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CLASSIFICATION OF TERNARY QUASIGROUPS ACCORDING TO THEIR
PARASTROPHIC SYMMETRY GROUPS, I

The operation f of a ternary quasigroup (Q; f) is called an invertible function. Inverses
of f, inverses of inverses and so on, all these operations are called its parastrophes. Each
parastrophe °f is invertible and uniquely defined by a permutation o of the set {1,2,3,4}.
Moreover, the symmetric group Sy acts on the set Aj of all ternary invertible operations which
are defined on an arbitrary fixed set. The stabilizer of an operation f is the subgroup Ps(f)
of S4 and is a set of all o such that the o-parastrophe of f coincides with f, i.e., it is the
group of all parastrophic symmetries of f. Therefore, the orbit of f is the set of all different
parastrophes of f. All quasigroups whose parastrophic symmetry groups include a given group
H < Sjyand form a variety B(H). The class 72 of all o-parastrophes of quasigroups from a
variety 20 is also a variety. Varieties P(H) and B(G) are parastrophic if and only if the groups
H and G are conjugated. We fix a list of all pairwise unconjugated subgroups of Sy, find a
system of axioms of varieties PB(H) for some groups H from the list and describe subvarieties
of group isotopes.

Key words: ternary quasigroup, variety of a quasigroup, parastrophic quasigroups,
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Introduction

Quasigroups as algebraic structures are very suitable for construction of cryptographic
primitives. There are several classifications of quasigroups. Most of them are made for binary
quasigroups.

In [15], the authors considered ternary quasigroups of order 4. To obtain some sui-
table classification useful for designing cryptographic primitives, the authors investigated the
structure of ternary quasigroups. Using some known classifications of binary quasigroups the
authors gave a classification of ternary quasigroups of order 4.

In [16], the authors defined ternary quasigroup transformations for encryption and decrypti-
on and showed that these transformations are applicable in cryptography for cryptosystems
based on quasigroups.

In [18], the notion of using sets with ternary operations to define knot invariants was consi-
dered, with colorings of regions in the planar complement of a knot or link diagram by elements
of structures known as ternary quasigroups. These structures can be seen as an abstraction of
the Dehn presentation of the knot group analogous to the way quandles abstract the Wirtinger
presentation.

Recently, ternary quasigroup operations known as Niebrzydowski tribrackets have been
studied with additional generalizations to the cases of virtual knots in [17].

In [19], the authors showed a degenerate subcomplex suitable for ternary quasigroups
satisfying some axioms, and corresponding to the first Reidemeister move.
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The operation in a ternary quasigroup is invertible, i.e., it has three inverse operations: one
for each variable. Each inverse operation is also invertible and has three inverses as well and so
on. All such inverses are called parastrophes of the given operation and each of the parastrophes
is uniquely defined by a permutation of the set {1,2,3,4}. Moreover, the symmetric group Sy
defines an action on the set of all invertible operations defined on a carrier (). The stabilizer
of an operation is called a parastrophic symmetry group of this operation and it is subgroup
of Sy, and the orbit of an operation is a set of all different parastrophes of this operation and
is called its truss. If two operations are parastrophic, then their parastrophic symmetry groups
are conjugate and their orbits coincide.

A class of quasigroups is called a o -parastrophe of some other class if it consists only of
quasigroups being o -parastrophic to the quasigroups from the given class. Sy acts on each set
of pairwise parastrophic classes.

In this article, it is proved that a class of quasigroups whose parastrophic symmetry groups
contain the given subgroup of the group S; forms a variety. Sets of identities which define such
varieties are found for all unconjugated subgroups As, Dg, S35, Ay, Si of the symmetric
group S, . The necessary and sufficient conditions for a ternary group isotope to belong to each
of these varieties are described.

2. Preliminaries

If not specifically stated, all operations are defined on an arbitrary fixed set ) called a
carrier. In the article, the notions ‘n-ary operation’ and ‘n-ary function’ are synonyms and
are defined as a mapping from Q" to (. The set of all ternary operations defined on @ is
denoted by Os;. A ternary operation f is called inwvertible if it is invertible in each of the
monoids (Os; @, ¢€;), i =1,2,3, where

(f@fl)(ﬂfl,xzal’s) f(fi(x1, 20, 23), 12, 73),
(f D fo) (@1, 22, 3) == f(, fi(21, 02, 73), 73),
(f ? fi)(@1, w2, 33) := f(21, 22, f1(21, 22, 73)),
ei(xy, x9,x3) == x;, i =1,2,3.
The operation f is main in relation to its inverses U4f | CUf = GOf regpectively in (Os; @, e1),
(Os; ?, es), (Os; ?, e3). They are called left, middle and right divisions of f. In other words,

the operation f is invertible if the identities

FOYf (2, y,2),y,2) ==, (1) WE(f(x,y,2),y,2) =z, (4)
f(l', (24)f(x>ya 2)72) =Y, (2) f(.fL' f($’y>z)7z) =Y, (5)
fla,y, @V (2,y,2)) = 2, (3) BOf (,y, f(z,y,2)) = 2 (6)

hold. In this case, the algebra (Q; f, Wf, @Vf BYf) (in brief, (Q; f)) is called a ternary quasi-
group [1]. It is easy to verify that all divisions of an invertible operation are also invertible and
so are their divisions. All of these operations having such connections with the main operation
f are called parastrophes of f. Namely, a o -parastrophe of an invertible operation f is called
an operation °f defined by

Uf(x107w207x30) = T4 = f(xlvaa:ES) = T4, (S S4a
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where Sy denotes the group of all bijections of the set {0,1,2,3}. Therefore in general, every
invertible operation has 24 parastrophes. Some of them can coincide.
Since for every invertible operation f and for every permutation o € S; the relations

(f)=7f and ‘f=Ff (7)

hold, then the symmetric group S; defines an action on the set Az of all ternary invertible
operations defined on the same carrier. In particular, the fact implies that the number of
different parastrophes of an invertible operation is a factor of 24. More precisely, it is equal
to 24/|Ps(f)|, where Ps(f) denotes a stabilizer group of f under this action which is called
parastrophic symmetry group of the operation f.

Theorem 1. Let As be the set of all ternary invertible operations defined on a set @, f
belong to Az and let Sy be the group of all bijections of the set 1,4 := {1,2,3,4}, then the
following assertions are true:

1. parastrophy is an equivalence relation on As. Each block under the action is a set of
all pairwise parastrophic operations and is called a truss of f, where f is one of the
operations and is denoted by Tr(f);

2. Ps(f) is a subgroup of Sy ;

3. parastrophic symmetry groups of parastrophic operations are isomorphic, more precisely
they are conjugate: Ps(°f) = oPs(f)o™!;

4. the number of all different parastrophes of [ equals |Tr(f)| = 24/|Ps(f)];

5. If Ps(f)=H, then °f, 0 € K are all different parastrophes of f, where K is a set of
all representatives from the set S,/H .

Symmetric group S;. Let 5, denote the symmetric group of degree n, i.e., the group of
all bijections from the set {1,...,n} onto itself. Therefore, Sy has 24 members:

= {0, (04)0, (14)0, (24)0, (34)0 | 0 € S3} =
= {0,0(04),0(14),0(24),0(34) | 0 € S3}. (8)
The equalities (7) and (8) imply that every parastrophe of an invertible operation f is a
principal parastrophe of a division of f and equals a division of a principal parastrophe of f.
The set Sub(Sy) of all subgroups of the summetric group S; has 30 elements. The mapping

H — 7H7™! is an action of S; on Sub(S,). A full set of representatives of the corresponding
orbits on Sub(Sy4) is the following and it contains 11 elements:

E:={}, Sy:={1,(12)}, So:={1,(12)(34)}, Az:={,(123),(132)},
Zy ={1,(12)(34), (1423), (1324)}, Ky :={t,(12)(34),(13)(24), (14)(23)},
Cy={1,(12),(34),(12)(34)}, S5 := {1, (12),(13),(23), (123), (132)},

Dg := {1, (12),(34), (12)(34), (13)(24), (14)(23), (1324), (1423)}, Sy,

)

Ay = {1, (123), (132), (134)(143), (124), (142), (234), (243),
(13)(24), (12)(34), (14)(23)}.

An operation f is called:
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e symmetric, if some of its parastrophes coincide, i.e. Ps(f) # {¢};

e asymmetric, if all its parastrophes are pairwise different, i.e. Ps(f) = {¢};

e totally symmetric, if all its parastrophes coincide, i.e. Ps(f) = Spi1;

e commutative, if all its principal parastrophes coincide, i.e. Ps(f) 2 S, ;

o semisymmetric, if f has at most two different parastrophes, i.e. Ps(f) 2 A,41.

e dihedrally symmetric (n = 3), if f has at most three different parastrophes, i.e.
PS(f) 2 Dg .

According to Theorem 1., the number of different parastrophes of an arbitrary invertible operati-
on f depending on its parastrophic symmetry group is given in the following table:

PS(Jf) is E SQ 522 Ag Z4 K4 C4 53 Dg A4 54
the number of dlff(?rent 12112 18 16 |6 6 |4 |3 9 |1
parastrophes of f is

3. Group isotopes
A ternary groupoid (Q; f) is called a group isotope, if there exists a group (G;-) and
bijections «a, B, v, 6 from @ to G such that

fla,y,z) =0 (azx - By - 72)
forall z, y, z in Q.

Definition 1. Let (Q; f) be a ternary group isotope and let (Q;+,0) be a group, a1, s, as
be its bijections with 10 = a0 = a30 =0 and a € Q. If

f(z1, 22, 23) = a1y + aoxs + azxs + a, (9)

then the tuple (4,1, a0, a3,a) is called a 0-canonical decomposition of (Q; f); (Q;+) the
canonical decomposition group; a1, as, az its coefficients and a is called a free member.

Theorem 2. [3] An arbitrary element of a ternary group isotope uniquely defines its canonical
decomposition.

Lemma 1. [3] Let (Q; f) be an arbitrary ternary groupisotope and let (9) be its canonical
decomposition. Then its divisions and principal parastrophes are

W (21, 9, 23) = ' (11 — a — Q323 — Qa1y),

(2456(131, To,XT3) = a;l(—alxl + 9 — a — azx3), (10)
10

(34¥(I1, Tg, T3) = 04371(—042962 —ayry + 23 — a),

of (21, T, T3) = Q1T -1 + QoTog—1 + Q3,-123 +a, 0 € Ss.

A pair (Q;Q) is called a quasigroup algebra, if ) is a set and Q is a set of invertible
operations defined on (). A variable is called quadratic in an equality, if it has exactly two
appearances in it. Let w be a term, then w(z) means that = has an appearance in w.
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Lemma 2. [9, Theorem 3] Let (Q;-,Q)) be a quasigroup algebra besides (Q;-) is a group
wsotope. If the algebra satisfies an identity

wi(z) - wa(y) = wa(y) - wa(z),

where the variables x and y are quadratic, then an arbitrary group being isotopic to the group
isotope (Q;-) is commutative.

Lemma 3. [9, Theorem 3] Let (Q;+,S2) be a quasigroup algebra besides (Q;+,0) is a group,
a € Q and a0 = 0. If the algebra satisfies an identity

a(wi(z) + wa(y)) = ws(z) + wa(u),

then « is: an automorphism of (Q,+), if z =z, uw =1y and anti-automorphism of (Q,+),
if 2=y, u=ux.

4. Quasigroupes with a fixed parastrophic symmetry group

Let Po(H) and Psy(H) denote the sets of all ternary invertible operations defined on a
set () whose parastrophic symmetry group respectively contains the group H € S; and equals
the group H. Let B(H) and Ps(H) denote the class of all quasigroups whose parastrophic
symmetry group includes the group H € S; and equals the group H respectively. It is easy
to see that

e a ternary quasigroup (Q;f) belongs to the class P(H) if and only if °f = f for all o
from a set of generators of the group H , therefore, the class of quasigroups P(H) is a
variety;

o the set {Psy(H) | H is a subgroup of Sy} is a partition of the set Az(Q) of all ternary
invertible operations defined on (@ .

Lemma 4. If a non-trivial principal parastrophe of a ternary group isotope f coincides with
f, then its canonical decomposition group is commutative.

5. Ternary totally symmetric group isotopes

PB(S4) denotes the variety of totally symmetric ternary quasigroups, i.e. their groups of
parastrophic symmetries are S;. It means that all parastrophes of the quasigroups coincide.
Since Sy is generated by (12) and (1234), then the variety is defined by the identities

UDf (21, 29, 25) = f(21, T2, T3), UBYE (1), 29, 13) = fla1, 20, T3). (11)
As (1230)¢ — (123)(BYf) " the identities is equivalent to
flza, x1,23) = f(21, 22, 23), CVf (25, 1, 29) = f(21, T2, T3).
Therefore, the following proposition is true.

Proposition 1. A ternary quasigroup (Q; f) belongs to the totally symmelric ternary quasi-
group variety P(Sy) if and only if the following identities are valid

flz,y,2) = fly,z,2), f(zz f(z,y,2)=y. (12)
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Let (Q;f) be a totally symmetric ternary group isotope, i.e. its group of parastrophic
symmetries is Sy. It means that all its parastrophes coincide. Suppose (9) is its canonical
decomposition. In particular, *)f = f holds, i.e.,

Cf (2,y,2) = f(a,y,2)
for all z, y, z in @ . Using the definition of a parastrophe, we have
[y, z,2) = f(z,y,2).
Apply its canonical decomposition:
Q1Y + Qg2 + 3T +a = T + QY + a3z +a

According to Lemma 2., the group (Q;+) is commutative. Replacing the variables with 0, we
obtain a; = as = a3z =: a.. Therefore,

fx,y,2) = ar+ oy + az + a.
The formula (10) implies that the equality
Df(z,y,2)=a Yz —a—az — ay).
But (4f = f. Applying Lemma 1., we have
alr—a—az—ay)=ar+ay+az+a

forall x, y, z in . Applying Lemma 3., we conclude that « is an automorphism of the group
(Q;+). Thus, the ternary quasigroup is central. The formula (9) implies that the canonical
decomposition of f is

WDf(z,y, 2)=a e+ Jy+ Jz+ Ja ta,
where Jx := —x. Theorem 2. about the uniqueness of the canonical decomposition implies the

equality o' =«a, J=a, Ja"'a = a. This equalities are equivalent to o = J .
Thus, we have proved the necessity of the following theorem.

Theorem 3. A ternary group isotope (Q; f) is totally symmetric if and only if there exists a
commutative group (Q;+) and element a such that

flz,y,2)=—z—y—z2+a. (13)

Proof. Sufficiency. Suppose the quasigroup (Q; f) is defined by (13) over a commutative group
(Q;+) . The quasigroup is commutative because the group (Q;+) is commutative. Therefore,
Ss3 is a subgroup of a parastrophic symmetry group of the quasigroup (Q; f). Since the set
S3 U {(14)} generates the group S, it is enough to prove that (*Yf = f. Indeed,

f(fx,y,2),y,2)=—(—r—y—2+4+a)—y—z—a=x+y+z—a—y—z+a==zx.
The theorem has been proved. U
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6. Ternary semisymmetric group isotopes

PB(Ay) denotes the variety of semisymmetric ternary quasigroups, i.e. their groups of
parastrophic symmetries are A4 . Since A, is generated by (123) and (124), then the variety
is defined by the identities

(123)f(I1, T2, fEs) = f(Il, X2, 5153), (124)f(931, T2, $3) = f(951, T2, $3)- (14)

Because (120f = (12)(4f) “the identities is equivalent to

f(I37$17 $2) = f(I1,$27$3), (24)f($27$1, 173) = f($17$27 $3)-
Therefore, the following proposition is true.

Proposition 2. A ternary quasigroup (Q; f) belongs to the totally symmetric ternary quasi-
group variety P(Ay) if and only if the following identities are valid

[z y) = fley.2),  fly, flzy2),2) = (15)

Let (Q;f) be a ternary semisymmetric group isotope, i.e. its group of parastrophic
symmetries is Ay: Ps(f) = Ay and let (9) be its O-canonical decomposition. Since (123) € Ay,
then (123f = f. As has been shown above, the canonical decomposition group is commutative
and all coefficients (9) coincide:

f(z, 29, 23) = axy + axs + axs + a.

According to (10):
(24)f($1, To, 23) = a; ' (—a1x1 + T2 — a — azxs),

but for every operation g we have
(13)9($1,$27$3) = g(x1(13>, T2(13), $3(13)) = g($37 T2, 951).
In particular for ¢ := ®4f . we obtain
UDCOF (1), 29, 3) = PV (23, 29, 71) = @ H(—azs + 22 — a — axy).
Since (13)(24) € Ay, then (®CYf = f and that is why the identity

a H—aws + 19 —a — ar)) = axy + avy + axs +a

is true. Lemma 3. implies that « is an automorphism of the group (Q;+).
It is well-known that (123), (1234) are generators for A;. Then A, C Ps(f) if and only
if the identities

(123)f — f7 (1234)f _ f
hold. The second identity is

(1234)f(x17'r27 I‘g) - f(fL’l,.TQ,fL‘g).

According to the definition of a parastrophe, we have
[z, 3, f (21, 29, 23)) = 71,
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ie.,
azy + ars + a(ar, + ars + axrs +a) + a = .

Because « is an automorphism of (Q;+),

(a4 a®)zy + (a4 ®)zs + o’ry +aa +a = 1,

This identity is equivalent to the following equalities: o +a?> = 0, o2 = ¢, aa +a = 0.
This equalities are equivalent to o« = —¢. If the group of parastrophic symmetries contains the
alternating group, then the quasigroup is totally symmetric. Thus, we have proved the following
theorem.

Theorem 4. Ternary semisymmetric group isotopes do not exist.

7. Dihedrally symmetric quasigroups
One of generator sets of the group Dg is {(12),(34),(13)(24)} . Therefore, the variety
B(Ds) is defined by the identities

wpoy, ooy ey (16
Consequently, the following assertion is true.

Proposition 3. A ternary quasigroup (Q; f) belongs to the variety B(Ds) if and only if the
following identities are valid

f($7y7 Z) = f(y7x7 Z)’ f(aj7y7 f(z’y7z)) - Z? f(z7 f(x7 y’ 2)7$) = y (17)

A different collection of identities which describe the variety (Dg) one can obtain by
selecting a different set of generators of the group Dsy.

Proof. The first equality from (16) means
U2 (21, @9, 23) = fl1, T2, T3).
Using the definition of a parastrophe, we obtain
f(951(12), T2(12)s Is(lz)) = f(fh X, $3),

i.e. this equality is equivalent to the first one from (16).
Analogically, one can prove that the second identity from (16) is equivalent to the second
identity from (17). The third equality from (16) means

(13) ((24)f) (Ih L2, 5153) = f($17$2, 903) or (24)f($3, L2, 5E1) = f(xlv L2, 903)-
Using the definition of a (24)-parastrophe, we obtain the third identity from (17). O

Proposition 4. Let (Q; f) be a ternary dihedrally symmetric quasigroup, then only f, Uf
COf are different parastrophes of the operation f .

Proof. It is easy to verify that S,/Ds = {Ds, (14)Dsg, (24)Ds}, then only ¢, (14), (24)
are representatives from S;/Ds. According to Theorem 1., just f, U49f, @9f are different
parastrophes of the operation f. O
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Theorem 5. A ternary group isotope (Q, f) is dihedral if and only if there exists an abelian
group (Q,+,0), its involutive automorphism o and an element a € @ such that aa = —a
and

f(x1, 29, 23) = axy + awe — 23 + a. (18)
Proof. Using (10), the equalities (16) can be written as follows:

1Ty + o1 + a3x3 + a = a1 + Qo + azxs + a,
. = 19
ag (—agry — aqxy + o3 — a) = a1y + Qexe + azrs + a, (19)
-1
ay (—onzs + x9 — a3z — a) = Ty + Qexe + azrs + a.

According to Lemma 2., the first equality implies commutativity of the group (Q;+). By
Lemma 3., the second and the third equalities imply that a3 and «s are automorphisms of
the group.

Taking into account the uniqueness of 0-canonical decomposition, we obtain (19) that is
equivalent to the following relationships:

Qg = (v, g3 = —UL, Oy = L, Qo = —a.

Thus, the relations mean that (18) is true. O

8. Commutative ternary quasigroups
One of generator sets of the group S5 is {(12),(13)}. Therefore, the variety B(S;3) is
defined by the identities

g, 0y, (20)

Consequently, the following assertion is true.

Proposition 5. A ternary quasigroup (Q; f) is commutative if and only if the following identi-
ties are valid

Another collection of identities which describe the variety B(S;) can be obtained by
selecting a different set of generators of the group Sj.

Proof. The first equality from (20) means

U2 (21, 29, 23) = (1, T2, T3).
Using the definition of a parastrophe, we obtain
f(331(12), T2(12), 953(12)) = f(x1, 22, 3),
i.e. it is equivalent to the first equality from (21).
Analogically, one can prove that the second identity from (20) is equivalent to the second

identity from (21). O

Proposition 6. Let (Q; f) be a ternary quasigroup. If Ps(f) = Sy, then only f, (4f COf
GOf are different parastrophes of the operation f .

78 Fedir Sokhatsky, Yevhen Pirus



ISSN 1817-2237. Bicuuk JTouHY. Cep. A: Ilpupoguuui Hayku. - 2018.- Ne 1-2

Proof. It is easy to verify that S,/S5 = {53, (14)Ss, (24)S5, (34)S5}, then only L (14) (24),
(34) are representatives from Sy/Ss. According to Theorem 1., just f, (4f  COf  GYf are
different parastrophes of the operation f. O

Theorem 6. A ternary group isotope (Q,f) belongs to P(S3) if and only if there exists an
abelian group (Q,+,0), its bijection o and an element a € Q) such that a0 =0

f(z, 29, 23) = axy + axs + s + a. (22)
Proof. Using (10), the equalities (20) can be written as follows:

0T + Qo1 + 033 + @ = X1 + Qo + (33 + a,
(23)

a1x3 + Qoo + 31 + a4 = 1T + Qs + 33 + Q.

According to Lemma 2., the first equality implies commutativity of the group (Q;+).
Taking into account the uniqueness of a canonical decomposition, we conclude that (23) is
equivalent to the following relationships:

Qg = O, Q3 = (0.

The relations mean that (22) is true. 0

9. The group Ajs.
Proposition 7. A ternary quasigroup (Q; f) belongs to the variety B(As) if and only if the
following identities are valid

[y, 2) = [y, 2, 2). (24)

Proof. The group Aj is generated by (132). Therefore, the variety 3(As) is defined by the
identity

132 — 1. (25)

It means that
(132?10('%17 X2, 1’3) = f(xb T2, 'T3>

Using the definition of a parastrophe, we obtain
f(331(123)7372(123)75133(123)) = f($1751327333)7 Le., f(»’lfz, T3, 951) = f(UCh L2, 333)~
The identity is equivalent to (24). O

Proposition 8. Let (Q; f) be a ternary quasigroup. If Ps(f) = As, then only f, (2f , ODf
@Of @O Q24 (3¢ 42 gre different parastrophes of the operation f .

Proof. One can verify that
54/A3 = {A?n (12)A37 (14)A37 (24)A37 (34)A37 (124)A37 (134)A37 (142)A3}7

then just ¢, (12), (14), (24), (34), (124), (134), (142) are representatives from S;/A;.
According to Theorem 1., only f, (12f (¢ @Hf @B (A24)¢ (134 = (42)f are different
parastrophes of the operation f. O
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Theorem 7. A ternary group isotope (Q, f) belongs to B(Asz) if and only if there exists an
abelian group (Q,+,0), its bijection o and an element a € Q) such that

f(x1, 22, 23) = axy + awy + ax3 + a. (26)
Proof. Using (10), the equalities (25) can be written as follows:
01X3 + Qa1 + a3x9 + a = ay T + Xy + Ty + a. (27)

Taking into account the uniqueness of canonical decomposition, we obtain (27) which is
equivalent to the following relationships:

a1 = (g, (O = (g (O3 = (7.

The relations mean that (26) is true. O
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KJIACUBIKAIIIY TEPHAPHIUX KBA3ITPVYII 3A iX IAPACTPO®HUMU
I'PYIIAMU CUMETPIN

®eqip Coxanpkuii, €Bren Ilipyc

Hoxmop disuxo-mamemamuunur nayk, npopecop kapedpu Mamemamusnozo anaiidy ma
JugpepenuitiHus pieHAHD,

Honeyovrud nayionasvnut ynisepcumem imeni Bacuaa Cmyca

HAYAALHUK 65001.AY IHPOPMAUTTHUT MeTHOA0210,

Lloneuvkut pezionasvbruli Yermp oULHIOS8AHHA AKOCTT 0C8IMU

PE3IOME
Omnepamnist f TepuapHoi kBasirpymu (Q); f) € oboporHoto dyuKIiew. [uBepcil f, imBepcii inBep-
ciit i T.i., BCi mi omeparmii HasuBarOTHCa mapacrpodamvu. Koxua mapacrpoda °f € 060poTHOIO
i OJTHO3HAYHO BU3HAYAETHCS MepecTaHoBKoi0 o MHOkuHE {1,2 3,4} . Bigbime Toro, cumerpn-
9Ha rpyma S, i€ Ha MHOXKHHI Aj BCiX 000pPOTHHX TepHAPHHX OIEpalliii, sKi BU3HAYEHI Ha
noBitbHOMY dikcoBanoMy nabopi. CrabimizaTop omeparii f e miarpyma Ps(f) rpymu Sy i€
MHOYKIHOIO BCIX 0, TAKUX 10 0 -mapacTpod omeparil f 36iractbest 3 f , To6T0, Ps(f) e rpy-
ot Becix napacrpodunx cumerpiit f. Tomy, opbitoo f € MHOXKHHA BCiX pi3HHX mapacTpod
f . Bci xBazirpynu, rpyna cumerpiit akux MicTuTh gany rpyny H < S;, yTBOPHOIOTH MHOTO-
s P(H). Knac 72 Beix o-nmapactpod KBasirpyn 3 MHOroBHIY 24 TaKOXK € MHOTOBHJIOM.
Muorosunu B(H) i P(G) € mapacrpodrumu, Toji i Tiabku Tomi, kKoau rpyna H 1 G crpsi-
»KeHi. 3adiKcoBaHO CIIMCOK BCiX MOMAPHO HECHPSIXKEHUX MATPYI Sy, 3HANIEHO CHCTEMY aKCioM
Jist Bu3Hadennst Maoropuis P(H) geskux rpyn H 3 0pOro CoMcKy i OIMMCAHO HiJAMHOIOBUJIU
130TOIIB TPYTI.

Key words: meprapra keasiepyna, mHo208ud 2pynu, napacmpodui keasiepynu, napa-
CMPOPHa cCuMempLa, napacmpopui mMHoz208udu, Napacmpopmi 2pynu cuMempii

Denop Coxankuii, EBrennit Ilupyc

Jloxmop Pusuro-mamemamuseckur Hayx, npopeccop Kadeopv. Mamemamuseckozo aHaiuda U
JupPeperuuasbHBL YPasHeHUT,

Honeuyrutl Hayuonaavnoiti yrusepcumem um. Bacuaa Cmyca

HAUAALHUK OMAENd UHPOPMAYUOHHBLL METHON02UT,

Zoneurutdi pe2uonasvroill Yenmp oueHUBAHUA KAYeCmea 00pasosarus

KJIACCUNDPNKAININA TEPHAPHBIX KBASUT'PVYIIII B COOTBECTBUU C X
IMAPACTPO®HBIMU I'PYIIIIAMU CUMMETPUN
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PE3IOME

Omneparnust f repraphoil KBazurpynnbl (Q; f) sBisierca oboporHoii dyHkueil. MHBepcun
f, mHBepcUM WHBEpCHil W T.JI., BCe 3TU ONepaluu Ha3biBalOTCs mapactpodavun. Kaxaprit na-
pactpod °f saBisgercs oOOPOTHBIM U OJHO3HAYHO ONPEIesIseTCs IePecTaHOBKOH o MHOXKECTBA,
{1,2,3,4} . Bosee Toro, cuMmMerpudHas Tpymna S, JeidcTByeT Ha MHOXKecTBe Az Bcex 060po-
THBIX TEPHAPHBIX ONEpaIliii, KOTOpbIe OMpeaeaeHbl Ha IIPOU3BOILHOM (DUKCHPOBAHHOM HabOPe.
Crabunuszarop oneparuu [ siBjsgercst noarpynnoit Ps(f) rpynnel Sy u siBIsieTcst MHOXKECTBOM
0, TakuX 4T0 0 -mapactpod omepamuu f coBmagaer ¢ f, 1o ecth, Ps(f) saBagerca rpymmnoii
Bcex mapacrpodubix cummerpuit f . [losromy, opouToii [ aBaseTCss MHOXKECTBO BCEX Pa3HBIX
napactpod f. Bce KBa3urpyimibl, TPyIna CAMMETPHI KOTOPBIX COAEPXKHUT JAHHYIO TPYIIITY
H < Sy, obpasyior muorosun ‘B(H) . Krace 72 Bcex o-napactpod KBa3UTPYII U3 MHOTOBH-
a2 rakxke muorosua. Muorosuisl PB(H) u P(G) Oyayr mapacrpodHbIME, TOTIA 1 TOJIBKO
Torja, koraa rpynmnsl H i G conpsizkensl. 3a(pUKCHPOBAH CIHUCOK BCEX TTOMAPHO HECOMPSIZKEH-
HBIX TIOJATPYII Sy, HAlIeHA CHCTeMa aKCHOM Jisl olpe/ienerus MHOroBu 0B J(H) HEKOTOPBIX
rpynn H H3 9TOro CIUCKA W OIMUCAHBI IIOAMHOTOBUIBI H30TOIIOB I'PYIIIL.

Key words: mephnapnaa xsasuzpynna, mMHo206ud 2pynnut, napacmpoprvie Keasuzpynnol,
napacmpoPras CUMMEMPUL, NaAPLCMPOPHBIE MHO208UIVL, NAPACTPOPHBIE 2DYNNBL CUMMEMPUTL
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