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THE BUNCH OF VARIETIES OF INVERSE PROPERTY QUASIGROUPS

In this article, the analysis of the fundamentals of the theory of quasigroups in view of
the introduction of the parastrophic symmetry [14] is continued. Parastrophic classes of inverse
property quasigroups are considered. The concept of middle 𝐼𝑃 -quasigroups is introduced. Thе
existence of three different pairwise parastrophic varieties of one-sided-quasigroups: left, right
and middle has been proved. Also, it has been proved: if a quasigroup has a 𝑗 -invertibility
property, then its 𝜎 -parastrophe has 𝑗𝜎−1 -invertibility property with an invertibility function.
An example of a groupoid being a left, right and middle 𝐼𝑃 -quasigroup simultaneously is given.
The group isotopes in each of varieties of the inverse property quasigroups are also described.
The trusses containing the varieties of one-sided 𝐼𝑃 -quasigroups, two-sided 𝐼𝑃 -quasigroups
and three-sided 𝐼𝑃 -quasigroups are under consideration. These trusses form a bunch.
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Introduction
The class of inverse property quasigroups has properties similar to groups, at the same

time it contains known subclasses such as the class of groups, the class of Moufang loop. In this
paper, the analysis of the fundamentals of the theory of quasigroups, namely, inverse property
quasigroups is presented. Properties of 𝐼𝑃 -quasigroups were studied by Belousov V. [1], Bruck
R. [7], Pflugfelder H. [6] and Shcherbacov V. [8]. In particular, they considered the elementary
relations in the 𝐼𝑃 -quasigroups.

Here, the class of inverse property quasigroups in view of the concept of parastrophe
symmetry introduced in [14] has been analyzed. Namely, all possible parastrophes of the concept
of 𝐼𝑃 -quasigroups are considered, the relations between the corresponding varieties of quasi-
groups are established. In each of the seven varieties of inverse property quasigroups, the group
isotopes are described. In other words, a complete classification of group isotopes for the defi-
ning property of 𝐼𝑃 -quasigroups is given. In this paper the concept of middle 𝐼𝑃 -quasigroups
is introduced, and the isotopes of groups that are left, right, and middle 𝐼𝑃 -quasigroups are
described. The concept of 𝑗 -invertibility property is introduced. It has been proved: if a quasi-
group has a 𝑗 -invertibility property, then its 𝜎 -parastrophe has 𝑗𝜎−1 -invertibility property
with some invertibility function. The varieties of inverse property quasigroups with a one-sided
inverse property are different and belong to one truss of varieties. It is shown that quasigroups
with a two-sided inverse property also belong to one truss and quasigroups with a three-sided
inverse property are totally symmetric. These trusses form a bunch. A bunch of the class A is
said to be a set of all parastrophes of A and all their finite intersections [14].

1. Preliminaries
An algebra (𝑄; ·; ℓ·; 𝑟·) with identities

(𝑥 · 𝑦)
ℓ· 𝑦 = 𝑥, (𝑥

ℓ· 𝑦) · 𝑦 = 𝑥, 𝑥
𝑟· (𝑥 · 𝑦) = 𝑦, 𝑥 · (𝑥

𝑟· 𝑦) = 𝑦 (1)
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is called a quasigroup; the operation (·) is called main, (
ℓ·) , (

𝑟·) are called left and right
divisions . They are also called left and right inverses of (·) because they are inverses of (·)
in the semigroups (𝒪2,⊕

ℓ
) and (𝒪2,⊕

𝑟
) respectively, where 𝒪2 denotes the set of all binary

operations defined on 𝑄 and

(𝑓 ⊕
ℓ
𝑔)(𝑥, 𝑦) := 𝑓(𝑔(𝑥, 𝑦), 𝑦), (𝑓 ⊕

𝑟
𝑔) := 𝑓(𝑥, 𝑔(𝑥, 𝑦)).

The set of all invertible binary operations defined on 𝑄 is denoted by ∆2 . Each inverse of an
invertible operation (·) is also invertible. All such operations are called parastrophes of (·) and
they are defined by

𝑥1𝜎
𝜎· 𝑥2𝜎 = 𝑥3𝜎 :⇔ 𝑥1 · 𝑥2 = 𝑥3,

where 𝜎 ∈ 𝑆3 := {𝜄, ℓ, 𝑟, 𝑠, 𝑠ℓ, 𝑠𝑟} , ℓ := (13) , 𝑟 := (23) , 𝑠 := (12) . In particular, the left and
right divisions of (·) are its parastrophes. It is easy to verify that

𝜎(
𝜏·) = (

𝜎𝜏· )

holds for all 𝜎, 𝜏 ∈ 𝑆3 , thus 𝑆3 acts on the set ∆2 .
The stabilizer and the orbit of an invertible operation 𝑓 under this action are called

parastrophic symmetry group Ps(𝑓) and truss Tr(𝑓) respectively. Thus,

|Ps(𝑓)| · |Tr(𝑓)| = 6.

Let 𝑃 be an arbitrary proposition in a class of quasigroups A . A proposition 𝜎𝑃 is said
to be a 𝜎 -parastrophe of 𝑃 , if it can be obtained from 𝑃 by replacing the main operation
with its 𝜎−1 -parastrophe.

Let 𝜎A denote the class of all 𝜎 -parastrophes of quasigroups from A . A set of all pairwise
parastrophic classes is called a truss of class A [14]

𝑇𝑟(A) = {𝜎A | 𝜎 ∈ 𝑆3}. (2)

A truss of varieties is uniquely defined by one of its varieties.

Theorem 1. [14] Let A be a class of quasigroups, then a proposition 𝑃 is true in A if and
only if 𝜎𝑃 is true in 𝜎A .

Corollary 1. [14] An identity 𝜔 = 𝜐 defines a variety of quasigroups A if and only if 𝜎 -
parastrophe 𝜎(𝜔 = 𝜐) of this identity defines the variety 𝜎A , where 𝜎 ∈ 𝑆3 .

A set of all parastrophes of A and all their finite intersections is called a bunch of the class
A [14].

A groupoid (𝐵; ·) is called an isotope of a groupoid (𝐴; ∘) , if there are bijections 𝛼 , 𝛽 ,
𝛾 from 𝐴 to 𝐵 such that the equality

𝛾(𝑥 ∘ 𝑦) = 𝛼(𝑥) · 𝛽(𝑦)

holds for all 𝑥, 𝑦 ∈ 𝐴. The triple (𝛼, 𝛽, 𝛾) is called an isotopism between (𝐴; ∘) and (𝐵; ·) ;
bijections 𝛼 , 𝛽 , 𝛾 are called its left, right and middle components.
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A quasigroup is called a group isotope, if it is isotopic to a group. If there exists a group
(𝑄; +, 0) and bijections 𝛼 , 𝛽 and also an element 𝑎 such that 𝛼0 = 𝛽0 = 0 and

𝑥 ∘ 𝑦 = 𝛼𝑥 + 𝑎 + 𝛽𝑦 (3)

for all 𝑥 , 𝑦 in 𝑄 , then the quaternion (+, 𝛼, 𝛽, 𝑎) is called a 0-canonical decomposition of
the group isotope (𝑄; ∘) . In each group isotope, an arbitrary element 0 uniquely defines its
0-canonical decomposition [2].

A quasigroup (𝑄; ·) is called linear, if it is a group isotope and coefficients of a canonical
decomposition are automorphisms of the canonical decomposition group. The group is also
called linear over the canonical decomposition group.

Theorem 2. [9] Each 𝑚 -order quasigroup being linear over a cyclic group is isomorphic to
exactly one quasigroup (Z𝑚; ∘) , where Z𝑚 is a ring modulo 𝑚 , 𝑥 ∘ 𝑦 := 𝑎𝑥 + 𝑏𝑦 + 𝑐 , 𝑎 , 𝑏
relatively prime to 𝑚 , and 𝑐 is a common factor of 𝑚 and 𝑎 + 𝑏− 1 .

Let (+, 𝛼, 𝛽, 𝑎) be a canonical decomposition of a group isotope (𝑄; ∘) . Then it is easy to
see that all parastrophes of (𝑄; ∘) have the following forms:

𝑥
𝜄· 𝑦 = 𝛼𝑥 + 𝑎 + 𝛽𝑦, 𝑥

𝑠· 𝑦 = 𝛽𝑥 + 𝑎 + 𝛼𝑦,

𝑥
ℓ· 𝑦 = 𝛼−1(𝑥− 𝑎− 𝛽𝑦), 𝑥

𝑠ℓ· 𝑦 = 𝛼−1(−𝛽𝑥− 𝑎 + 𝑦),

𝑥
𝑟· 𝑦 = 𝛽−1(−𝛼𝑥− 𝑎 + 𝑦), 𝑥

𝑠𝑟· 𝑦 = 𝛽−1(𝑥− 𝑎− 𝛼𝑦).

(4)

Proposition 1. [2, Corollary 1] Let (𝑄; +, 0) be a group, 𝛼, 𝛽1, 𝛽2, 𝛽3, 𝛽4 be bijections of 𝑄 ,
besides 𝛼0 = 0 and let

𝛼(𝛽1𝑥 + 𝛽2𝑦) = 𝛽3𝑢 + 𝛽4𝑣,

where {𝑥, 𝑦} = {𝑢, 𝑣} holds for all 𝑥 , 𝑦 ∈ 𝑄 . Consequently,

∙ 𝛼 is an automorphism of (𝑄; +) , if 𝑢 = 𝑥 , 𝑣 = 𝑦 ;

∙ 𝛼 is an anti-automorphism of (𝑄; +) , if 𝑢 = 𝑦 , 𝑣 = 𝑥 .

A transformation 𝛼 of a set is called involutive, if 𝛼2 = 𝜄 , i.e. 𝛼−1 = 𝛼 .
Let (𝑄; ·) be a quasigroup. Bijections 𝐿𝑎 , 𝑅𝑎 , 𝑀𝑎 are called left, right and middle

translations respectively, if

𝐿𝑎(𝑥) = 𝑎𝑥, 𝑅𝑎(𝑥) = 𝑥𝑎, 𝑀𝑎(𝑥) = 𝑦 :⇔ 𝑥𝑦 = 𝑎. (5)

Some of invertible functions have invertibility properties, that is they are 𝐼𝑃 -quasigroups.
It is convenient to define these notions as follows.

Definition 1. A quasigroup (𝑄; ·) is said to have a 𝑗 -invertibility property or (𝑄; ·) is a
𝑗𝐼𝑃 -quasigroup with an invertibility function 𝜉 , if the identity

𝛼1𝑥1 · 𝛼2𝑥2 = 𝛼3(𝑥1
𝜏· 𝑥2) (6)

is true, where

𝜏 =

⎧⎨⎩
𝑟, if 𝑗 = 1,
ℓ, if 𝑗 = 2,
𝑠, if 𝑗 = 3;

𝛼𝑘 =

{︂
𝜉, if 𝑘 = 𝑗,
𝜄, if 𝑘 ̸= 𝑗.

(7)
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Thus, (𝑄; ·) is: a left 𝐼𝑃 -quasigroup if 𝑗 = 1 , a right 𝐼𝑃 -quasigroup if 𝑗 = 2 . If 𝑗 = 3 ,
the quasigroup will be called a middle 𝐼𝑃 -quasigroup. Invertibility functions for the left, right
and middle 𝐼𝑃 -quasigroups are denoted by 𝜆 , 𝜌 , 𝜇 and will be called left, right and middle
invertibility functions respectively. In other words, left, right and middle 𝐼𝑃 -quasigroups (𝑄; ·)
can be defined by

𝑥 · (𝜆𝑥 · 𝑦) = 𝑦, i.e., 𝜆𝑥 · 𝑦 = 𝑥
𝑟· 𝑦; (8)

(𝑥 · 𝜌𝑦) · 𝑦 = 𝑥, i.e., 𝑥 · 𝜌𝑦 = 𝑥
ℓ· 𝑦; (9)

𝑥 · 𝑦 = 𝜇(𝑦 · 𝑥), i.e., 𝜇(𝑥 · 𝑦) = 𝑥
𝑠· 𝑦. (10)

Left, right and middle 𝐼𝑃 -quasigroups are called one-sided 𝐼𝑃 -quasigroups.
If some of the functions 𝜆 , 𝜌 , 𝜇 exist in a quasigroup (𝑄; ·) , then they satisfy the following

relations. The relations which do not contain 𝜇 are well-known (see [1, 6]). That is why, we
prove only the relations which contain 𝜇 :

1∘ Transformations 𝜌 , 𝜆 , 𝜇 are involutive.

Indeed, 𝜇2(𝑥𝑦) = 𝜇(𝜇(𝑥𝑦)) = 𝜇(𝑦𝑥) = 𝑥𝑦 , so 𝜇2 = 𝜄 .

2∘ (𝑦 · 𝜌𝑥) · 𝑥 = 𝑦 , 𝑥 · (𝜆𝑥 · 𝑦) = 𝑦 , 𝜌(𝑥 · 𝑦) = 𝜆𝑦 · 𝜆𝑥 , 𝜆(𝑥 · 𝑦) = 𝜌𝑦 · 𝜌𝑥 ;
𝜆𝑥 · 𝜇(𝑦 · 𝑥) = 𝑦 , 𝜇(𝑥 · 𝑦) · 𝜌𝑥 = 𝑦 .

The proof evidently follows from (8), (9), (10).

3∘ For an arbitrary 𝑎 𝐿𝜆𝑎 = 𝐿−1
𝑎 , 𝑅𝜌𝑎 = 𝑅−1

𝑎 , 𝑀𝜇𝑎 = 𝑀−1
𝑎 .

Let 𝑀𝜇𝑎(𝑥) = 𝑦 according to the definition 𝑥 · 𝑦 = 𝑎 . Apply 𝜇 to its sides: 𝑦 · 𝑥 = 𝜇𝑎 ,
i.e. 𝑀𝜇𝑎(𝑦) = 𝑥 , so 𝑦 = 𝑀−1

𝜇𝑎 (𝑥) . Thus, 𝑀−1
𝜇𝑎 = 𝑀𝑎 .

4∘ For an arbitrary 𝑎 we have

𝜌𝑅𝑎𝜆 = 𝐿−1
𝑎 , 𝜆𝐿𝑎𝜌 = 𝑅−1

𝑎 , 𝜆𝑅𝑎𝜌 = 𝐿𝜌𝑎, 𝜌𝐿𝑎𝜆 = 𝑅𝜆𝑎,

𝜆𝐿𝑎𝜇 = 𝑅−1
𝑎 𝜌𝜇, 𝜇𝑅𝑎𝜌 = 𝐿𝑎𝜌, 𝜆𝑅𝑎𝜇 = 𝐿𝜌𝑎𝜌𝜇, 𝜇𝑅𝑎𝜆 = 𝐿𝑎𝜆,

𝜌𝑅𝑎𝜇 = 𝐿−1
𝑎 𝜆𝜇, 𝜌𝐿𝑎𝜇 = 𝑅𝜆𝑎𝜆𝜇, 𝜇𝐿𝑎𝜆 = 𝑅𝑎𝜆, 𝜇𝐿𝑎𝜌 = 𝑅𝑎𝜌,

𝐿𝜇𝑎𝜌 = 𝑀𝑎, 𝑅𝑎𝜆 = 𝑀−1
𝜇𝑎 .

Indeed, for all 𝑥 ∈ 𝑄 we obtain

𝜆𝐿𝑎𝜇(𝑥) = 𝜆(𝑎 · 𝜇(𝑥))
2∘
= 𝜌𝜇(𝑥) · 𝜌𝑎 = 𝑅𝜌𝑎𝜌𝜇(𝑥) = 𝑅−1

𝑎 𝜌𝜇(𝑥) ;

𝜇𝑅𝑎𝜌(𝑥) = 𝜇(𝜌(𝑥) · 𝑎)
(10)
= 𝑎 · 𝜌(𝑥) = 𝐿𝑎𝜌(𝑥) ;

𝜆𝑅𝑎𝜇(𝑥) = 𝜆(𝜇(𝑥) · 𝑎)
2∘
= 𝜌𝑎 · 𝜌𝜇(𝑥) = 𝐿𝜌𝑎𝜌𝜇(𝑥) ;

𝜇𝑅𝑎𝜆(𝑥) = 𝜇(𝜆(𝑥) · 𝑎)
(10)
= 𝑎 · 𝜆(𝑥) = 𝐿𝑎𝜆(𝑥) ;

𝜌𝑅𝑎𝜇(𝑥) = 𝜌(𝜇(𝑥) · 𝑎)
2∘
= 𝜆𝑎 · 𝜆𝜇(𝑥) = 𝐿𝜆𝑎𝜆𝜇(𝑥) = 𝐿−1

𝑎 𝜆𝜇(𝑥) ;

𝜌𝐿𝑎𝜇(𝑥) = 𝜌(𝑎 · 𝜇(𝑥))
2∘
= 𝜆𝜇(𝑥) · 𝜆𝑎 = 𝑅𝜆𝑎𝜆𝜇(𝑥) ;

𝜇𝐿𝑎𝜆(𝑥) = 𝜇(𝑎 · 𝜆(𝑥))
(10)
= 𝜆(𝑥) · 𝑎 = 𝑅𝑎𝜆(𝑥) ;

𝜇𝐿𝑎𝜌(𝑥) = 𝜇(𝑎 · 𝜌(𝑥))
(10)
= 𝜌(𝑥) · 𝑎 = 𝑅𝑎𝜌(𝑥) ;
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𝐿𝜇𝑎𝜌(𝑥) = 𝜇𝑎 · 𝜌(𝑥) . Let 𝑀𝑎(𝑥) = 𝑦 according to the definition 𝑥 · 𝑦 = 𝑎 , we have

𝐿𝜇𝑎𝜌(𝑥) = 𝜇(𝑥 · 𝑦) · 𝜌(𝑥)
2∘
= 𝑦 = 𝑀𝑎(𝑥) ;

𝑅𝑎𝜆(𝑥) = 𝜆(𝑥) · 𝑎 . Let 𝑀𝑎(𝑥) = 𝑦 according to the definition 𝑥 · 𝑦 = 𝑎 , we have

𝑅𝑎𝜆(𝑥) = 𝜆(𝑥) · (𝑥 · 𝑦)
(8)
= 𝑦 = 𝑀𝑎(𝑥)

3∘
= 𝑀−1

𝜇𝑎 (𝑥).

2. Invertibility of group isotopes
Since every group isotope has a canonical decomposition, i.e. the decomposition always exi-

sts and is unique, it is natural to find conditions which are equivalent to a one-sided invertibility
property.

Theorem 3. Let (𝑄; ∘) be a group isotope and (3) be its canonical decomposition, then:

1) (𝑄; ∘) is a right 𝐼𝑃 -quasigroup with an invertibility function 𝜌 if and only if 𝛼 is an
involutive automorphism of (𝑄; +) and

𝛼𝑎 = −𝑎, 𝜌 = 𝛽−1𝐽𝐼𝑎𝛼𝛽. (11)

2) (𝑄; ∘) is a left 𝐼𝑃 -quasigroup with an invertibility function 𝜆 if and only if 𝛽 is an
involutive automorphism of (𝑄; +) and

𝛽𝑎 = −𝑎, 𝜆 = 𝛼−1𝐽𝐼−1
𝑎 𝛽𝛼. (12)

3) (𝑄; ∘) is a middle 𝐼𝑃 -quasigroup with an invertibility function 𝜇 if and only if there
exists an anti-automorphism 𝜃 such that

𝜇𝑥 = 𝜃𝑥 + 𝑐, 𝜃2 = 𝐼−1
𝑐 , 𝛼 = 𝜃𝛽, (13)

where 𝑐 := −𝜃𝑎 + 𝑎 .

Proof. 1) Let a group isotope (𝑄; ∘) be a right I𝑃 -quasigroup with invertibility function 𝜌 ,
e.i., the identity (𝑦 ∘ 𝑥) ∘ 𝜌𝑥 = 𝑦 holds. Using the canonical decomposition of (𝑄; ∘) (3), we
have:

𝛼(𝛼𝑦 + 𝑎 + 𝛽𝑥) + 𝑎 + 𝛽𝜌𝑥 = 𝑦, (14)

therefore,
𝛼(𝛼𝑦 + 𝑎 + 𝛽𝑥) = 𝑦 − 𝛽𝜌𝑥− 𝑎. (15)

Proposition 1 implies that 𝛼 is an automorphism of (𝑄; +, 0) then

𝛼2𝑦 + 𝛼𝑎 + 𝛼𝛽𝑥 = 𝑦 − 𝛽𝜌𝑥− 𝑎. (16)

When 𝑥 = 𝑦 = 0 , we obtain 𝛼𝑎 = −𝑎 and when 𝑥 = 0 we have 𝛼2𝑦 = 𝑦 , i.e., 𝛼2 = 𝜄 .
Substitute the obtained relations in (16):

𝑦 − 𝑎 + 𝛼𝛽𝑥 = 𝑦 − 𝛽𝜌𝑥− 𝑎.

Reducing 𝑦 on the left in the equality, we have:

−𝑎 + 𝛼𝛽𝑥 + 𝑎 = −𝛽𝜌𝑥.

Wherefrom, 𝐼𝑎𝛼𝛽 = 𝐽𝛽𝜌 and therefore (11) holds.
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Conversely, let (𝑄; ∘) be a group isotope with the canonical decomposition (3) satisfying
(11) then

(𝑦 ∘ 𝑥) ∘ 𝜌𝑥 (3)
= 𝛼(𝛼𝑦 + 𝑎 + 𝛽𝑥) + 𝑎 + 𝛽𝜌𝑥 = 𝛼2𝑦 + 𝛼𝑎 + 𝛼𝛽𝑥 + 𝑎 + 𝛽𝜌𝑥 =

(11)
= 𝑦 − 𝑎 + 𝛼𝛽𝑥 + 𝑎 + 𝛽(𝛽−1𝐽𝐼𝑎𝛼𝛽)𝑥 = 𝑦 + 𝐼𝑎𝛼𝛽𝑥 + 𝐽𝐼𝑎𝛼𝛽𝑥 =

= 𝑦 + 𝐼𝑎𝛼𝛽𝑥− 𝐼𝑎𝛼𝛽𝑥 = 𝑦.

Thus, the group isotope (𝑄; ∘) has the right inverse property.
2) Let a group isotope (𝑄; ∘) be a left I𝑃 -quasigroup with an invertibility function 𝜆 ,

e.i., the identity 𝜆𝑥 ∘ (𝑥 ∘ 𝑦) = 𝑦 holds. Using the canonical decomposition of (𝑄; ∘) (3), we
have:

𝛼𝜆𝑥 + 𝑎 + 𝛽(𝛼𝑥 + 𝑎 + 𝛽𝑦) = 𝑦, (17)

therefrom
𝛽(𝛼𝑥 + 𝑎 + 𝛽𝑦) = −𝑎− 𝛼𝜆𝑥 + 𝑦. (18)

Proposition 1 implies that 𝛽 is an automorphism of (𝑄; +, 0) , therefore

𝛽𝛼𝑥 + 𝛽𝑎 + 𝛽2𝑦 = −𝑎− 𝛼𝜆𝑥 + 𝑦. (19)

If 𝑥 = 𝑦 = 0 , we obtain 𝛽𝑎 = −𝑎 ; if 𝑥 = 0 , we have 𝛽2𝑦 = 𝑦 , 𝛽2 = 𝜄. Substitute the obtained
relations in (19):

𝛽𝛼𝑥− 𝑎 + 𝑦 = −𝑎− 𝛼𝜆𝑥 + 𝑦.

Canceling 𝑦 , we get 𝑎 + 𝛽𝛼𝑥− 𝑎 = −𝛼𝜆𝑥 . Wherefrom, 𝐼−1
𝑎 𝛽𝛼 = 𝐽𝛼𝜆 and thus (12) holds.

Conversely, let (𝑄; ∘) be a group isotope with the canonical decomposition (3) and the
equality (12) holds, then

𝜆𝑥 ∘ (𝑥 ∘ 𝑦)
(3)
= 𝛼𝜆𝑥 + 𝑎 + 𝛽(𝛼𝑥 + 𝑎 + 𝛽𝑦) = 𝛼𝜆𝑥 + 𝑎 + 𝛽𝛼𝑥 + 𝛽𝑎 + 𝛽2𝑦 =

(12)
= 𝛼(𝛼−1𝐽𝐼−1

𝑎 𝛽𝛼)𝑥 + 𝑎 + 𝛽𝛼𝑥− 𝑎 + 𝛽2𝑦 =

= −𝐼−1
𝑎 𝛽𝛼𝑥 + 𝐼−1

𝑎 𝛽𝛼𝑥 + 𝑦 = 𝑦.

Thus, the group isotope (𝑄; ∘) has the left inverse property.
3) Let a group isotope (𝑄; ∘) be a middle I𝑃 -quasigroup with an invertibility function

𝜇 , i.e., the identity 𝑥 ∘ 𝑦 = 𝜇(𝑦 ∘ 𝑥) is true. Using the canonical decomposition of (𝑄; ∘) (3),
we have:

𝛼𝑥 + 𝑎 + 𝛽𝑦 = 𝜇(𝛼𝑦 + 𝑎 + 𝛽𝑥). (20)

Let 𝑐 := 𝜇0 and 𝜃 := 𝐿(−𝑐)𝜇 . We add the element −𝑐 from the left to both parts of the
equation (20):

−𝑐 + 𝛼𝑥 + 𝑎 + 𝛽𝑦 = 𝐿(−𝑐)𝜇(𝛼𝑦 + 𝑎 + 𝛽𝑥)

that is
𝑅𝑎𝐿(−𝑐)𝛼(𝑥) + 𝛽(𝑦) = 𝜃(𝑅𝑎𝛼(𝑦) + 𝛽(𝑥)). (21)

Since 𝜃(0) = 𝐿(−𝑐)𝜇0 = −𝑐+𝜇0 = −𝑐+𝑐 = 0 , then by proposition 1. 𝜃 is an anti-automorphism
of (𝑄; +) . Therefore, 𝜇𝑥 = 𝜃𝑥 + 𝑐 is an alinear transformation of the group (𝑄; +) and
consequently (20) can be written in the form

𝛼𝑥 + 𝑎 + 𝛽𝑦 = 𝜃𝛽𝑥 + 𝜃𝑎 + 𝜃𝛼𝑦 + 𝑐. (22)
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In particular, for 𝑥 = 𝑦 = 0 we get 𝑎 = 𝜃𝑎 + 𝑐 . For 𝑦 = 0 from the equality (22) we have
𝛼 = 𝜃𝛽 . Reducing 𝛼𝑥 on the left in the equality (22), we have:

𝑎 + 𝛽𝑦 = 𝜃𝑎 + 𝜃𝛼𝑦 + 𝑐 (23)

because −𝑎 + 𝜃𝑎 = −𝑐 . Then adding −𝑎 to both parts of the equality (23), we get:

𝛽𝑦 = −𝑐 + 𝜃𝛼𝑦 + 𝑐 = 𝐼𝑐𝜃𝛼𝑦,

that is why 𝛽 = 𝐼𝑐𝜃𝛼 . Since 𝛼 = 𝜃𝛽 , then 𝜃2 = 𝐼−1
𝑐 .

Conversely, let (𝑄; ∘) be a group isotope with the canonical decomposition (3) and suppose,
the conditions of (13) are true. Then

𝜇(𝑦 ∘ 𝑥) = 𝜃(𝑦 ∘ 𝑥) + 𝑐
(3)
= 𝜃(𝛼𝑦 + 𝑎 + 𝛽𝑥) + 𝑐 = 𝜃𝛽𝑥 + 𝜃𝑎 + 𝜃𝛼𝑦 + 𝑐 =

= 𝛼𝑥 + 𝑎− 𝑐 + 𝜃𝛼𝑦 + 𝑐 = 𝛼𝑥 + 𝑎 + 𝐼𝑐𝜃𝛼𝑦 =

= 𝛼𝑥 + 𝑎 + 𝐼𝑐𝜃
2𝛽𝑦 = 𝛼𝑥 + 𝑎 + 𝛽𝑦 = 𝑥 ∘ 𝑦.

Thus, (𝑄; ∘) is a middle I𝑃 -quasigroup. 2

Applying Theorem 3., we obtain the following assertion.

Corollary 2. Let (Z𝑚; ∘) be a group isotope with the canonical decomposition

𝑥 ∘ 𝑦 = 𝑎𝑥 + 𝑐 + 𝑏𝑦, (24)

where 𝑐 is a common factor of 𝑚 and 𝑎 + 𝑏− 1 , then:

1) (Z𝑚; ∘) is a right I𝑃 -quasigroup with an invertibility function 𝜌 if and only if: 𝑎2 ≡ 1
(mod 𝑚) , 𝑎 ≡ −1 (mod 𝑚/𝑐) , 𝜌(𝑥) = −𝑎𝑥 ;

2) (Z𝑚; ∘) is a left I𝑃 -quasigroup with an invertibility function 𝜆 if and only if: 𝑏2 ≡ 1
(mod 𝑚) , 𝑏 ≡ −1 (mod 𝑚/𝑐) , 𝜆(𝑥) = −𝑏𝑥 ;

3) (Z𝑚; ∘) is a middle I𝑃 -quasigroup with an invertibility function 𝜇 if and only if: 𝑎2 ≡ 𝑏2

(mod 𝑚) , 𝜇𝑥 = 𝑎−1𝑏𝑥− 𝑎−1𝑏𝑐 + 𝑐 .

Proof. The proof is immediately follows from Theorem 3. and Theorem 2. 2

Corollary 3. If a quasigroup being linear over a finite cyclic group has left and right inverti-
bility properties, then it has a middle invertibility property as well.

Proof. Let a quasigroup be linear over a finite cyclic group and let it have left and right
invertibility properties with functions 𝜆 and 𝜌 . This quasigroup is isomorphic to a quasigroup
(𝑄; ∘) which is defined by (24). The items 1) and 2) of Corollary 2. imply 𝑎2 = 𝑏2 . Therefore
according to the item 3), 𝜇𝑥 = 𝑎−1𝑏𝑥− 𝑎−1𝑏𝑐 + 𝑐 is the middle invertibility function. 2

Example 1. Consider the quasigroup (Z8; ∘) , where Z8 is a ring modulo 8 and

𝑥 ∘ 𝑦 := 5𝑥 + 4 + 3𝑦.

(Z8; ∘) is a left and right I𝑃 -quasigroup with invertibility functions 𝜆(𝑥) = −3𝑥 and
𝜌(𝑥) = −5𝑥 respectively.
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Let’s check if the equalities (8) and (9) are fulfilled:

𝜆𝑥 ∘ (𝑥 ∘ 𝑦) = 5(−3)𝑥 + 4 + 3(5𝑥 + 4 + 3𝑦) = −15𝑥 + 4 + 15𝑥 + 12 + 𝑦 = 𝑦,

(𝑥 ∘ 𝑦) ∘ 𝜌𝑦 = 5(5𝑥 + 4 + 3𝑦) + 4 + 3(−5)𝑦 = 𝑥 + 4 + 15𝑦 + 4 − 15𝑦 = 𝑥.

Thus, (Z8; ∘) is a left and right I𝑃 -quasigroups with the invertibility functions 𝜆 and 𝜌 .
According to Corollary 3. the quasigroup is a middle 𝐼𝑃 -quasigroup and by Corollary 2.

the middle invertibility function 𝜇 is

𝜇𝑥 = 𝑎−1𝑏𝑥− 𝑎−1𝑏𝑐 + 𝑐 = 5−1 · 3 · 𝑥− 5−1 · 3 · 4 + 4 = 7𝑥 + 4 + 4 = 7𝑥.

Therefore, the quasigroup (Z8; ∘) is a left, right and middle I𝑃 -quasigroup with the inverti-
bility functions 𝜆(𝑥) = 5𝑥 , 𝜌(𝑥) = 3𝑥 , 𝜇(𝑥) = 7𝑥 .

Theorem 4. Let (𝑄; ∘) be a group isotope and (3) be its canonical decomposition, then:

1) (𝑄; ∘) is a left-right 𝐼𝑃 -quasigroup with a left invertibility function 𝜆 and a right inverti-
bility function 𝜌 if and only if the coefficients 𝛼 and 𝛽 are involutive automorphisms of
(𝑄; +) respectively, and

𝛼𝑎 = 𝛽𝑎 = −𝑎, 𝜆 = 𝛼−1𝐽𝐼𝑎𝛽𝛼, 𝜌 = 𝛽−1𝐽𝐼𝑎𝛼𝛽.

2) (𝑄; ∘) is a left-middle 𝐼𝑃 -quasigroup with a left invertibility function 𝜆 and a middle
invertibility function 𝜇 if and only if 𝛽 is an involutive anti-automorphism of (𝑄; +)
and there exists an anti-automorphism 𝜃 such that

𝛽𝑎 = −𝑎, 𝜆 = 𝛼−1𝐽𝐼−1
𝑎 𝛽𝛼,

𝜇𝑥 = 𝜃𝑥 + 𝑐, 𝜃2 = 𝐼−1
𝑐 , 𝛼 = 𝜃𝛽,

where 𝑐 := −𝜃𝑎 + 𝑎 .

3) (𝑄; ∘) is a right-middle 𝐼𝑃 -quasigroup with a right invertibility function 𝜌 and a middle
invertibility function 𝜇 if and only if 𝛼 is an involutive automorphism of (𝑄; +) and
there exists an anti-automorphism 𝜃 such that

𝛼𝑎 = −𝑎, 𝜌 = 𝛽−1𝐽𝐼𝑎𝛼𝛽,

𝜇𝑥 = 𝜃𝑥 + 𝑐, 𝜃2 = 𝐼−1
𝑐 , 𝛼 = 𝜃𝛽,

where 𝑐 := −𝜃𝑎 + 𝑎 .

Proof. The proof is the same as that of Theorem 3. 2

Theorem 5. Let (𝑄; ∘) be a group isotope and (3) be its canonical decomposition, then (𝑄; ∘)
is a left-right-middle 𝐼𝑃 -quasigroup with a left invertibility function 𝜆 , a right invertibility
function 𝜌 and a middle invertibility function 𝜇 if and only if the conditions (11), (12), (13)
hold.

Proof. The proof is follows from proof of Theorem 3. 2
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3. Varieties of 𝐼𝑃 -quasigroups
In this subsection, we consider one-sided, two-sided and three-sided 𝐼𝑃 -quasigroups. First,

we prove the following theorem.

Theorem 6. If a quasigroup has a 𝑗 -invertibility property, then its 𝜎 -parastrophe has a 𝑗𝜎−1 -
invertibility property with the same invertibility function.

Proof. Let a quasigroup (𝑄; ·) has a 𝑗 -invertibility property that is, there exists a
transformation 𝜉 such that (6) is true. Then (6) can be written in the form

𝛼1𝑥1 · 𝛼2𝑥2 = 𝛼3𝑥3 ⇔ 𝑥1
𝜏· 𝑥2 = 𝑥3.

According to the definition of a 𝜎 -parastrophe, we have

𝛼1𝜎𝑥1𝜎
𝜎· 𝛼2𝜎𝑥2𝜎 = 𝛼3𝜎𝑥3𝜎 ⇔ 𝑥1𝜎

𝜎𝜏· 𝑥2𝜎 = 𝑥3𝜎.

Thus,
𝛼1𝜎𝑥1𝜎

𝜎· 𝛼2𝜎𝑥2𝜎 = 𝛼3𝜎(𝑥1𝜎
𝜎𝜏· 𝑥2𝜎).

Replace 𝜈 := 𝜎𝜏𝜎−1 , 𝑥 := 𝑥1𝜎 , 𝑦 := 𝑥2𝜎 , (∘) := (
𝜎·) :

𝛼1𝜎𝑥 ∘ 𝛼2𝜎𝑦 = 𝛼3𝜎(𝑥
𝜈∘ 𝑦).

According to the condition, 𝜉 = 𝛼𝑗 = 𝛼(𝑗𝜎−1)𝜎 . In the result, we have to make sure that the
pair (𝑗𝜎−1;𝜎𝜏𝜎−1) satisfies the conditions (7). For this purpose, we calculate (𝑗𝜎−1;𝜎𝜏𝜎−1)
for all 𝑗 = 1, 2, 3 and for all 𝜎 ∈ 𝑆3 . All obtained pairs are given in the following table.

(𝑗, 𝜏)∖ 𝜎 𝜄 𝑠 𝑟 ℓ 𝑠ℓ 𝑠𝑟
(1, 𝑟) (1, 𝑟) (2, ℓ) (1, 𝑟) (3, 𝑠) (3, 𝑠) (2, ℓ)
(2, ℓ) (2, ℓ) (1, 𝑟) (3, 𝑠) (2, ℓ) (1, 𝑟) (3, 𝑠)
(3, 𝑠) (3, 𝑠) (3, 𝑠) (2, ℓ) (1, 𝑟) (2, ℓ) (1, 𝑟)

The theorem has been proved. 2

Corollary 4. If a quasigroup has 𝑖 - and 𝑗 -invertibility properties, then its 𝜎 -parastrophe has
𝑖𝜎−1 - 𝑗𝜎−1 -invertibility properties with the same pair of invertibility functions.

Proof. The proof is follows from Theorem 6. 2

If a quasigroup has an 𝑖 -invertibility property for all 𝑖 = 1, 2, 3 , then we say that it has
the total property of invertibility.

Corollary 5. If a quasigroup has the total property of invertibility, then each of its parastrophes
has this property.

Proof. The proof is follows from proof of Theorem 6.
Then the table of Theorem 6 can be written in the following form.

𝜄 left IP, 𝜆 right IP, 𝜌 middle IP, 𝜇
𝑠-parastrophe right IP, 𝜆 left IP, 𝜌 middle IP, 𝜇
ℓ-parastrophe middle IP, 𝜆 right IP, 𝜌 left IP, 𝜇
𝑟-parastrophe left IP, 𝜆 middle IP, 𝜌 right IP, 𝜇
𝑠ℓ-parastrophe middle IP, 𝜆 left IP, 𝜌 right IP, 𝜇
𝑠𝑟-parastrophe right IP, 𝜆 middle IP, 𝜌 left IP, 𝜇
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The corollary has been proved. 2

Theorem 7. If a quasigroup, being linear over a finite cyclic group, has two invertibility
properties, then it has the third invertibility property too.

Proof. Since 𝑆3 acts on {1, 2, 3} twice-transitively, then Theorem 6. and the Corollary 3.
imply the proof of this theorem. 2

4. One-sided 𝐼𝑃 -quasigroups
Theorem 8. A truss of varieties of an 𝐼𝑃 -quasigroup with a one-sided inverse property consi-
sts of three varieties: middle, left and right 𝐼𝑃 -quasigroups. Moreover, if a variety A is defined
by the identity (10), variety ℓA is defined by the identity (8) and variety 𝑟A is defined by the
identity (9)

𝑇𝑟(A) = {A, ℓA, 𝑟A}.

A = 𝑠A ℓA = 𝑠𝑟A 𝑟A = 𝑠ℓA
middle 𝐼𝑃 -quasigroups left 𝐼𝑃 -quasigroups right 𝐼𝑃 -quasigroups

𝑃𝑠(A) = {𝜄, 𝑠} 𝑃𝑠(ℓA) = {𝜄, 𝑟} 𝑃𝑠(𝑟A) = {𝜄, ℓ}
𝑥 · 𝑦 = 𝜇(𝑦 · 𝑥) 𝜆𝑥 · (𝑥 · 𝑦) = 𝑦 (𝑦 · 𝑥) · 𝜌𝑥 = 𝑦

Proof. Let A be a class of middle 𝐼𝑃 -quasigroups. We will find an 𝑠 - parastrophe of this
class. According to the definition of a middle 𝐼𝑃 -quasigroup, we have 𝑥

𝑠∘𝑦 = 𝜇(𝑦
𝑠∘𝑥) , therefore

𝑦 ∘ 𝑥 = 𝜇(𝑥 ∘ 𝑦) .
Replacing 𝑥 with 𝑦 and 𝑦 with 𝑥 , we have the equality which defines the variety of

middle 𝐼𝑃 -quasigroups 𝑥 ∘ 𝑦 = 𝜇(𝑦 ∘ 𝑥) .
Thus, A = 𝑠A . It implies that 𝑃𝑠(A) = {𝜄, 𝑠} ⊆ 𝑆3 and the order of the stabilizer is

|𝑃𝑠(A)| = 2 .
Therefore, the corresponding truss of varieties 𝑇𝑟(A) has three elements.

ℓ -parastrophe of class A : 𝑥
ℓ∘ 𝑦 = 𝜇(𝑦

ℓ∘ 𝑥) . Then we have the identity (8) which defines
the variety of left 𝐼𝑃 -quasigroups ℓA .

𝑟 -parastrophe of class A is the variety of right 𝐼𝑃 -quasigroups 𝑟A defined by the identity
(9).

Let’s find the classes that coincide:

𝑠𝑟A = ℓ𝑠A = ℓ(𝑠A) = ℓA, 𝑠ℓA = 𝑟𝑠A = 𝑟(𝑠A) = 𝑟A,

𝑃𝑠(ℓA) = ℓ(𝑃𝑠(A))ℓ = ℓ{𝜄, 𝑠}ℓ = {𝜄, 𝑟},

𝑃𝑠(𝑟A) = 𝑟(𝑃𝑠(A))𝑟 = 𝑟{𝜄, 𝑠}𝑟 = {𝜄, ℓ}.

In the result, we have the varieties of middle, right and left 𝐼𝑃 -quasigroups belonging to the
truss 𝑇𝑟(A) = {A, ℓA, 𝑟A} . 2

Example 2. Consider the quasigroup (Z15; ∘) with the canonical decomposition

𝑥 ∘ 𝑦 = 2𝑥 + 3 + 4𝑦.

(Z15; ∘) is a left I𝑃 -quasigroup with the invertibility function 𝜆 = −4 .
Since 𝛽𝑎 = −𝑎 , then 4 ∘ 3 = −3 .
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According to Theorem 3., (Z15; ∘) defines the variety of left 𝐼𝑃 -quasigroups ℓA . Since
the variety of left 𝐼𝑃 -quasigroups is defined by the identity (8), then 𝑠 -parastrophe of this
variety defines the variety of right 𝐼𝑃 -quasigroups.

Indeed, 𝜆𝑥
𝑠∘ (𝑥

𝑠∘𝑦) = 𝑦 implies (𝑦∘𝑥)∘𝜆𝑥 = 𝑦 . From the equalities (4) we get

𝑥
𝑠∘ 𝑦 = 4𝑥 + 3 + 2𝑦,

Because 2 ∘ 3 ̸= −3 , then (Z15;
𝑠∘) does not define the variety of left 𝐼𝑃 -quasigroups ℓA but

defines the variety of right 𝐼𝑃 -quasigroups 𝑟A by Theorem 8. That is why, ℓA ̸= 𝑟A.

ℓ -parastrophe of the left 𝐼𝑃 -quasigroups implies 𝜆𝑥
ℓ∘ (𝑥

ℓ∘𝑦) = 𝑦 .

Let 𝑥
ℓ∘𝑦 = 𝑧 , then 𝑦 ∘ 𝑧 = 𝑥 . That is why, we have the identity 𝑦 ∘ 𝑧 = 𝜆(𝑧 ∘𝑦) . Thus, we

have the identity which defines the variety of middle 𝐼𝑃 -quasigroups. The equalities (4) imply

𝑥
ℓ∘ 𝑦 = 8𝑥 + 6 − 2𝑦.

Since −2 ∘ 6 ̸= −3 , then (Z15;
ℓ∘) does not define the variety of left 𝐼𝑃 -quasigroups ℓA but

defines the variety of middle 𝐼𝑃 -quasigroups A according to Theorem 8.
That is why ℓA ̸= A. Consequently, the varieties A, ℓA, 𝑟A are different and belong to the

same truss.
Operations (∘) , (

𝑠∘) , (
ℓ∘) defined on Z15 by the equalities

𝑥 ∘ 𝑦 := 2𝑥 + 3 + 4𝑦, 𝑥
𝑠∘ 𝑦 := 4𝑥 + 3 + 2𝑦, 𝑥

ℓ∘ 𝑦 := 8𝑥 + 6 − 2𝑦

have left, right and middle inverse properties respectively, in particular 𝜆(𝑥) = 11𝑥 ,
𝜌(𝑥) = 11𝑥 , 𝜇(𝑥) = 11𝑥 .

Indeed, 𝜆𝑥 ∘ (𝑥 ∘ 𝑦) = 11 · 2𝑥 + 3 + 4 · (2𝑥 + 3 + 4𝑦) = 22𝑥 + 3 + 8𝑥 + 12 + 16𝑦 = 𝑦 ,
(𝑦∘𝑥)∘𝜌𝑥 = 4 · (4𝑦 + 3 + 2𝑥) + 3 + 2 · 11𝑥 = 16𝑦 + 12 + 8𝑥 + 3 + 22𝑥 = 𝑦 ,
𝜇(𝑥 ∘ 𝑦) = 𝜇(8𝑥 + 6 − 2𝑦) = −22𝑦 + 66 + 88𝑥− 66 + 6 = 8𝑦 + 6 − 2𝑥 = 𝑦 ∘ 𝑥 .

5. Two-sided 𝐼𝑃 -quasigroups
Theorem 9. A truss of the varieties of 𝐼𝑃 -quasigroups with a two-sided inverse property
consists of three varieties: left-right, left-middle, right-middle 𝐼𝑃 -quasigroups.

Moreover, a variety of left-right 𝐼𝑃 -quasigroups is defined by identities (8), (9); a variety
of left-middle 𝐼𝑃 -quasigroups is defined by identities (8), (10); a variety of right-middle 𝐼𝑃 -
quasigroups is defined by identities (9), (10).

Proof. We find a set of all pairwise intersections of the classes of the truss 𝑇𝑟(A) . Let
V = 𝑟A ∩ ℓA be a variety of left-right 𝐼𝑃 -quasigroups. Let’s find all parastrophes of the
varieties that coincide:

∙ a variety of left-right 𝐼𝑃 -quasigroups

V = 𝑟A ∩ ℓA = 𝑠(𝑟A ∩ ℓA) = 𝑠V;

∙ a variety of left-middle 𝐼𝑃 -quasigroups

ℓV = ℓ(𝑟A ∩ ℓA) = 𝑟𝑠A ∩ A = 𝑟A ∩ A = 𝑠𝑟(𝑟A ∩ ℓA) = 𝑠𝑟V;
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∙ a variety of right-middle 𝐼𝑃 -quasigroups

𝑟V = 𝑟(𝑟A ∩ ℓA) = ℓA ∩ A = 𝑠ℓ(𝑟A ∩ ℓA) = 𝑠ℓV.

As a result, we have a set of intersections of the varieties of one-sided 𝐼𝑃 -quasigroups which
belongs to the truss of two-sided 𝐼𝑃 -quasigroups:

𝑇𝑟(V) = {𝑟A ∩ ℓA, 𝑟A ∩ A, ℓA ∩ A} = {V, ℓV, 𝑟V}.

2

For example, two-sided 𝐼𝑃 -quasigroup is non-commutative loop, if 𝜇 = 𝜄 .

Theorem 10. Three-sided 𝐼𝑃 -quasigroups are left-right-middle 𝐼𝑃 -quasigroups. In parti-
cular, the variety B = A ∩ 𝑟A ∩ ℓA is a totally symmetric variety.

Proof. Indeed, easy to verify that

𝜎(A ∩ 𝑟A ∩ ℓA) = A ∩ 𝑟A ∩ ℓA,

for all 𝜎 ∈ 𝑆3 . 2

Belousov [1] gave an example of a quasigroup with inverse property, where the left and
right invertibility functions are different. This quasigroup has a three-sided inverse property.

Let (𝐺; +) be an Abelian group. The operation (·) is defined on the set 𝐺×𝐺 , putting:

(𝑎, 𝑏) · (𝑐, 𝑑) = (𝑎 + 𝑐, 𝑑− 𝑏).

The transformations 𝜆 , 𝜌 are defined in [1]. The transformation 𝜇 is defined as follows:

𝜆(𝑎, 𝑏) := (−𝑎,−𝑏), 𝜌(𝑎, 𝑏) := (−𝑎, 𝑏), 𝜇(𝑎, 𝑏) := (𝑎,−𝑏).

In [1] it is shown that 𝜆 , 𝜌 are left and right invertibility functions respectively and they are
different.

We have proved that 𝜇 is a middle invertibility function, besides 𝜇 ̸= 𝜆 and 𝜇 ̸= 𝜌.
Check the implementation of the identity (10).

𝜇((𝑎, 𝑏) · (𝑐, 𝑑)) = 𝜇(𝑎 + 𝑐, 𝑑− 𝑏) = (𝑎 + 𝑐,−(𝑑− 𝑏)) = (𝑎 + 𝑐, 𝑏− 𝑑) = (𝑐, 𝑑) · (𝑎, 𝑏),

We take a pair (𝑎, 𝑎) and 𝑎 ̸= −𝑎 . Suppose, 𝜇 = 𝜆 then 𝜇(𝑎, 𝑎) = 𝜆(𝑎, 𝑎) in other words
(𝑎,−𝑎) = (−𝑎,−𝑎) . From this we obtain 𝑎 = −𝑎 . This means 𝜇 ̸= 𝜆 . That 𝜇 ̸= 𝜌 is easily
proved.

Thus, 𝜇 is a middle invertibility function, moreover it is neither left nor right invertibi-
lity function. This example shows that there exist three-sided 𝐼𝑃 -quasigroups with different
invertibility functions.

Theorem 11. The bunch of the varieties of 𝐼𝑃 -quasigroups consists of the following varieties:

1) The truss of one-sided 𝐼𝑃 -quasigroups 𝑇𝑟(A) = {A, ℓA, 𝑟A} ;

2) The truss of two-sided 𝐼𝑃 -quasigroups 𝑇𝑟(V) = {V, ℓV, 𝑟V} ;

3) The truss of three-sided 𝐼𝑃 -quasigroups B = A ∩ 𝑟A ∩ ℓA.

Proof. The proof of item 1) follows from Theorem 8. and Example 2; the proof of item 2)
follows from Theorem 9. and the proof of item 3) is the same as that of Theorem 10. 2
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Conclusion
In this article, thе existence of three different pairwise parastrophic varieties of one-sided

𝐼𝑃 -quasigroups, two-sided 𝐼𝑃 -quasigroups, three-sided 𝐼𝑃 -quasigroups has been proved. It
has also been proved that these varieties are different. In each of the seven varieties of 𝐼𝑃 -
quasigroups, the group isotopes are described and a complete classification of group isotopes
for the defining property of 𝐼𝑃 -quasigroups is given. The examples of a groupoid being a left,
right and middle 𝐼𝑃 -quasigroup simultaneously and grupoid with one-sided inverse property
are given. The trusses containing the varieties of one-sided 𝐼𝑃 -quasigroups, two-sided 𝐼𝑃 -
quasigroups and three-sided 𝐼𝑃 -quasigroups are under consideration. It has been proved that
the bunch of the varieties of inverse property quasigroups consists of seven varieties.
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В’ЯЗКА МНОГОВИДIВ КВАЗIГРУП З ВЛАСТИВIСТЮ ОБОРОТНОСТI

РЕЗЮМЕ
В данiй статтi ми продовжуємо аналiзувати основи теорiї квазiгруп з огляду на введе-
не в [14] поняття парастрофної симетрiї. Розглядаються парастрофнi класи квазiгруп з
властивiстю оборотностi. Введено поняття середньої 𝐼𝑃 -квазiгрупи. Доведено iснування
трьох рiзних попарно-парастрофних многовиди одностороннiх 𝐼𝑃 -квазiгруп: лiвих, пра-
вих i середнiх. Також доведено, що якщо квазiгрупа має 𝑗 властивiсть оборотностi, то її
𝜎 -парастроф має 𝑗𝜎−1 властивiсть оборотностi з деякою функцiєю оборотностi. Наведено
приклад групоїда, що одночасно є лiвою, правою i середньою 𝐼𝑃 -квазiгрупою. Також у
кожному з многовидiв квазiгруп ми описали груповi iзотопи. Розглядаються пучки, що мi-
стять многовиди одностороннiх 𝐼𝑃 -квазiгруп, двостороннiх 𝐼𝑃 -квазiгруп i тристороннiх
𝐼𝑃 -квазiгруп. Цi пучки утворюють в’язку.

Ключовi слова: квазiгрупа, 𝐼𝑃 -квазiгрупа, парастрофна симетрiя, груповий iзо-
топ, многовид, пучок, в’язка.
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СВЯЗКА МНОГООБРАЗИЙ КВАЗИГРУПП СО СВОЙСТВОМ ОБРАТИМОСТИ

РЕЗЮМЕ
В данной статье мы продолжаем анализ основ теории квазигрупп учитывая введенное
в [14] понятие парастрофной симметрии. Рассматриваются парастрофные классы квази-
групп со свойством обратимости. Введено понятие средней 𝐼𝑃 -квазигруппы. Существова-
ние трех разных попарно-парастрофных многообразий односторонних 𝐼𝑃 -квазигрупп: ле-
вых, правых и средних доказано. Также доказано, что если квазигруппа имеет 𝑗 свойство
обратимости, то ее 𝜎 -парастроф имеет 𝑗𝜎−1 свойство обратимости с некоторой функцией
обратимости. Приведен пример группоида, который одновременно является левой, правой
и средней 𝐼𝑃 -квазигруппой. Также описаны групповые изотопы в каждом из многообра-
зий 𝐼𝑃 -квазигрупп. Рассматриваются пучки, содержащие многообразия односторонних
𝐼𝑃 -квазигрупп, двусторонних 𝐼𝑃 -квазигрупп и трехсторонних 𝐼𝑃 -квазигрупп. Эти пу-
чки образуют связку.

Ключевые слова: квазигруппа, 𝐼𝑃 -квазигруппа, парастрофная симметрия, груп-
повой изотоп, многообразие, пучок, связка.
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