible. All such operations are called parastrophes of () and
they are defined by

o

Tig * T2g = T3g &= T1 * Ty = T3,

where o € S5 := {1, {,r,s,sl,sr}, £ = (13), r:=(23), s:= (12). In particular, the left and
right divisions of (-) are its parastrophes. It is easy to verify that

()= (")

holds for all o,7 € S5, thus S3 acts on the set A,.
The stabilizer and the orbit of an invertible operation f under this action are called
parastrophic symmetry group Ps(f) and truss Tr(f) respectively. Thus,

[Ps(f)] - [Te(f)] = 6.

Let P be an arbitrary proposition in a class of quasigroups 2. A proposition °P is said
to be a o -parastrophe of P, if it can be obtained from P by replacing the main operation
with its o~ !-parastrophe.

Let 72 denote the class of all o -parastrophes of quasigroups from 2A. A set of all pairwise
parastrophic classes is called a truss of class 2 [14]

TrA) ={°2A| o € Ss}. (2)
A truss of varieties is uniquely defined by one of its varieties.

Theorem 1. [14] Let 2 be a class of quasigroups, then a proposition P is true in 2 if and
only if °P s true in “2A.

Corollary 1. [14] An identity w = v defines a variety of quasigroups 2 if and only if o -
parastrophe °(w = v) of this identity defines the variety “A, where o € S3.

A set of all parastrophes of 21 and all their finite intersections is called a bunch of the class
A [14].

A groupoid (B;-) is called an isotope of a groupoid (A;o), if there are bijections «, 3,
~v from A to B such that the equality

Y(zoy) =az)- By)

holds for all z,y € A. The triple («,,7) is called an isotopism between (A;o) and (B;-);
bijections «, [, 7 are called its left, right and middle components.

Fedir Sokhatsky, Alla Lutsenko 57



ISSN 1817-2237. Bicuuk JTouHY. Cep. A: Ilpupoguuui Hayku. - 2018.- Ne 1-2

A quasigroup is called a group isotope, if it is isotopic to a group. If there exists a group
(Q;+,0) and bijections «, § and also an element a such that a0 = 50 =0 and

roy=ar+a+ Py (3)

for all , y in @, then the quaternion (+,«, 3, a) is called a 0-canonical decomposition of
the group isotope (Q;o). In each group isotope, an arbitrary element 0 uniquely defines its
0-canonical decomposition [2].

A quasigroup (Q;-) is called linear, if it is a group isotope and coefficients of a canonical
decomposition are automorphisms of the canonical decomposition group. The group is also
called linear over the canonical decomposition group.

Theorem 2. [9] Fach m -order quasigroup being linear over a cyclic group is isomorphic to
ecactly one quasigroup (Zp;o), where Z,, is a ring modulo m, xroy:=ax+by+c, a, b
relatively prime to m, and c is a common factor of m and a+b—1.

Let (4, «, 3,a) be a canonical decomposition of a group isotope (Q;o). Then it is easy to
see that all parastrophes of (Q;o) have the following forms:
Ty =ar+a+ Py, 2y =Bz +a+ay,
S —aYr—a— = o — B — (4)
rry=at(z—a—Py), x-y=aoa(-fr—a+ty),
x?y:ﬁil(—aw—a—i—y), xsfyZQ*l(x—a—ay).

Proposition 1. /2, Corollary 1] Let (Q;+,0) be a group, «, 51, B2, B3, Ba be bijections of Q,
besides a0 =0 and let

a(frx + Bay) = Bau + By,
where {x,y} = {u,v} holds for all x,y € Q. Consequently,

e « is an automorphism of (Q;+), if u=x, v=1y;

e « is an anti-automorphism of (Q;+), if u=y, v==2x.
A transformation o of a set is called involutive, if a® = ¢, ie. o™ ! = .
Let (Q;-) be a quasigroup. Bijections L,, R,, M, are called left, right and middle

translations respectively, if
L,(x) = ax, R,(x) = za, M,(x) =y = zy = a. (5)

Some of invertible functions have invertibility properties, that is they are IP -quasigroups.
It is convenient to define these notions as follows.

Definition 1. A quasigroup (Q;-) is said to have a j-invertibility property or (Q;-) is a
jI P -quasigroup with an invertibility function &, if the identity

T

Q11 - QX = 063($1 : $2) (6)
18 true, where
r, if j=1, ) )
4 , if k=7,
T = f: Zf]:27 O‘k:{f Z;k?éj (7)
S, Zf .7 = 37 ’ ‘

58 Fedir Sokhatsky, Alla Lutsenko



ISSN 1817-2237. Bicuuk JTouHY. Cep. A: Ilpupoguuui Hayku. - 2018.- Ne 1-2

Thus, (Q;-) is: a left IP -quasigroup if j =1, a right 1P -quasigroup if j =2.1f j =3,
the quasigroup will be called a middle IP -quasigroup. Invertibility functions for the left, right
and middle P -quasigroups are denoted by A, p, p and will be called left, right and middle
invertibility functions respectively. In other words, left, right and middle 1P -quasigroups (Q;-)
can be defined by

r-(Ar-y) =y, le, Ar-y=z'y; 8)
. V4

(x-py)-y=uz, ie, x-py=uz-y; (9)

voy=ply ), ie, plz-y)=z"y. (10)

Left, right and middle P -quasigroups are called one-sided IP -quasigroups.

If some of the functions A\, p, u exist in a quasigroup (Q);-), then they satisfy the following
relations. The relations Wthh do not contain p are well-known (see [1, 6]). That is why, we
prove only the relations which contain p:

1° Transformations p, \, p are involutive.
Indeed, 1*(zy) = p(p(zy)) = plyz) = vy, so p’ =1¢.
2° (y-pz) =y, z-(Az-y)=y, plx-y) =y Az, Nz -y) =py-pz;
Aoy o) =y, plr-y)-pr=y.
The proof evidently follows from (8), (9), (10).
3° For an arbitrary a Ly, = L', Rye = R;', My, = M, .
Let M,.(z) =y according to the definition x -y =a. Apply p to its sides: y -z = pa,
ie. My(y) =x,s0 y= M. x). Thus, M} = M,.
4° For an arbitrary a we have
pR = L., AL.p =R, AR.p = Ly, pL )\ = Ry,
ALapp = R pp, pRap = Lap,  ARapt = Lpapp, jiRoA = Lo,
pRapt = L'\, pLopt = Ry, pLo) = Ry,  puL.p = Rap,
Lyap = M,, R\ = M;al.

Indeed, for all = € () we obtain

ALqpi(z) = Ma - () & pp(w) - pa = Rpuppr(z) = Ry pp(x) ;
HRap(x) = plp(a) - a) = a- pla) = Lup(a):
ARapi(x) = A(p(x) - a) = pa - pu(x) = Lpappa(z) ;
HRA(z) = p(A\(z) - @) B a- A(z) = LoA(x);
Rap(x) = p(p(x) - a) & Aa- Mu(x) = LaaMa() = L7 Apa(x) ;
Lop(w) = pla- p(x)) = Mu(@) - Ao = RaaApa(z)
HLA(z) = pla- Mz)) = Mo) - a = R\ (x);
uLupl() = pla- p(x)) ‘2 p(x) -a = Rap(2);
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Lp(x) = pa - p(x). Let M,(x) = y according to the definition z -y = a, we have
20
Wp(x) plx-y) - ple) =y = Ma(2);
A1) = AMz) - a. Let M,(z) = y according to the definition z -y = a, we have
) 3°
Ra/\(x) = Az) - (z-y) =y =M, (x) = M/ (z).
2. Invertibility of group isotopes

Since every group isotope has a canonical decomposition, i.e. the decomposition always exi-
sts and is unique, it is natural to find conditions which are equivalent to a one-sided invertibility

property.
Theorem 3. Let (Q;0) be a group isotope and (3) be its canonical decomposition, then:

1) (Q;0) is a right IP -quasigroup with an invertibility function p if and only if « is an
involutive automorphism of (Q;+) and

aa = —a, p= B L8 (11)

2) (Q;0) is a left IP -quasigroup with an invertibility function X if and only if 5 is an
involutive automorphism of (Q;+) and
fa = —a, A=a 'JI; ' Ba. (12)

3) (Q;0) is a middle 1P -quasigroup with an invertibility function p if and only if there
exrists an anti-automorphism 0 such that

px = 0z + c, 0* =11, a =00, (13)
where ¢ := —fa + a.

Proof. 1) Let a group isotope (Q;o) be a right 1P -quasigroup with invertibility function p,
e.i., the identity (y ox) o pxr =y holds. Using the canonical decomposition of (Q;0) (3), we
have:

alay+a+ fz) +a+ Bpr =y, (14)
therefore,

alay + a+ fx) =y — Bpr — a. (15)
Proposition 1 implies that « is an automorphism of (Q;+,0) then

o’y + aa + afr =y — Bpr — a. (16)
When 2 =y =0, we obtain aa = —a and when x =0 we have oy =y, i.e., o =1.

Substitute the obtained relations in (16):
y—a+afxr=y— Bpr —a.
Reducing y on the left in the equality, we have:
—a+ afr +a=—Ppx.

Wherefrom, [,a5 = Jfp and therefore (11) holds.
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Conversely, let (Q;0) be a group isotope with the canonical decomposition (3) satisfying
(11) then

(youx)opx (i)a(ay+a+63:)+a+5pa::a2y+aa+aﬁx+a+ﬁpx:

Wy —a+aBr+a+ BB T Lap)r =y + LaBr + JL,afr =

=y + l,afBx — l,aBx =y.

Thus, the group isotope (Q;o) has the right inverse property.
2) Let a group isotope (Q;o) be a left 1P -quasigroup with an invertibility function A,
e.i., the identity Az o (x oy) = y holds. Using the canonical decomposition of (Q;0) (3), we
have:
alr +a+ Blax +a+ Py) =y, (17)

therefrom
Blar +a+ By) = —a—alx +y. (18)

Proposition 1 implies that £ is an automorphism of (Q;+,0), therefore
Boax + Ba + By = —a — adx + . (19)

If 2=y =0, weobtain Ba = —a;if x =0, we have 3%y =y, 32 = 1. Substitute the obtained
relations in (19):

far —a+y=—a—alr+y.
Canceling y, we get a + Bax — a = —adx. Wherefrom, I;'Sa = Ja\ and thus (12) holds.

Conversely, let (Q;0) be a group isotope with the canonical decomposition (3) and the
equality (12) holds, then

Az o (xzoy) (i)a)\x+a+6(ax+a+ﬁy):a)\x+a+ﬂax+ﬂa+52y:
= ala M I Ba)r + a+ Bar —a + [Py =
= —I1'Bax + I fax+y =vy.

Thus, the group isotope (Q;o) has the left inverse property.
3) Let a group isotope (Q;o) be a middle IP-quasigroup with an invertibility function
f, i.e., the identity x oy = u(y o x) is true. Using the canonical decomposition of (Q;0) (3),
we have:
axr +a+ py = play + a+ Px). (20)

Let ¢ := p0 and 6 := L_yp. We add the element —c from the left to both parts of the
equation (20):

—c+ar+a+ By = L_gulay + a+ )
that is

RuL_ga(x) + B(y) = 0(Raaly) + B(x)). (21)

Since 0(0) = L(—¢yp0 = —c+p0 = —c+c = 0, then by proposition 1.  is an anti-automorphism
of (Q;+). Therefore, pz = 6z + c is an alinear transformation of the group (Q;+) and
consequently (20) can be written in the form

ax +a+ Py = 0Bx + Oa + Oay + c. (22)
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In particular, for © =y = 0 we get a = fa+ ¢. For y = 0 from the equality (22) we have
a = 0. Reducing ax on the left in the equality (22), we have:

a+ By =6a+ 0oy + c (23)
because —a + fa = —c. Then adding —a to both parts of the equality (23), we get:
By = —c+ bay + c = [.0ay,

that is why 3 = I.fa. Since a = 643, then 6% = I !.
Conversely, let (Q;0) be a group isotope with the canonical decomposition (3) and suppose,
the conditions of (13) are true. Then

plyox) =0(yox)+c (3:)H(Ozy—l—a—i-ﬁx)+c:969&+9a+6ay+c:
=ar+a—c+bay+c=ar+a+ I.0ay =
=ar+a+ I0?By=ar+a+PBy=zouy.
Thus, (Q;o) is a middle [P -quasigroup. O

Applying Theorem 3., we obtain the following assertion.
Corollary 2. Let (Z,,;0) be a group isotope with the canonical decomposition
rxoy=ar+c+ by, (24)
where ¢ is a common factor of m and a+b—1, then:

1) (Zyn;0) is a right 1P -quasigroup with an invertibility function p if and only if: a®> =1
(mod m), a=—1 (mod m/c), p(z) = —ax;

2) (Zp;0) is a left 1P -quasigroup with an invertibility function \ if and only if: b* =

(mod m), b=—1 (mod m/c), A(x) = —bzx;

i
—_

3) (Zyn;0) is a middle 1P -quasigroup with an invertibility function p if and only if: a* = b
(mod m), px =a ‘br —a tbe+c.

Proof. The proof is immediately follows from Theorem 3. and Theorem 2. O

Corollary 3. If a quasigroup being linear over a finite cyclic group has left and right inverti-
bility properties, then it has a middle invertibility property as well.

Proof. Let a quasigroup be linear over a finite cyclic group and let it have left and right
invertibility properties with functions A and p. This quasigroup is isomorphic to a quasigroup
(Q;0) which is defined by (24). The items 1) and 2) of Corollary 2. imply a? = b?. Therefore
according to the item 3), uxr = a~'bx — a"'bc + ¢ is the middle invertibility function. O

Example 1. Consider the quasigroup (Zg;o), where Zg is a ring modulo 8 and
rxoy :=dr+4+ 3y.

(Zg;0) is a left and right IP-quasigroup with invertibility functions A(z) = —3z and
p(x) = —5x respectively.

62 Fedir Sokhatsky, Alla Lutsenko



ISSN 1817-2237. Bicuuk JTouHY. Cep. A: Ilpupoguuui Hayku. - 2018.- Ne 1-2

Let’s check if the equalities (8) and (9) are fulfilled:
Aro(xoy)=5(-3)xr+4+3bxr+4+3y)=—15z+4+15x+12+y =1y,

(xoy)opy=5br+4+3y)+4+3(-5)y=x+4+15y+4 — 15y = x.

Thus, (Zs;o) is a left and right 1P -quasigroups with the invertibility functions A and p.
According to Corollary 3. the quasigroup is a middle [P -quasigroup and by Corollary 2.
the middle invertibility function u is

pr=a'br—atbc+c=5"-3.2-5"-3-44+4=Tx+4+4="Tx.

Therefore, the quasigroup (Zs; o) is a left, right and middle 1P -quasigroup with the inverti-
bility functions A(z) = bz, p(z) =3z, p(xr) =Tx.

Theorem 4. Let (Q;0) be a group isotope and (3) be its canonical decomposition, then:

1) (Q;0) is aleft-right 1P -quasigroup with a left invertibility function \ and a right inverti-
bility function p if and only if the coefficients o and [ are involutive automorphisms of
(Q;+) respectively, and

aa = fa = —a, A =a 'JI,Ba, p =B J1,ap.

2) (Q;0) is a left-middle IP -quasigroup with a left invertibility function X\ and a middle
invertibility function w if and only if B is an involutive anti-automorphism of (Q;+)
and there exists an anti-automorphism 0 such that

fa = —a, A=a 'JI'Ba,

pr = 0x + c, 6% =171 a =00,

c )

where ¢ = —0a+a.

3) (Q;0) is a right-middle 1P -quasigroup with a right invertibility function p and a middle
invertibility function p if and only if « is an involutive automorphism of (Q;+) and
there exists an anti-automorphism 6 such that

aa = —a, p= /6_1‘][(1&57

pr = 0x + c, 0> =11 a =00,

c )

where ¢ := —0a+a.

Proof. The proof is the same as that of Theorem 3. a

Theorem 5. Let (Q;0) be a group isotope and (3) be its canonical decomposition, then (Q;o)
18 a left-right-middle 1P -quasigroup with a left invertibility function X, a right invertibility
function p and a middle invertibility function p if and only if the conditions (11), (12), (13)
hold.

Proof. The proof is follows from proof of Theorem 3. a
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3. Varieties of [P -quasigroups

In this subsection, we consider one-sided, two-sided and three-sided [P -quasigroups. First,
we prove the following theorem.

Theorem 6. If a quasigroup has a j -invertibility property, then its o -parastrophe has a jo ' -

wnvertibility property with the same invertibility function.

Proof. Let a quasigroup (Q;-) has a j-invertibility property that is, there exists a
transformation & such that (6) is true. Then (6) can be written in the form

-
Q1T - QT2 = (3T3 <> L1 - T2 = T3.

According to the definition of a ¢ -parastrophe, we have

oT

o
N16T1g * W2eT25 = A36T36 < T1g * T2g = T30

Thus,

o oT
A1T15 * O2eT 26 = 0530'(‘7;10' :

, L= Ty, Y= To,, (0) = (7):

CL’QU).

Replace v := o710}

Q15T 0 QgeY = i3, (T o Y).

According to the condition, { = a; = q(jo-1), . In the result, we have to make sure that the
pair (jo~';o7ro™!) satisfies the conditions (7). For this purpose, we calculate (jo=';or07!)
for all j =1,2,3 and for all ¢ € S3. All obtained pairs are given in the following table.

(7, 7\ o L s r 14 sl sr

(1,7) (L,r) | (2,0) | (1,7) | (3,5) | (3,s) | (2,0)
(2,0) (2,0) | (L,r) | (3,8) | (2,€) | (1,7) | (3,5)
(3,s) (3,8) | (3,s) | (2,0) | (1,r) | (2,0) | (1,7)

The theorem has been proved. O

Corollary 4. If a quasigroup has i - and j -invertibility properties, then its o -parastrophe has

ioc~t - jo~! -invertibility properties with the same pair of invertibility functions.

Proof. The proof is follows from Theorem 6. O
If a quasigroup has an i-invertibility property for all ¢+ = 1,2,3, then we say that it has
the total property of invertibility.

Corollary 5. If a quasigroup has the total property of invertibility, then each of its parastrophes
has this property.

Proof. The proof is follows from proof of Theorem 6.
Then the table of Theorem 6 can be written in the following form.

L left IP, A right IP, p | middle IP, pn
s-parastrophe right IP, ) left IP, p | middle IP, pu
(-parastrophe | middle IP, \ right IP, p left IP, u
r-parastrophe left IP, X\ | middle IP, p right IP, 1
sl-parastrophe | middle 1P, )\ left IP, p right IP, 1
sr-parastrophe right IP, X\ | middle IP, p left IP, u
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The corollary has been proved. a

Theorem 7. If a quasigroup, being linear over a finite cyclic group, has two invertibility
properties, then it has the third invertibility property too.

Proof. Since S3 acts on {1,2,3} twice-transitively, then Theorem 6. and the Corollary 3.
imply the proof of this theorem. a

4. One-sided [P -quasigroups
Theorem 8. A truss of varieties of an I P -quasigroup with a one-sided inverse property consi-
sts of three varieties: middle, left and right I P -quasigroups. Moreover, if a variety A is defined
by the identity (10), variety ‘A is defined by the identity (8) and variety ™A is defined by the
identity (9)

Tr(2A) = {24, A, "A}.

A = Y ZQ[ = T T = sEQL
maddle I P-quasigroups | left I P-quasigroups | right I P-quasigroups
Ps(2) ={¢, s} Ps(") = {1,r} Ps("A) = {, ¢}
z-y=p(y- ) Ax-(z-y)=y (y-z)-pr=y

Proof. Let 2 be a class of middle [P -quasigroups. We will find an s - parastrophe of this
class. According to the definition of a middle IP -quasigroup, we have zdy = M(yéx) , therefore
yoxr =p(roy).

Replacing x with y and y with =, we have the equality which defines the variety of
middle [P -quasigroups zoy = u(yox).

Thus, 24 = *2(. It implies that Ps() = {t,s} C S3 and the order of the stabilizer is
|Ps(20)| = 2.

Therefore, the corresponding truss of varieties 7'r(2A) has three elements.

¢-parastrophe of class A: x 6 y = uly 6 x). Then we have the identity (8) which defines
the variety of left IP-quasigroups ‘2.

r-parastrophe of class 2 is the variety of right I P -quasigroups " defined by the identity
(9)

Let’s find the classes that coincide:
STQ[ — ZSQ[ — @(sm) — 62[7 SEQ( — T‘SQ[ — 'r(sm) — 7‘2[’
Ps("A) = 0(Ps(A))l = {1, s}0 = {1, 7},

Ps("A) = r(Ps())r = r{¢,s}r = {1, (}.

In the result, we have the varieties of middle, right and left 1P -quasigroups belonging to the
truss Tr(2A) = {2, A, "A} . O

Example 2. Consider the quasigroup (Zi5;0) with the canonical decomposition
rxoy=2x+3+4y.

(Zq5;0) is a left 1P -quasigroup with the invertibility function A = —4.
Since fa = —a, then 403 = —3.
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According to Theorem 3., (Z;5;0) defines the variety of left IP-quasigroups ‘2. Since
the variety of left [P -quasigroups is defined by the identity (8), then s -parastrophe of this
variety defines the variety of right [P -quasigroups.

Indeed, Az o (zoy) =y implies (yox)odz = y. From the equalities (4) we get

xoy =4x 43+ 2y,

Because 203 # —3, then (Z3; S) does not define the variety of left IP-quasigroups ‘2 but
defines the variety of right IP -quasigroups "2 by Theorem 8. That is why, ‘2 # ™.

¢ -parastrophe of the left IP -quasigroups implies A\x & (xogy) =y.

Let xéy = z, then yoz = z. That is why, we have the identity yoz = A(zoy). Thus, we
have the identity which defines the variety of middle IP -quasigroups. The equalities (4) imply

xéy:8x—|—6—2y.

Since —2 06 # —3, then (Zs; é) does not define the variety of left I P -quasigroups ‘2 but
defines the variety of middle IP -quasigroups 2l according to Theorem 8.

That is why ‘2 # 2. Consequently, the varieties 2, ‘2, "2 are different and belong to the
same truss.

Operations (o), (0), (g) defined on Z;5 by the equalities

roy =20 +3+4y,  wdy:=4r+3+2, xoy:=8r+6—2

have left, right and middle inverse properties respectively, in particular A(z) = 1lx,
p(z) =11z, p(z) = 1lz.
Indeed, A\zo(roy)=11-20+3+4 - (2x+3+4y) =220+ 3+ 8x+ 12+ 16y =y,
(yox)opr =4-(dy+3+22)+3+2 -1l =16y + 12+ 8+ 3+ 22x =y,
wroy)=pu8xr+6—2y)=—-22y+66+83x—66+6=8y+6—2r=youz.

5. Two-sided [P -quasigroups
Theorem 9. A truss of the varieties of IP -quasigroups with a two-sided inverse property
consists of three varieties: left-right, left-middle, right-middle IP -quasigroups.

Moreover, a variety of left-right 1P -quasigroups is defined by identities (8), (9); a variety
of left-middle IP -quasigroups is defined by identities (8), (10); a variety of right-middle 1P -
quasigroups is defined by identities (9), (10).

Proof. We find a set of all pairwise intersections of the classes of the truss 7r(2). Let
U = "AN A be a variety of left-right IP-quasigroups. Let’s find all parastrophes of the
varieties that coincide:
e a variety of left-right IP -quasigroups
U ="ANA =*("ANA) = *V;
e a variety of left-middle 1P -quasigroups

Zmzf(rmmém) :rsmmm:rmmmzsr(rmmgm):Srm;
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e a variety of right-middle [P -quasigroups
O =T("ANKYA) =ANA=("AN A = Y.
As a result, we have a set of intersections of the varieties of one-sided [P -quasigroups which
belongs to the truss of two-sided [P -quasigroups:
Tr(0) = {"ANA, " ANA AN A} = {2, 0,7V}

For example, two-sided [P -quasigroup is non-commutative loop, if u =¢.

Theorem 10. Three-sided [P -quasigroups are left-right-middle IP -quasigroups. In parti-
cular, the variety B =AN"ANQA is a totally symmetric variety.

Proof. Indeed, easy to verify that
TRANTANKRQA) =AN"AN A,
for all o € S3. O

Belousov [1] gave an example of a quasigroup with inverse property, where the left and
right invertibility functions are different. This quasigroup has a three-sided inverse property.
Let (G;+) be an Abelian group. The operation (-) is defined on the set G x G, putting:

(a,b) - (c,d) = (a+c,d—D).
The transformations A, p are defined in [1|. The transformation p is defined as follows:
Aa,b) := (—a, —b), p(a,b) == (—a,b), p(a,b) = (a,—b).

In [1] it is shown that X\, p are left and right invertibility functions respectively and they are
different.
We have proved that p is a middle invertibility function, besides p # A and u # p.
Check the implementation of the identity (10).

p((a,b) - (¢,d)) = pla+c,d—b) =(a+c¢,—(d—b)) = (a+¢,b—d) = (¢,d) - (a,b),

We take a pair (a,a) and a # —a. Suppose, p = A then p(a,a) = A(a,a) in other words
(a,—a) = (—a, —a). From this we obtain @ = —a. This means p # A. That u # p is easily
proved.

Thus, p is a middle invertibility function, moreover it is neither left nor right invertibi-
lity function. This example shows that there exist three-sided [P -quasigroups with different
invertibility functions.

Theorem 11. The bunch of the varieties of 1P -quasigroups consists of the following varieties:
1) The truss of one-sided 1P -quasigroups Tr(2) = {2, A, ™A} ;
2) The truss of two-sided 1P -quasigroups Tr(0) = {,"0, "V} ;
3) The truss of three-sided IP -quasigroups B = 2AN"AN .

Proof. The proof of item 1) follows from Theorem 8. and Example 2; the proof of item 2)
follows from Theorem 9. and the proof of item 3) is the same as that of Theorem 10. O
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Conclusion

In this article, the existence of three different pairwise parastrophic varieties of one-sided
1 P -quasigroups, two-sided [P -quasigroups, three-sided IP -quasigroups has been proved. It
has also been proved that these varieties are different. In each of the seven varieties of IP-
quasigroups, the group isotopes are described and a complete classification of group isotopes
for the defining property of I P -quasigroups is given. The examples of a groupoid being a left,
right and middle [P -quasigroup simultaneously and grupoid with one-sided inverse property
are given. The trusses containing the varieties of one-sided IP -quasigroups, two-sided IP -
quasigroups and three-sided [P -quasigroups are under consideration. It has been proved that
the bunch of the varieties of inverse property quasigroups consists of seven varieties.
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®eqip Coxanpkuii, Asia Jlynesako

Joxmop isuro-mamemamusunus Hayk, npoPecop Kadedpu MamemamuuHo20 GHAAI3Y Ma
JupepenUiaAbHUT PIGHAHD
HHoneyvxut nauionasvhuti yrisepcumem imens Bacuas Cmyca

Acnipanmexa xapedpu MamemamuiHozo aHasi3y ma JuPeperyiasvHUT PIGHAHD
Honeyvxut nauyionasvhut yrisepcumem imens Bacuas Cmyca

B’A3KA MHOI'OBIAIB KBA3IT'PVYII 3 BJIACTUBICTIO OBOPOTHOCTI

PE3IOME
B naniit crarti Mu npojoBKYyEMO aHaJi3yBaTH OCHOBH TeOpil KBa3irpyll 3 OIJIs/ly Ha BBejie-
He B [14] nousrrsa mapacrpodHoi cumerpii. Posragnaorses napactpodHi Kiaacu KBasirpy 3
BJIACTHBICTIO 000opoTHOCTI. BBemeno nousarta cepeanbol [ P-kBazirpynu. /loBejaeno icHyBaHHS
TPHOX PI3HHUX MONAPHO-NAPACTPOMHUX MHOTOBUIM OJHOCTOPOHHIX [P -KBa3irpyir: JiBHX, Ipa-
BHX 1 cepeanix. TakoxXK J0BesIeHO, IO IKIMO KBAa3irpyma Ma€ j BJIACTHBICTH 000POTHOCTI, TO TT
o -nmapactpod Mae jo ! BaacTHBiCTH 060pPOTHOCTI 3 Aearoo dyHKHieo oboporrocti. Hasemeno
NPUKJIAJI TPYIOifAa, 10 OJHOYACHO € JIIBOIO, PaBoo i cepeanboo [ P -kpasirpymnorw. Takox y
KOXKHOMY 3 MHOT'OBH/IiB KBa3irpym MU OMHUCAIHA TPYHOBI i30TOmH. PO3ragaaoTbesd mydIKn, Mo Mi-
CTATHh MHOTOBHUJIN OTHOCTOPOHHIX [ P -KBa3irpym, ABOCTOPOHHIX [P -KBa3irpyI i TpPUCTOPOHHIX
1 P -xBazirpyn. i nyuku yTBOPIOIOTH B’SI3KY.

Kirouosi cioBa: «ksasiepyna, [P -keasiepyna, napacmpodna cumempis, 2pynosut i30-
mon, MH0208U0, NY1OK, 8 A3KG.
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®eup Coxaupkbiil, Ajuia Jlynenko

Joxmop husuro-mamemamuseckus Hayk, npopeccop Kadeopvl MAMEMAMUYECKO20 GHAAUSG U
dupdpepenyuarvruns ypasrenud,

Jloneuruti Hayuonaivnul yrusepcumem umenu Bacvias Cmyca

Acnuparmia xadedpvr MAMEMAMUYECK020 AHAAUZA U JUPHEPEHUUAALHBIL YPasHEHUT,
Joneuruti Hayuonaavnul yrusepcumem umenu Bacvias Cmyca

CBSIBKA MHOT'OOBPA3UN KBA3SUTPVYIIII CO CBOMCTBOM OBPATUMOCTH

PE3HOME
B naunoii crarbe Mbl POJOJIZKAEM aHAJIU3 OCHOB TEOPUHU KBA3UI'PYIIl YUYUTbIBas BBEJIECHHOE
B [14] monarue nmapacrpodnoii cumverpun. PacemarpuBarores: napacTpodHbie KIacChl KBa3n-
I'PYIIT CO CBOiicTBOM obparumoctu. Beeneno nousitue cpejgueit [ P-kBasurpymnmnsl. CylecTBoBa-
HUe TpeX Pa3HbIX MONapHO-MAapacTPOMHBIX MHOT00OPa3wil OMHOCTOPOHHUX [ PP -KBa3UTpyIIII: Je-
BBIX, TPABBIX U CPETHUX J0Ka3aHo. TakzKe JOKa3aHO, YTO €CIM KBA3UTPYTIA UMeeT j CBOHCTBO
0OpPaTHMOCTH, TO ee 0 -apacTpod nmeeT jo ! ¢BOHCTBO OOPATHMOCTH ¢ HEKOTOPOIl (byHKIHed
obparumoctu. [IpuBeien npumep rpynnouia, KOTOpblil OHOBPEMEHHO SBJISIETCH JIEBOH, TTPaBOil
u cpequeit [ P-kBazurpynnoii. Takzke onucanbl TPyNnoBble W30TOIBI B KAYKJI0M U3 MHOT00Opa-
3uit [ P-kBasurpymnin. PaccMaTpuBaioTcd MydKHd, cojepzKaliue MHOT00Opas3ws OJHOCTOPOHHHUX
1 P -xBa3urpymi, JAByCTOPOHHUX [P -KBa3sUTPYIII U TPeXCTOPOHHUX [P -KBazurpymni. JTH Iy-
YK 00pa3yIoT CBA3KY.

KunaroueBsle cnoBa: keasuepynna, IP -keasuepynna, napacmpopuas cuMMempus, 2pyn-
nosoli u3omon, MHo2000pa3ue, NY4or, CA3KA.
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